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Distributed Decoding for Wyner Cellular Systems

Alex Grant, Stephen Hanly, Jamie Evans and Ralf Muller

Abstract—This paper investigates a one-dimensional model of a
cellular Gaussian multiple-access channel based on the model in-
troduced by Wyner. A closed form expression is given for the sum-
rate constraint with a finite number of cells. It is demonstrated
that optimal joint decoding can be accomplished using a variation
of the forward-backward algorithm that operates on the posterior
codeword probabilities.

Index Terms— interference channel, cellular communications,
multiuser decoding, forward-backward algorithm

|. INTRODUCTION

In one of the first papers to apply Shannon theory to obtain
insights about cellular systems, Wyner [1] introduced a simple,
yet very tractable model, that treated the cellular network as a
Gaussian Multiple Access channel (MAC). Wyner actually con-
sidered two models, one with cells arranged in a line, and the
other as a hexagonal array in the plane. Wyner’s model treats
signal propagation in a highly idealized manner, with no at-
tempt to include fading, or other random effects. An extension
of his model to include fading has appeared in [2], [3].

The present paper makes fist steps towards explores the is-
sues of decentralization and iterative decoding. To obtain
first insights, and closed-form capacity results, a variation on
Wyner’s original one-dimensional model is used. The two main
contributions of this paper are (a) a closed-form expression for
the information theoretic limit on the total information rate in
finite sized systems and (b) a forward-backward algorithm that
performs joint maximum a-posteriori decoding in a decentral-
ized fashion.

Il. WYNER’S LINEAR CELLULAR ARRAY MODEL

Consider a discrete-time Gaussian multiple access channel
(MAC) with NV users and a vector output. At each time instant,
N users transmit data symbols X{", where X; is the symbol
transmitted by user ¢, and Wyner’s notation X denotes the set
{Xi, Xit1,...,X;}. The vector output corresponding to these
inputs is given by Y7V, where:

Yi=Xi1+aXe+ 2
Yi=X; + (X1 + Xig) + Zi,
Yn=Xn+aXn_1+ 2N

1=2 N -1

ey

and Y; represents the received symbol at antenna i, in a lin-
ear array of IV antennas, and the Z; are i.i.d. Gaussian random
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variables, of zero mean, and variance o2, representing the back-
ground noise at each antenna. The term « is a positive constant,
representing the amplitude attenuation from user ¢ to antennas
i — 1, or i + 1, respectively. Assume a power constraint P on
each of the users labelled 1,2, ..., N and denote the resulting
signal to noise ratio as p = P/o?.

In [1], the interpretation of this MAC is that each receive an-
tenna is a cell site in a linear array of NV cells. Within each cell,
a single user transmits information to its intended base-station,
but also causes interference at the two adjacent base-stations.
Thus each base-station observes the sum of its intended user,
scaled versions of the two neighboring interferers, and Gaus-
sian noise. It is critical that the cell-sites are allowed to cooper-
ate in the decoding of users; this assumption is explicitly made
in the above model. In fact, an equally valid interpretation of
the model is a single cell (decoding all users) using macroscopic
antenna diversity, with receive antennas spaced in a wide-area
linear array.

An interesting issue addressed in the present paper is whether
the cooperation between the cell sites can be decentralized, such
that the overall decoding computation is distributed amongst the
cell sites, in conjunction with local message passing.

Collecting terms into column vectors, X =
[Xl,ng..,XN]t, Y = [Yl,...,YN}t and Z =
[Z1,...,ZnN]t, write the entire channel model as follows

Y = AnX + Z,

where the N x N matrix Ay is given by

1 a 0 0 0 ]
a 1 o 0 0

0O a 1 «o O

Ay =P | 1)

0 o 1
0 0 «

o
L 1_.

Of particular interest is the information theoretic constraint
on the total information rate, under the assumption of joint de-
coding, normalized by the number of users. Thus define the
spectral efficiency (bits per user per channel use):

Cxlp) £ T (XY 7Y). @

Of course, this is only one of 2% —1 such constraints that define
the capacity region of this multiple-access channel.



One of the main results from [1] is the asymptotic evaluation
of the spectral efficiency,

lim Cy (,O)

N—oo

1 1
5 / log [1—|—p(1—|—2acos27r9)2} 9 (3)
0

1
% / log {1 + p(1+ 2« cosmp)ﬂ dyp (4)

0
For reference and for comparison to later developments, a
proof of (3) is given in the Appendix. An obvious symmetry,
cos2mf = cos2m(1 — @) and a change of variables ¢y = 20
yield (4).

Note that the definition (2) differs from the C' defined by
Wyner and hence (3) is actually weaker than Wyner’s result. In
[1, Theorem 2.1], it is shown that the optimal asymptotic spec-
tral efficiency (when NV is large) can be achieved with all users
attaining, asymptotically, the same rate. This stronger result
requires more effort to prove; the reader is referred to [1].

A further remark is in order on a minor difference between
Wyner’s model and the one used in this paper. In this paper
there are NV users and N antennas. In Wyner’s formulation,
there are NV users and NV + 2 antennas; Wyner includes an an-
tenna labelled 0, which receives a scaled version of user 1, and
an antenna labelled N + 1, which hears a scaled version of user
N. Since the model is in any case so idealized, the omission of
these “edge” antennas should not be too concerning. It is con-
venient to use the model adopted in the present paper in order
to investigate issues of distributed computation. In addition, it
yields an exact spectral efficiency result for the finite case. The
following proposition, proved in the Appendix provides an ex-
plicit evaluation of the constants C'y:

Proposition 1:

N
1
On(p) = 55 D log (1+pA%0) (5)
n=1
where

/\N,n:1—|—2acos< N (6)

n
N+1 ) ) )

Note that (5) is in fact a Riemann sum for (4). Therefore
Coo £ limpy_,o, Cn exists in a well understood sense. It is
important to note that this sequence C'y is not the same as the
one considered in [1], for the reasons given above.

For convenience, define the function

f) = %log [1+p(1+2acos7rw)2 .

Figure 1 illustrates the Riemann sum Cy for p = 1and « = 0.5.
The solid line is f(+), and C is the area under this curve. The
area under the rectangles corresponds to C4. The bin width is
1/N = 1/4 and the sample points are at n/(N + 1) = n/5,
n = 1,2,3,4. Note that since points interior to each bin are
used to set the height of the approximating rectangle, it is not
certain whether convergence is monotone. In fact depending
upon the choice of «, convergence of C to C, can be mono-
tonic increasing or decreasing, or non-monotonic.
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Fig. 1. Finite information as a Riemann sum of the limiting rate.

1
4

The rate of convergence of the Riemann sum is of interest.
Now

af ()  —2map (1 + 2acosmy))sinmwip
0 = ) (7

1+ p(1 4 2acosTe))>
Furthermore, if o < 1/2 this derivative is non-positive for 0 <
¥ < 1. In this range C'xy may be bounded by the left and right
Riemann sums,

1 & n 1 = n
vl (W)= o= m 20 (5):

This fact may be used to gain an idea of how quickly these sums
converge. The absolute difference may be bounded

() -1
ot PG ()
< max

1\
~ €l0,1-1/N] {f W) - f (w + N)_

and for large enough N, this upper bound is well approximated
by

IN

|/ ()| 1 2map (1 + 2cccos ) sin )
maX72 = III?LX*2 3
v N v N 1+ p(1+ 2acos )
L 2map(1+2a)

- N2 1+p

IN

1 2map (1 + 2a)>

1
This approximate analysis indicates that at least in the region
0 < a < 1/2, that convergence to C, is O(a?/N?).
In general C'y, the sum rate constraint may not be biting, i.e.
there may be tighter constraints due to smaller subsets of users.
Given a set of users S C {l1,...,N}, let C(S) =
+1(Xs; Y{¥|Xs-) be the corresponding constraint. Figure 2
()-(d) shows the typical behavior of the various constraints.
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Each graph shows Cy (dashed) and C(S) for all S C
{1,2,..., N} (solid) as a function of «. The signal to noise
ratio is p = 10 dB. The graphs show that C'y is by no means
always the biting constraint (similar behavior can be observed
for other signal to noise ratios). Nevertheless, for a wide range
of « of interest, C'y is typically biting, or is very close to biting.
In the absence of a rigorous analysis of this phenomenon, this
indicates that C'y may be a useful measure of system capacity.

)N =5

@N=6

Fig. 2. Normalized rate constraints C'(S) versus o with p = 10 dB and
different values of N.

It is possible to obtain simple bounds on other constraints
which depend only upon the number of users in the constraint
set, and not on their specific indices (see Proposition 2 in the
Appendix for one such bound). We are yet to find a general
bound of this type that is tight enough (for values of « of in-
terest) to determine whether the sum rate constraint is always
biting.

I11. DECODING USING LOCAL MESSAGE PASSING

The results of (3) and (5) assume that joint decoding, based
on the entire set of observations, Y;" is performed. This can
occur if each cell site communicates its observation to a central
decoder, which then performs joint decoding and returns the
corresponding decoded words to each cell. In this section, it is
demonstrated that joint decoding can in fact be accomplished
in a distributed manner, with each cell site performing only part
of the required computation, in conjunction with local message
passing between adjacent cells. It should be emphasized that
the distributed algorithm described in this section is intended
not so much as a practical approach, rather as an indication of
the potential for distributed computation in these types of net-
works.

The band-diagonal nature of the matrix A, defined in (1)
reveals a first-order Markov property in the channel, similar to
that in a single-user inter-symbol interference channel, or in an

asynchronous multiple-access channel. The forward-backward
algorithm [4], [5] can therefore be used, in which a-posteriori
codeword probabilities can be computed in a recursive manner.

Assume that each user has selected a codebook, and indepen-
dently selects a codeword to transmit, using the uniform distri-
bution over the set of codewords. Denote the codebook of user
n by Cy,, with |C,,| = M,,.

The task of the IV cell sites, or “nodes”, is to decode the trans-
mitted codewords from the users, and as part of that decoding
process, it is useful to define a state space S,,, at node i, by

81 = Cl X CQ
Sn = Cn—l X Cn X Cn—‘—l,
Sy =Cn_1 xXCx

n=2,...,N—1

The communication process can be modelled as a discrete time
Markov chain, (S,,)2_,, where each cell represents a unit of
time, and time increases towards the right in the array (this
choice of direction is arbitrary). The Markov chain moves to-
wards the right, starting in a state in S, and jumping always
from a state in S,, to a state in S,,,1. To start with, users 1 and
2 independently select codewords to send, which determines
an initial state in S;. User 3 then selects a codeword from Cs,
which causes a transition of the chain to the corresponding state
in So. In general, when user n selects a codeword from C,,
this determines a transition of the Markov chain from a state
in S,,_» to a state in S,,_1. Finally, the last transition from
Sn—1 to Sy is deterministic: if Sy_1 = (cny—2,cn-1,¢N)
then Sy = (en—1,cn). The antenna output Y, is determined
only by the value of S,,, and the external Gaussian noise at an-
tenna n.

This Markov structure allows a distributed calculation of
the maximum a-posteriori probabilities of the codewords
of each user. The important quantities of interest are
argmaxes, P(S, = m | YN = y), forn = 1,2,...,N,
since the maximizing value, m* € S,,, determines the most
likely codeword of user n. Note that this differs slightly from
the usual joint maximum likelihood decoding in that marginal
decisions are made on each user, conditioned on the entire set
of observations. It can be shown however that this difference
does not affect the capacity region of the channel.

For a given observation V¥ = ¢V and state m ¢
S, define A, (m) = P (S, =m, Y =yl), an(m) =
P (S, =m, Y =y7) and B,(m) = P (Y, | S, =m) so
that (due to the Markov structure of the chain),

)\n(m) :an(m)ﬁn(m)a n= 17--~7N7 m68n~ (8)

Further, define the so-called transition probabilities ~,,(m) =
P(Y,, = yn | S, = m), where we note that in this model, the
output Y;, depends only on the state S,,. The forward-backward
algorithm [4], [5] recursively computes the «,, and 3, n =



1,2,..., N according to

an(m) = C)]
Z an71<m/)7n(m)P (Sn = m|Sn71 = m/)
m/'e€S,_1
Br(m) = (10)
Z ﬁn+1(m/)’yn+1(m/)ﬂb (Sn41= m/‘Sn =m)
m/'€Sn 41

where for convenience, root nodes Sp = 1 and Sy = 1 are
introduced with ap(1) = 1 and Sy 1(1) = 1.

These equations define a distributed algorithm, known as the
forward-backward algorithm. Each cell site is a processing
node, passing information both forward and backward to the ad-
jacent nodes. Node 1 computes (a1 (m))mes, , and passes these
values (forward) to node 2, which then computes («s(m))mes,
according to (9). In general, using input from node n — 1, node
n computes (a., (m))mes, and then passes these values to node
n + 1, until n = N. A similar backward recursion, involving
calculation of 3’s then takes place according to (10), and after
N steps, all nodes can compute their \,,(m)’s, according to (8),
allowing MAP decoding.

The recursions (9) and (10), if implemented directly as
above, require cell site n, 1 < n < N, to know the conditional
probabilities P(S,,+1 = m/|S, = m), forallm € S,,,m’ €
Sn+1. This requires knowledge at node n of the codebooks of
usersn —1,n+ 1 and n + 2, as well as that of the desired user,
user n. However, the following discussion shows that it is actu-
ally sufficient for node n to know only the codebooks of users
n—1,nn+ 1.

Givenb € C,, and ¢ € C,,11, define:

an(b,c) = Z an(a,b,c)

a€Cp_1

(11)

Thus «, is marginalized to the second and third components. It
is sufficient for node n to know the &,,—;(m) values from node
n — 1, in order to perform the calculation (9), as the probability
P(S, = m|S,_1 = m') in (9) does not actually depend on the
first component of the vector m’. This means that node » does
not actually need to know the codebook of user n — 2 in order
to compute (9).

Similarly, 5,,(m) in (10) only depends on the last two com-
ponents of the vector m (i.e. 3,(m) is constant as the first
component of m varies). But node n + 1 knows the codebooks
of users n and n + 1, so it is able to compute (10), and pass it
to node n. To make this precise, define the projection function:
m(a,b,c) = (b,c). For (b,c) € Cp, X Cp41, define

Bn(b,c) = Z P(S,11 = m|7(Sn) = (b,c))x

m/'€Sn i1

P(Yn+1 | Spt1 =m')Bayi(m’). (12)
The important thing is that the Bn(m)'s can be computed at
node n+1, without needing to know the codebook of user n—1,
and can then be passed to node n.
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IV. CONCLUSIONS

Wyner’s simple model of a Gaussian cellular system pro-
vides a tractable plying field for investigations into informa-
tion theoretic considerations for cellular systems. In this pa-
per, a closed form expression for the sum rate constraint in a
finite sized system has been given. This expression was also
shown to converge to the asymptotic limit found by Wyner in
the sense of a Riemann sum approximation to an integral, with
convergence approximately O(a?/N?). It was also shown that
joint decoding for the one dimensional Wyner array may be ac-
complished in a decentralized fashion, using an adaptation of
the well-known forward backward algorithm. This result mo-
tivates further research into practical distributed algorithms for
cellular systems. In fact we hope to present results in this di-
rection in a forthcoming paper, where our spectral efficiency
results prove to be useful in determining the capacity loss due
to sub-optimal processing. Related work, concerned with lin-
ear minimum mean squared error detection of Wyner systems
is also in preparation [6].

APPENDIX

Proof: [Equation (3)] The proof is basically a straightfor-
ward application os Szegd’s theorem, which is required to take
care of the toeplitz (rather than circulant) nature of Ay. Con-
sider a particular value of N. Then, since H(Y|X) = H(Z),
the capacity is given by C = (max H(Y')) — H(Z) where the
maximization is subject! to E[X X!] = I.

Using the well known maxentropic properties of the mul-
tivariate Gaussian distribution (subject to covariance con-
straints), this constrained maximization is achieved by setting
the X,, to be i.i.d. zero mean unit variance Gaussian. The re-
sulting spectral efficiency is

N
c 1
Oty
N 2n:1

where the A3, ,, are the eigenvalues of Ay A%;. Now Ay A is
hermitian and according to [7, 4.14],

1+

; (13)

2
P/\N,n
o2

. C 17 Pf2(\)
I\}EnooN_éhr/o log {14_ o?

where f(A) = 1 + 2acos A is the Fourier spectrum of A [7,
(4.1a)]. A change of variables A = 270 completes the proof. B
Proof: [Proposition 1] From (13), the eigenvalues of

A% = ANAY, need to be determined. To this end, let A be
an n x n tridiagonal matrix with diagonal sy and off-diagonals
s1. Define 6, = 7. Then our task is to show that the eigen-

n+1"
values A1, Aa,..., A\, Of A are

| ar

Ak =80+ 2s1cos0, k=1,2,...,n.

with associated eigenvectors

2
1/ 1 (sin Oy, sin 26y, . .., sinnby,)’ .

ITechnically, the mutual independence of the X, must also be enforced,
since in general, uncorrelated does not imply independence. This turns out to be
unnecessary, since the capacity achieving distribution turns out to be Gaussian
anyhow.
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The problem can be formulated as a regular Sturm-Liouville
difference equation:

$1Ym + S0Ym+1 + S1Ym+2 — AYm+4+1 =0, m=0,1,....,n

with boundary conditions yo = y,+1 = 0 where X is an eigen-
value and (yo, - .., yn+1)’ the corresponding eigenvector. Note
that the recurrence was started from zero to avoid getting an
equation with non-constant coefficients. From Sturm-Liouville
theory it is known know that this equation will have solutions
at discrete values of A, and that these solutions will be real and
orthogonal.

The characteristic equation is order two and must have com-
plex conjugate roots. For if the roots were real (repeated or
distinct), the initial conditions cannot be satisfied. Let the roots
therefore be e** (the modulus is set to unity, since this factor
can be absorbed into the eigenvalue).

The solution is therefore of the form

Ym = C1 COS mb + co sinmfb,
¢1¢0s0 + c2sin0 = 0, which implies ¢; = 0 and ¢ sin(n +

1) = 0, which implies (n + 1)8 = kr for any integer k =
1,2,...,n. Hence define 6, = kn/(n + 1). Now

- 1
Z sin? méy, = n—2|—

m=1

and fix c; = 2/(n + 1) in order to get unit norm eigenvectors.
A solution for A may now be found, by considering that the
characteristic equation must be satisfied by the roots e+ i.e.

AL = S0 + S1 (ew’“ + e_ie"')

= 2
So + slcosn+1,

|
., N'} be a subset of the user
+1(Xs; YV [ Xse).

Proposition 2: LetS C {1,2,..
population, and S = |S|. Let C(S) =

Then
N N —
0(8) 2 XN NS o (149 (14 20)).
Proof: LetS C {1,2,...,N} and let Is be the matrix

formed from I by setting the diagonal elements not indexed by
S to zero. Then

c(S) = %I(Xg;YlN\Xsc) = % logdet (I + pAIsA).
(14)
The Is term has the effect of setting the gains of the users
Xse to zero. For a matrix M, let M (S) be the matrix formed
from M by deleting each row and column not indexed by S.
Then since det(I + M M*) = det(I + M*M) it is easy to see
from (14) that

1
c(S) = 25 log det (I + pA*(S))
The remaining ingredients of the proof are inequalities due
to Fischer and Hadamard. For a positive definite matrix M
and an index set S Fischer’s inequality [8, pp. 478, 485] states

(15)

det M < det M(S) det M(S€). Finally Hadamard’s inequal-
ity (which can be viewed as a special case of Fischer’s) bounds
the determinant of a matrix by the product of its diagonal en-
tries.

Now, starting from (14) and (15) and working with exponents
for brevity,

exp(25C(8)) = det (I + pA*(S))
det (I + pA?)
~ det (I + pA2(S°))
det (I + pA?)
T (L4p(1+2a2)N°

Fischer

Hadamard

Note that in the last step det(7+pA2(S¢)) has been bounded by
a N — S fold product of the largest possible diagonal element.
The final result comes from noting that the denominator in the
last line above is just exp(2NCy ). [ |
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