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Abstract— In this paper, we revisit some fundamental results
on turbo-equalisation and more precisely on the prediction of the
turbo-equaliser’s performance using the EXIT chart. We provide
an explaination as to why the performance of certain equalisers
do not match the one predicted by the EXIT chart and we
propose a method for choosing a single parameter which allows
not only a better performance prediction but also improves the
overall convergence properties of Aposteriori Probability (APP)
based equalisers.

I. INTRODUCTION

Turbo-decoding has inspired many researchers in the
telecommunications field since its discovery by Claude Berrou
in 1993 [1]. Many iterative applications followed the revo-
lutionary discovery of turbo-codes, amongst which came the
turbo-equaliser, discovered by Douillard er al. in 1995 [2].
It is derived from the serially concatenated turbo-encoder
scheme where the outer encoder is RSC, and the finite impulse
response (FIR) channel plays the role of the inner encoder.
At the receiver end an equaliser combat the intersymbol
interferences (ISI) introduced by the channel, using the a
priori information fed back from the decoder. As for turbo-
decoding, the same information enhancement phenomenon
occurs along the iterations. The first turbo-equalisers pro-
posed used a posteriori probability (APP) based techniques
for both equalisation and decoding. They are penalised by
a high computational load. An alternative was found in the
interference canceler [3]. Several hybrid methods followed,
based on a modified linear equaliser (LE) and a decision
feedback equaliser (DFE) [4]. In [5], a turbo equaliser based on
a sub-optimum APP based equaliser was proposed, allowing a
good trade off between performance and complexity. However,
the difficulty laid in obtaining a reliable way of predicting
its performance. A popular tool to analyse the convergence
of turbo equalisers and turbo codes has been found in the
so called EXIT chart. The EXIT chart allows to predict how
the mutual information between transmitted symbols and Log
Likelihood ratios (LLRs) is exchanged between the equaliser
and the decoder. This requires the assumption that the LLRs
at the input of one device (i.e decoder or equaliser) are not
only Gaussian but in fact, stem from the Maximum Likelihood
detection of symbols corrupted by Additive White Gaussian
Noise (AWGN). In reality, these properties on the LLRs are
rarely met and as a result, the performance of turbo-equalisers
are usually degraded compared to the EXIT chart predictions.

In [6] a new technique was proposed in order to increase the
mutual information exchanged between a sub-optimal APP
equaliser and the APP decoder, by carefully choosing the
channel noise variance estimate used in the calculation of the
APPs. It was shown that the performance in terms of Bit Error
Rate and convergence was improved. The reasons behind this
performance improvment however was not clear. In this paper,
we extend this method to A Posteriori Probability (APP) based
equalisers and we explain why, by tuning the noise variance
estimate in the same way as [6], we in fact ensure that the
performance of the turbo-equaliser matches the performance
predicted by the EXIT chart. In other words, by careful choice
of this parameter, we will show that the system formed by
the ISI channel, the AWGN and the sub-optimal equaliser is
equivalent to a AWGN channel with a known noise variance.
We also show that in the case of a maximum a posteriori
(MAP) equaliser, the way the noise variance estimate is usually
chosen (i.e, equal to the true noise variance) does not guarantee
that the LLRs at the input of the decoder are Gaussian as it is
often assumed, which explains the mismatch between EXIT
chart predictions and simulation results that have been reported
in the literature. The paper is organised as follows: section 2
proposes a problem formulation and revisits some fundamental
results namely, the calculation of the LLRs and the mutual
information in the ideal case (AWGN channel) and in the
case of the ISI channel coupled with optimal and sub-optimal
APP based equalisers. We also recall the method proposed
in [6] and analytically describe the meaning of the resulting
noise variance estimate. We finally present some simulation
results which illustrate some aspects of the analysis proposed
in section 2.

II. PROBLEM FORMULATION AND FUNDAMENTAL RESULTS

A. Transmitter
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Fig. 1.

We consider the transmitter and channel as shown in Fig-
ure 1. An iid sequence of non coded bits is passed through



the channel encoder to produce the length K sequence of
coded symbols c¢,,, which is interleaved and mapped using a
BPSK modulation. We assume that the coded and modulated
symbols z; are transmitted through a FIR channel with transfer
function H(z) = Z?LBI hiz~% where the h; are complex-
valued coefficients. We assume AWGN with zero mean and
variance o2 . The received signal is thus modeled by
ye = H' Xy + wy (D

where H and X; are so defined:

HT = [ho hy ... hy_1]

Xt = [CUt Tt—1 - - .”L't_N+1]T
Here, the operator ()7 denotes the transposition operation.

B. Receiver
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Fig. 2. Receiver structure: turbo-equaliser

Figure 2 illustrates the structure of a turbo-equaliser where
the Log Likelihood ratio (LLR) operator £(z) is applied to
coded symbols z and is given by:

Pz =+1)
P(x=-1)

The 2 components of the receiver, namely equaliser and
decoder, exchange extrinsic log likelihood ratios (LLRs). The
soft input soft output (SISO) equaliser computes the a pos-
teriori LLRs of the symbols x;, £,(x;), from the channel
observations y; and the a priori LLRs L, (x;). The a priori
LLRs come from the decoder previous iteration, except at
the first iteration since this information is not available. The
extrinsic LLR is the difference between the a posteriori LLR
and the a priori LLR:

Le(we) = Lp(x1) — Lalwt)
and on the SISO decoder side:
Le(cn) = Ep(cn) — La(cn)

The interleaver shuffles the LLRs so to separate the errors
when error burst occurs. Although the interleaver is invisible
to the equaliser and the decoder, its presence is essential for
the efficiency of the turbo-process [7].

L(z) = log

C. LLR and mutual information derivations in the AWGN
channel case

In this section, we briefly recall some fundamental deriva-
tions of the LLRs and the mutual information which are used
to obtain the so called EXIT chart. The first important point
to note is that the EXIT chart consists of 2 curves which show

how the mutual information is exchanged between the encoder
and equaliser. One key assumptions made on the LLRs in order
to obtain the EXIT chart is that they are LLRs of the output
of an AWGN channel with noise power o2 and with input the
symbols x, in other words:

y=x+w

Proposition 1: In the AWGN case, the mutual information

between the LLRs and the symbols x does not depend on the
parameter Jf) used in the calculation of the probabilities. How-
ever, the mean of the LLRs is equal to half of their variance
only when 012) = 02, which corresponds to an optimum the
performance of the decoder following the equaliser
Proof:
It has been shown [8] that in the case of the AWGN channel,
the variance of LLRs is 4/02 and the mean 2/02. It is
interesting to note that the derivation of the above mean and
variance values of LLRs were obtained with the noise estimate
parameter used in the Gaussian probability computation equal
to the true noise variance. When a different parameter is used
in the computation of the probabilities, i.e, P(x = 1ly) =
exp —ﬁ(y —1)2, with 07 # o2, the LLRs are written as:

LLR = 2

= (1+w) b)
UP

Obviously, now, the mean of the LLR is U% while the variance

2
is 4;%“’. It is interesting to see that in this case, when the
a pospteriori probabilities are computed with a noise variance
estimate different from the true one, the mean of the LLRs is
no longer equal to half of the variance. The probability density
function of the LLR can then be expressed as
2 o3
0y —H(-F)
frllla) = —2—e =77
2v/2mo

One can easily show that the corresponding mutual informa-
tion between the LLRs and the symbols z, defined by

| _1 400 QfL(”.T)

remains the same. In this case, one can show that:

fr(l|z)log

I(L;, X)=J(o) = 1-
(3)

D. LLR and mutual information derivation for a MAP
equaliser

Proposition 2:

For a certain noise variance estimate 012) used in the com-
putation of the APP of a MAP turbo-equaliser, the mutual
information between the LLRs at the output of the equaliser
and the symbols at the input of the channel is equal to that of
an AWGN channel with variance 0127, where the LLR mean is
equal to half of the variance. Proof:

In [9], [10], it was shown that the performance of a MAP

1 oo (I - 0—2)2 1
NeT / exp —T'g loga[1+e™"]dl
70 J-



equaliser following a Finite Impulse Response (FIR) channel
with AWGN of variance ¢ is equivalent to the performance
achieved for an AWGN channel with variance ad = d42"

where d,,i, is the channel mimimum distance. Therefore,
using results obtained in the previous section, we can conclude
that if and only if the variance estimate used in the computa-
tion of the APPs of the MAP is equal to o2, the distribution
of the LLRs at the output of the MAP will be Gaussian with
mean —2' and variance —2' This result is significant because
it indicates that in this case we can expect a perfect match
between the performance prediction obtained using the EXIT
chart and the actual simulation results. It has to be pointed out
that previous works simply assume that the variance estimate
used in the computation of the APPs for a MAP equaliser
should be equal to the actual noise variance. In this case, from
the results obtained in the previous section, the LLRs wo2u1d

be such as their mean and variance are respectively p =

202
and 0%, , = df”— Unless the minimum distance d2 ;, = 4,
the LLRs do not satisfy 0% ; , = 2 and the simulation results
do not match the EXIT chart predictions. Another important
point is that since the decoder is optimum when its input is
equivalent to an AWGN channel, sub optimum results are to
be expected at the output of the decoder when the equaliser
fails to provide APPs corresponding to such AWGN channel.

We have therefore shown that the choice of the noise
variance estimate used in the APPs computation is crucial, to
ensure not only that the EXIT chart predictions are accurate
but also that the decoder is able to provide optimum results.

min

E. The case of a sub-optimum APP based equaliser

In this section, we concentrate on the decision feedback

equaliser incorporating fixed lag smoothing (DFEifls) pre-
sented in [5] and we derive the expression for the LLRs,
highligting why the mutual information between the LLRs and
coded symbols is dependent on the choice of the noise variance
estimate (which was not the case for the AWGN channel as
shown in section 2.1). We also provide a method for optimising
this parameter and the simulation results presented in the next
section will highlight the dramatic improvments brought out
by our proposed method.
The full derivation of the DFEifls can be found in [5]. In
this paper, for sake of simplicity for the LLR derivation (but
without losing generality), we restrict our attention to a length
3 FIR channel. The DFEifls produces at time ¢ the marginal
aposteriori probability oz§| t) ,1.e Pr(z¢—pn41|Yy) for the symbol
ZTi—n4+1 taking into account the vector of observations Yot =
{Y0,¥1, --. Yt} up to time ¢ and apriori information in the
context of a turbo-equaliser. The equaliser delivers statistical
information to the decoder on symbols when they are “seen”
by the channel for the last time. At time ¢, the equaliser will
therefore provide

2
ayf) = Pr(zi = 1Y, La(x:) ...

La(z0)) 4)

The DFE incorporating fixed lag smoothing [11] takes advan-
tage of a shifting property of the successive states to calculate

the marginal probability of a symbol. In other words,

1 R
e =a” g 53 (e — Ha(t]0),
UP

Qg = Qg " Ty exp {—

(&)
where a( ) are normalising constants, 0127 is the noise variance
estimate, Z(¢|t) and Z(t — 1|t — 1) are smoothed estimates of
symbols z; and z;_; respectively. Note that these smoothed
estimates are computed as conditional expectations. For in-
stance,

i(tlt) = 20f) -1

It is worth noting that these estimates depend on a . By

applying the recursion on oV we can show that:

t—1[t—1

2
t|2t) = Ha 1 €Xp {—L Z Yi—opi — i — Z hidi—;)?}

P =0 J#i
(6)
After few manipulations which we cannot provide in this paper
by lack space but can be found in [?], we can show that the
LLRs can be expressed by:
Lolm) = (1 + W) ™

p

where W(02) = 327 g wi—i+ Y4 hihi(we—i—a(t—ilt—j)).
It is interesting to note that this expression resembles equation
(2) which is the expression of the LLR in the case of the Gaus-
sian channel. Unfortunately, in the case of the DFFEifls, the
noise term W(UZQ,) is not Gaussian (due to the presence of the
error terms e(t—i) = xy—; —Z(t—i|t—j)). Moreover, this noise
term strongly depends on the value of the parameter ag which
indicates that the corresponding mutual information between
LLRs and symbols depends on 012). In [6], it is suggested that
in order to optimise the performance of the turbo equaliser,
one has to choose 0127 such that the corresponding mutual
information is equal to the mutual information of LLRs derived
from data corrupted by an AWGN channel. As shown in
figure 3, this operation is realised by superimposing the output
mutual information I, and LLR variance o7 ; . obtained for
the equaliser over the graphical representation of the function
J (o) given by equation (3). It is worth mentioning that no real
justification was providedin [6] as to why such a choice of 012)
resulted in such significant improvments as compared with a
usual way of estimating the channel noise variance. Using the
argument similar to that of the previous section, we can now
justify this choice by the fact that when the mutual information
L (x¢) is equal to a mutual informationwhich can be expressed
using (??), then the performance of the system formed by the
FIR channel and equaliser is equivalent to that of an AWGN
channel with noise variance equal to 0721, = 2 where
OI.LRo 1s found where the curves of mutual infornLlét%n at the
output of the equaliser and the curve related to (??) intersect.
Again, since the decoder is optimum when fed by LLRs
satisfying the property guaranteed by (3), we can explain why
the turbo-equaliser provides the best performance when o2

P
is chosen using this method. The other important conclusion

a(t -1t —1),1]7)?



that can be drawn is that the predictions provided by the EXIT
chart will be more accurate using this choice of parameter.

III. SIMULATIONS

The simulations presented in this section have been obtained
using the Proakis B channel, i.e H = [0.4080.8170.407].
Adapting the noise variance estimate for the MAP: Figure
3 illustrates the findings of section 2.4. In this figure, two
curves are superimposed: the function o2, = J(=1(I,)
obtained theoretically when the input LLRs are Gaussians with
a mean equal to half the variance. The other curve is the result
of simulations of an MAP based turbo equaliser at the first
iteration (when no a-priori information is available). We plot
the variance of the LLRs in the y-axis and the corresponding
mutual information in the x-axis. Simulations are repeated
for various values of 0127 until the theoretical and simulation
curves intersect which occurs as indicated by the dashed line
for og = 0.6. According to our analysis provided in section
2.4, for this value of o2 obtained at the intersection of the 2

p
curves, the LLRs are Gaussian and in fact o2 can be found

p
as 02 = A7 For H = [0.4070.8170.408], d2,,, = 2.6.

Therefore, 4{
on the curve.
Adapting the noise variance estimate for the DFEifls
Figure 4 presents results similar to the ones in figure 3 in
the case of a DFEIifls. The first observation is that the mutual
information varies depending on the chosen 0127. Another inter-
esting observation is that for 012, = 0.5 (which is the optimum
value for the turbo equaliser), the corresponding LLR variance
is 02 r = 6 and according to our analysis, the performance
of the system comprising the FIR channel, the AWGN with
noise variance o2 = 0.1 and the DFEifls is equivalent to that
of a AWGN channel with variance 0'(21 = 024 = 0.666. If
we now turn our attention to figure 8 which Shows the bit
Error Rate (BER) of the DFEifls as well as that of the AWGN
channel, we can see that at the first iteration (which is the one
considered in the paper), the BER obtained by the DFEifls
for an SNR of 10dB (corresponding to o2 = 0.1 in figure
4, is 107! which is the same BER obtained for an AWGN
channel with SNR of approximately 1.7dB = 10log;,(0.666)
which matches the value o3 = 0.666 obtained from the LLR
variance. This illustrates the proposition put forward in the
previous section.

One of our claims in this paper regarding the benefits obtained
by the apropriate choice of the noise variance estimate, is that
because we make our system equivalent to a AWGN channel,
the performance of the turbo equaliser can be more accurately
predicted by the EXIT chart. This claim is validated by figures
5 and 6. In figure 5, the noise variance estimate is equal to the
true noise variance. One can see that the exchange of mutual
information as plotted on the graph does not follow what
the EXIT would have predicted. In the case of appropriate
noise variance estimate (in figure 6), not only the EXIT chart
predicts very accurately the trajectory of the mutual exchange
information but also, the number of iterations necessary to

= 0.61 which matches the value az obtained

reach convergence is reduced as compared to the non adapted
case.

Finally, figure 7 highlights the benefits of adapting the channel
noise variance estimate in terms of BER. One can see that the
BER is significantly reduced at each iteration of the turbo
equaliser when the noise variance is adapted.

IV. CONCLUSION

In this paper, we have hilighted the importance of properly
choosing the noise variance estimate used in the calculation of
probabilities for APP based turbo equalisers. We have shown
how to determine such estimate in the case of a MAP equaliser
and a sub-optimal version of the MAP called DFEifls so that
not only better BER results are obtained, but also very accurate
prediction of the the turbo equaliser performance is feasible
using the EXIT chart. It has to be pointed out that although
the proposed choice of variance estimate was implemented
at each iteration of the turbo-equaliser, the analysis presented
here concentrated on the first iteration only. Future work will
include a similar theoretical analysis applicable to subsequent
iterations.
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Fig. 3. Optimum 0'3 for MAP equaliser
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