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Notation

CDMA Channel Mo del Indexing

When discussing the op eration of man y receiv ers for the CDMA c hannel it is often con-

v enien t to talk of a set of tr ansmissions iden ti�ed b y a transmission n um b er j , where a

transmission to consist of the 2-tuple f d

j

; a

j

g . In the follo wing table the v ector or matrix

is constructed b y the concatenation of the shaded regions. The concatenation is v ertical

for v ectors and horizon tal for matrices.

T r ansmissions Data V e ctor Channel Matrix

all

all in particular sym b ol

in terv al

arbitrary selections

particular

all b y particular user

d

d

i

d

C

; d

U

d

k ;i

; d

j

d

k ; �

A

A

i

A

C

; A

U

s

k ;i

; a

j

,

A

k ; �
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Sum m ary

Sc hemes for pro viding error con trol co ding in m ultiuser Co de{Division Multiple{Access

comm unicati ons systems are studied in this thesis. T ypically the m ultiple user in ter-

ference inheren t in the bandwidth e�cien t CDMA c hannel is addressed prior to single

user deco ding. In this thesis a join t design is prop osed where the fact that the sym b ols

transmitted across the CDMA c hannel are enco ded is accoun ted for explicitly . The main

prop osal consists of a linear prepro cessor for eac h user that supplies reliabilit y informa-

tion to a subsequen t deco der for eac h user. The linear prepro cessor is unique for eac h

user and c hanges for eac h sym b ol in terv al when random spreading co des are emplo y ed

b y the users. The random co de case is studied b ecause it em b o dies the di�cultly of a

time v arying c hannel due to e�ects suc h as m ultipath propagation. The dev elop ed theory

sho ws that the linear prepro cessor constructed for a particular user is maxim um lik eliho o d

giv en kno wledge of the other users timing and spreading co de information, and not their

data estimates. This maxim um lik eliho o d solution (termed the Pro jection Receiv er) is

compared analytically to a w ell kno wn linear system called the Decorrelator and is sho wn

to b e sup erior. The analysis is for �xed, and pseudo random spreading co des, on b oth

the sync hronous and async hronous c hannel.

In tro duced as a comp etitor for the Pro jection Receiv er, maxim um a{p osteriori (MAP)

single co dew ord bit probabilities are constructed for supply to single user soft input de-

co ders. The construction of these probabilities is sub{optimal since the optimal solution

requires kno wledge of the en tire output of the c hannel o v er time. As a result of the sub{

optimal implem en tation the p erformance of this system is only marginally b etter than the

Pro jection Receiv er. The exp ectation is that the MAP system w ould yield substan tial

impro v em en t on the linear tec hniques b ecause, in addition to timing and spreading co de

information, co dew ord bit estimates are also a v ailable. The computation of these single

co dew ord bit probabilities (and other applications) requires the application of a sp ecial

linear �lter to the output of the c hannel. This �lter is di�cult to obtain for the random

co de async hronous c hannel. The author solv ed this problem b y prop osing an algorithm

and analysing its prop erties. The analysis is for the random co de async hronous CDMA

c hannel. It is sho wn that the recursiv e algorithm computes an estimate of the �lter with

error that v anishes monotonically in the n um b er of iterations of the algorithm.

The use of random spreading co des in highly loaded CDMA, where the n um b er of users

approac hes the length of the spreading co des, presen ts problems to the receiv er. Due to

the high a v erage correlation b et w een the users simple single user receiv er structures that

do not share data estimates do not p erform w ell. The sc hemes prop osed in this thesis are

single user in structure and p erform w ell for the n um b er of users up to ab out half the

spreading co de length. The Pro jection Receiv er ma y b e though t of as the optim um linear

metric source for single user deco ding structures.
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T o announce truths ...

is an infallible receipt for b eing p ersecuted.

V oltair e

Chapter 1

In tro duction

Mobile comm unic ations is one of the most imp ortan t tec hnologies under study to da y . The

demand b y users is high, and the p oten tial for �nancial rew ard for system pro viders is

attractiv e. The k ey feature of suc h systems is the mobilit y a v ailable to the users. This

con v enience for the users requires remark ably complex tec hnology in the net w ork, base

stations and handsets that constitute the system.

The mobile comm unicati ons system from the p oin t of view of a base station app ears as

sev eral indep enden t users transmitting to a single base station. Due to the unco ordinated

nature of the users, the uplink (mobiles to base station) is more di�cult to manage

than the do wnlink (base station to mobiles). This is b ecause the do wnlink is e�ectiv ely

sync hronised since it comes from one source, i.e., a broadcast c hannel. In this w ork w e

shall study the problem in the base station.

In wireless comm unicati ons the c hannel resource can visualised as a region of the time-

frequency plane. The users then comm uni cate with the base station b y selecting a par-

ticular path through the c hannel 2-space. F or example, a particular user ma y at time t

i

transmit at frequency f

i

. Space ma y also b e used as another dimension, where directional

an tennae w ould b e required. The c hannel in mobile radio en vironmen ts is t ypically mo d-

elled as additiv e with white Gaussian noise corrupting the signal at the receiv er, or more
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In tro duction

accurately as a m ultipath c hannel [1].

The w a y in whic h the users utilise the c hannel resource is determined b y the access-

ing sc heme used in the comm unic ations system. Multiple access to the base station is

facilitated b y the accessing sc heme.

The t w o traditional accessing sc hemes simply partition the time frequency plane that is

the c hannel resource in to K pieces, one for eac h user. The users then emplo y their o wn

particular slice for comm unic ation, and the receiv er simply examines the corresp onding

p ortion of the time frequency plane for the signal transmitted b y the user. Signalling in

suc h a w a y implies that the users transmit o v er orthogonal c hannels where there is no

in terference from one user's c hannel to another's. In Time{Division Multiple{Access the

partitioning is in time, so that eac h user utilises the en tire frequency sp ectrum a v ailable,

but at di�eren t times. In F requency{Division Multiple{Access the partitioning is in fre-

quency , and the users transmit data at the same time but in di�eren t frequency slots.

The adv an tages of eac h sc heme o v er the other ha v e b een debated [2] and the b est of the

t w o probably dep ends on impleme n tation issues suc h as a v ailable bandwidth and p o w er

limitations.

The most p opular digital standard for m ultiple access comm uni cations in Europ e and

Australasia is the Global System for Mobile Comm unications (GSM) [3] whic h is based

on TDMA. This sc heme is up and running and a substan tial in v estmen t has b een made.

The reason for its success ma y not b e a theoretical assessmen t of its p erformance abilit y

but \time to mark et".

Spread{Sp ectrum Multiple{Access (SSMA) systems are di�eren t from TDMA and FDMA

systems as eac h user emplo ys the en tire c hannel resource to transmit a particular sym b ol.

Sp eci�cally , the users transmit at the same time using the same bandwidth. Conse-

quen tly the c hannels o v er whic h the users comm unic ate to the receiv er are not necessarily

orthogonal to one another and co{c hannel (m ultiuser) in terference results. Co{c hannel in-

terference also arises in FDMA and TDMA, but b et w een users that o ccup y di�eren t cells.

This is wh y frequency planning is so imp ortan t in GSM [3] for example. F urthermore,

the detection of data transmitted using suc h an accessing sc heme ma y seem hop eless. An

analogy that indicates that this is not so is our abilit y to decern di�eren t instrumen ts

in an orc hestral piece of m usic. SSMA w orks via kno wledge of the w a v eform that mak es

eac h user (instrumen t) unique. So although eac h user transmits at the same time using

the same bandwidth the actual w a v eforms are su�cien tly di�eren t to allo w the receiv er

to determine data (notes) that eac h user transmitted.
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SSMA gained p opularit y initially in the 60's for military reasons. The w a v eforms used

for transmission w ere constructed to app ear as noise. Curren tly the in terest in SSMA is

due to

� access 
exibilit y ,

� inheren t div ersit y ,

� v oice activit y ,

� lo w p eak p o w er

to name a few. The access 
exibilit y arises since a user can pro ceed to transmit without

the c hannel resource ha ving to b e re-sliced as is the case with FDMA and TDMA [4]. The

inheren t div ersit y results for the wideband nature of the SSMA signal. Often, securit y is

put forw ard as a b ene�t of SSMA since, to the naiv e observ er, the spread sp ectrum signal

lo oks lik e noise. It is true ho w ev er that the same noise{lik e signal will app ear o v er and

o v er on the c hannel allo wing co v ert reception. T rue securit y requires encryption whic h

encrypts a message that requires enormous complexit y to decrypt unless a k ey is kno wn.

Sev eral commerc ial companies made substan tial in v estmen ts in SSMA in the early 90's,

Qualcomm b eing the �rst. Application issues in v olving TDMA, FDMA and SSMA w ere

discussed in [4, 5]. One claimed b ene�t of SSMA is that it p ermits the easy application

of v oice activit y to ac hiev e in terference reduction. W e do not try to resolv e the ongoing

debate here, but SSMA is the fo cus of this w ork.

Con trol o v er the w a v eform transmitted b y a particular user can b e ac hiev ed using spread-

ing co des and a c hip w a v eform. The resulting access sc heme is termed Direct-Sequence

SSMA or simply Co de{Division Multiple{Access (CDMA). In CDMA systems the spread-

ing co de determines the w a v eform (once the c hip w a v eform is �xed) for transmission, and

the p erformance of simple receiv er systems is dep enden t of the correlation prop erties of

the set of spreading co des assigned to the users [6{13]. Sym b ol lev el sync hronism m ust

b e main tained if sp eci�c co des are to b e emplo y ed since the correlation prop erties c hange

when the co des slide relativ e to eac h other as o ccurs in a sym b ol async hronous system.

Co de design w ould b e the ob vious c hoice if it w ere simple to main tain c hip lev el and

sym b ol lev el sync hronism among the users. Unfortunately it is not. In this thesis the

async hronous c hannel receiv es m uc h atten tion since the demands on the proto col side of

the system are reduced mark edly .

The problem of main taining sync hronism can b e relaxed sligh tly b y allo w ed a small
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amoun t of async hronism that can b e tak en in to accoun t in spreading co de design. Suc h

systems ha v e b een prop osed as part of the Europ ean COST 231 pro ject [14].

It is a theme of this thesis that the complexit y in the mobile comm unic ations system

shall b e mo v ed from the net w ork, where call acquisition, sync hronisation and hando v er

are a concern, to the receiv er. By enabling the receiv er to determine if a user comes or

go es from the system, on the 
y , the hando v er algorithm implem en ted b y the net w ork

ma y b e alleviated. The CDMA accessing sc heme also has inheren t qualities in terms

of the constrain ts on hando v er. Sync hronisation of the users transmissions with a cen-

tral clo c k (as is required in TDMA) will b e relaxed via the use of async hronous CDMA

where full kno wledge of the async hronous c hannel at the receiv er enables optimal detec-

tion. Man y algorithms for the estimation of the async hronous CDMA c hannel ha v e b een

prop osed [15, 16] and some ha v e b een impleme n ted in hardw are. Most of the c hannel

estimation algorithms are based on subspace estimation tec hniques [17] and parametric

searc hes. In some cases the estimation of the data and the c hannel is considered as a join t

problem [18, 19]. By recognising the statistical in v ariance of the �xed spreading co des

CDMA c hannel some authors ha v e prop osed sc hemes that adapt to c hanges in the m ulti-

path c hannels o v er whic h the users transmit [20, 21]. T raining sequences w ere used in [22]

in order to determine b oth spreading co des and timing pro�les. A case where kno wledge

of the spreading co des emplo y ed b y the users are neglected at the receiv er is [23, 24]. The

e�ectiv e p erformance of suc h sc hemes is completely dep enden t on the statistical in v ariance

of the c hannel (whic h em b o dies m ultipath and spreading co de parameters). It therefore

follo ws that in the random spreading co de case these systems will b e ine�ectiv e.

In curren t systems digital sym b ols are emplo y ed since the application of error protection is

p ossible th us impro ving service qualit y . In b oth CDMA and F/TDMA the data sym b ols

transmitted across the c hannel are co ded to pro vide robustness against errors caused b y

the noise, m ultipath and in terference nature of the c hannel. In the CDMA literature

little w ork has b een directed at the problem of co ded comm unication o v er the CDMA

c hannel [25]. This con trasts with the atten tion giv en the unco ded problem. It is lik ely

that the researc hers in tended that their systems w ould solv e the m ultiple access problem,

lea ving the deco ding problem to b e solv ed b y con v en tional single user deco ders. This is

despite the fact that the optim um solution is a Viterbi algorithm [26] o v er a trellis that

em b o dies the CDMA c hannel and ev ery users co de state. In this w ork w e shall fo cus on

system that recognises the join t nature of the problem of co ded comm uni cation o v er a

CDMA c hannel.

The optimal join t solution e�ectiv ely implem en ts in terference cancellation at the infor-

mation sym b ol lev el. This is akin to deciding on a path through the join t co de trellis with
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appropriate metric. In this w a y the m ultiuser asp ect of the c hannel is dealt with at the

last stage of the receiv er. Sub{optimal reduced complexit y systems mo v e the m ultiuser

part of the system bac k earlier in the deco ding pro cess. Examples include the application

of a co de matc hed �lter for eac h user follo w ed b y subsequen t single user deco ding [27].

In suc h a system the detection/deco ding of a particular user utilises no information p er-

taining to an y other user. A linear prepro cessing �lter follo w ed b y single user deco ding

is an example of a system where kno wledge of the others user's spreading co des is em-

plo y ed in the deco ding of a particular user [28]. F urther adv ancemen t can b e made b y

implem en ti ng in terference cancellation at the co dew ord bit lev el then single user deco d-

ing [29]. The optimal solution is the ob vious next step where the in terference cancellation

is e�ectiv ely at the information bit lev el [11, 30]. Unfortunately the optimal solution for

K users eac h with � state error con trol co des requires a trellis of 2

K �

states for optimal

deco ding. A prop osal b y Saifuddin et al. [31] uses paths through single user deco ding trel-

lis for feedbac k to a linear m ultiuser device to eliminate m ultiuser in terference, thereb y

implem en ti ng information bit sharing at the outer lev el of the system. Another system b y

Viterbi in tegrates the spreading and co ding systems b y assigning the spreading co des to

b e the orthogonal co dew ords out of the users' enco ders [32]. The required orthogonalit y

w ould b e destro y ed b y the m ultipath c hannel o v er whic h the user comm unic ate to the

base station and this is one of the reasons wh y w e shall study the use of random spreading

co des.

The CDMA c hannel problem is in itself in teresting and m uc h w ork has b een done in the

area of sub{optimal receiv er design. Without subsequen t error con trol co ding in mind

man y linear prepro cessing and co dew ord bit in terference cancellation sc hemes ha v e b een

prop osed. The linear systems include the Decorrelator of Lupas and V erdu [33], the

MMSE of Xie et al. [34], the Noise Whitening Matc hed Filter of Duel{Hallen [35], the

linear un biased estimator of Klien [36, 37], the single user system of Qualcomm [27] and

the bilinear metho ds of V aranasi [38].

The p erformance of these sc hemes has b een assessed based on asymptotic e�ciency or

probabilit y of error. The consensus is that the single user matc hed �lter system is not near

far resistan t, nor ac hiev es ML p erformance asymptotically . The Decorrelator is optim um

in terms of error rate if the receiv ed p o w ers of the users are unkno wn. The MMSE is

optim um if no data cancellation b et w een users is p ermissible.

In terference cancellation sc hemes ha v e b een prop osed also. These fall in to t w o groups, one

b eing tree searc h based and the other b eing m ultistage systems. The tree searc h sc hemes

emplo y a tree describing p ossible c hannel sym b ol sequences and only partially searc h

it. The standard form of in terference cancellation b orro w ed from the signal pro cessing
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comm unit y has b een studied b y man y [39, 40]. Sc hlegel and W ei's impro v ed decorrelating

decision feedbac k detector (IDDFD) [41, 42] seems to ac hiev e near single user p erformance

at a lo w complexit y and is based on the w ork of Duel{Hallen [43] whic h can b e though t

of a a tree searc h retaining only one path. Man y algorithms exist for searc hing tree

structures [44] but the M Algorithms has fa v our. Multistage sc hemes [34, 45, 46] that

construct a h yp othesis ab out the transmitted data of all users and then use that estimate

to impro v e a subsequen t estimate are t ypically deriv ed from the Exp ectation Maximisation

algorithm [47]. Both the in terference cancellation and m ultistage sc hemes ac hiev e ML

p erformance asymptotically as the n um b er of paths or stages increases.

In this w ork w e shall consider b oth the linear prepro cessor and the in terference cancella-

tion at the co dew ord bit lev el. Both of these will b e considered with a view to subsequen t

single user deco ding. Single user deco ding seems to b e the only system of practical com-

plexit y .

The c hip sync hronous CDMA c hannel can b e con v enien tly mo delled as a linear system.

The output of the c hannel in v ector form is simply a linear com bination of v ectors repre-

sen ting the transmissions made b y eac h user in ev ery sym b ol in terv al and a noise v ector.

Geometrically , the output is a v ector sum of spreading co des and a noise v ector. This geo-

metric p oin t of view allo ws in tuitiv e insigh t in to the op eration of man y detection pro cesses

applied to the CDMA problem. Examples are the Decorrelator [33], the MMSE [34] and

the Noise Whitening Matc hed Filter [35]. The op eration of these systems can b e view ed

geometrically via an understanding of the pr oje ction op er ation . Suc h an understanding

w as dev elop ed in general b y , for example, Householder [48] and sp eci�cally for CDMA

receiv ers b y Jung and Alexander [49]. With suc h an in tuition, conclusions can b e made

with resp ect to an y prop osed CDMA receiv er suc h as the Pro jection Receiv er of Sc hlegel

et al. [50].

Dynamic programming solutions suc h as the MLSE of V erdu [51] and IDDFD of W ei

can also b e view geometrically where instead of pro jections, subtr action of r e{tr ansmitte d

hyp othesis is the mec hanism for metric generation. Hybrid sc hemes suc h as the Pro jection

Receiv er whic h ha v e b oth pro jectiv e and cancellation steps in the generation of metrics

are also con v enien tly view ed. In Chapter 3 a full treatmen t of w ell kno wn CDMA receiv er

tec hniques is pro vided. In other Chapters, where a geometric in terpretation of the system

under study is p ossible, it is also presen ted.

Driv en b y the goal of near optimal p erformance using reduced complexit y tec hniques

man y sub{optimal receiv ers for m ultiuser CDMA ha v e b een prop osed. A class of sub{

optimal receiv ers is based on a partial tree searc h [18, 39, 41, 43, 52], as opp osed to the
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exhaustiv e tree searc h conducted b y the Maxim um Lik eliho o d solution [53]. It has b een

sho wn that the spreading co de matc hed �lter output is a su�cien t statistic in the optimal

case [51]. Ho w ev er, it has b een observ ed that a digital pro cessing �lter b et w een the

matc hed �lter bank and the partial tree searc h algorithm substan tially a�ects the error

p erformance in sub{optimal receiv ers [41, 43, 54, 55]. In particular, the statistic out of the

Noise Whitening Matc hed Filter (NWMF) has b een sho wn to impro v e the p erformance

for sub{optimal receiv ers. This is due to the minim um phase nature of the �lter output.

The determination of the NWMF for the time{in v arian t async hronous CDMA c hannel

is a di�cult analytical problem. Duel{Hallen formalised the general time{in v arian t m ul-

tiple input m ultiple output �lter problem in [35]. The �lter deriv ation is based on the

factorisation of the co de matc hed �ltered CDMA c hannel matrix, R = A

>

A . F or a �nite

transmission in terv al the CDMA c hannel is describ ed b y a �nite c hannel matrix. The

factorisation can then b e obtained b y Cholesky decomp osition [56]. In a practical system

ho w ev er, transmission is con tin uous, leading to an in�nite c hannel matrix whic h cannot

b e factorised.

The factorisation of general c hannels has b een studied in the signal pro cessing and con trol

�elds for man y y ears [57]. Man y of these tec hniques can b e applied to the in�nite time{

in v arian t CDMA c hannel. A windo w ed Cholesky factorisation is an ob vious approac h. In

suc h a metho d incomplete kno wledge of the c hannel is utilised in the c hannel factorisation.

The w ork of Y oula and Kazanjian [58] can b e mo di�ed to deriv e an unrestrictiv e constrain t

for con v ergence of the windo w ed Cholesky factorisation for the time{in v arian t CDMA

c hannel. Con v ergence is here de�ned as the error b et w een the exact factorisation and the

windo w ed estimate monotonically tending to zero, as the windo w size is increased.

The time{v arying nature of the c hannel increases the di�cult y of the factorisation problem

still further. W ei and Rasm ussen [59] ha v e devised a mo di�ed Cholesky decomp osition

whic h utilises the blo c k band structure of the problem. The con v ergence of the factorisa-

tion w as pro v en follo wing the approac h of Y oula and Kazanjian [58]. This pro of is quite

complicated and not in tuitiv ely clear. In Chapter 4 w e presen t a simpli�ed con v ergence

pro of based on the w ork of Engw erda [60]. In order to sho w con v ergence, the factorisation

problem is re{form ulated to accommo date a mathematical approac h.

The statistics of the v ector used to driv e the tree searc hed b y the M Algorithm in [41]

can b e pro duced b y another metho d that w e call the Orthogonal Basis Filter (OBF).

This �lter has certain desirable prop erties that distinguish it from the �lter deriv ed for

the matc hed �lter c hannel. It op erates not on the co de matc hed �lter output but on the

output of the c hip matc hed �lter directly . Of course if the c hip matc hed �lter do es not
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exist due to the use of con tin uous time spread w a v eform matc hed �lters then this �lter is

not a v ailable to us.

The OBF is deriv ed algebraically and has v ery con v enien t metho ds for implem en ting a

sliding windo w t yp e construction when the c hannel is time{v arian t async hronous. The

other attractiv e prop ert y is the p ossibilit y of in tegration with c hannel estimation.

In Chapter 4 w e shall illustrate tec hniques for determining the NWMF and the OBF for

async hronous random co de CDMA. W e shall justify the tec hniques analytically and b y

sim ulation.

The ma jorit y of researc h on receiv ers for m ultiuser CDMA comm unicati ons systems has

b een in the area of unco ded receiv er design [33, 41, 43, 45, 61]. Once the m ultiuser in terfer-

ence (MUI) has b een resolv ed, error con trol co ding can b e applied indep enden tly . In this

case hard decisions on the co ded bits of eac h user are made prior to deco ding. Clearly ,

this segmen ted design philosoph y is sub optimal since w e are thro wing a w a y information

b y making hard decisions. Con v ersely , the system that join tly considers MUI and error

con trol co ding is prohibitiv ely complex. Information theory tells us that in order to get

close to the capacit y w e should in v est in the design of a join t error con trol co deb o ok for

the users rather than a join t spreading co deb o ok [12, 62]. W e p ersist with spread systems

b ecause of their ease of design and in the random{co de async hronous case the lac k of

an y design! The async hronous CDMA c hannel is studied in this w ork since it generalises

the sync hronous c hannel, and also has the nice prop ert y of mo ving complexit y from the

managemen t of the net w ork in to the receiv er. The in terference scenario for random{co de

CDMA is uncon trolled and therefore the receiv ers for suc h systems m ust b e robust to this

e�ect.

In Chapter 5 w e presen t a new t yp e of metric generator. The main feature of the system

is that the set of users b eing receiv ed at the base station are partitioned in to t w o sets;

one con taining users to b e deco ded and the other that are not to b e deco ded, but still

accoun ted for in terms of the in terference. This device is deriv ed based on geometrical

prop erties and it is th us termed the Pro jection Receiv er (PR). In one realisation the set

to b e deco ded is de�ned to con tain precisely one user an the output of the Pro jection

Receiv er is used to driv e a soft input single user deco der. A similar partitioning idea

w as presen ted b y V aranasi [63] where the n um b er of partitions w as arbitrary . He also

suggest setting the size of the groups to one and essen tially comes up with a system

lik e the Pro jection Receiv er. His analysis go es along the lines of V erdu's asymptotic

e�ciency [53], and do es not consider error con trol co ding around the system. A system

similar to the Pro jection Receiv er system studied here w as prop osed b y Jung [28] where
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the fo cus w as the utilisation of T urb o co des [64] and the Decorrelator w as used to supply

the metrics.

The initial deriv ation of the PR for the sync hronous c hannel b y Sc hlegel and Xiang can b e

found in [65]. Other authors ha v e suggested orthogonal pro jections for in terference sup-

pression [66], but not considered their application in a co ded en vironmen t. The analysis

of the sync hronous case along with the async hronous form ulation is presen ted here and

the results ha v e b een published [67, 68]. W e compare the co ded p erformance of the PR

and Decorrelator (DC) [33, 69] fed deco ders and sho w that the PR fed system p erforms

at least as w ell as the DC fed system.
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A CDMA `A'

Chapter 2

In tro duction to CDMA

In this c hapter w e will discuss the bac kground of the Co de{Division Multiple{Access

(CDMA) sc heme. The traditional receiv ers for the CDMA c hannel will b e describ ed

and a suitable framew ork for the deriv ation of receiv ers based on probabilistic criteria is

presen ted. W e b egin with a discussion of the CDMA c hannel and its mo delling.

2.1 The CDMA Channel

In Spread{Sp ectrum Multiple{Access (SSMA) comm unications systems the users transmit

data b y mo dulating their o wn unique spreading w a v eform. In general the pro�le of the

w a v eform can b e arbitrary , but in binary CDMA, a particular binary co de is asso ciated

with eac h user from whic h the w a v eform for transmission is generated. The w a v eform is

constructed b y the successiv e mo dulation of a c hip w a v eform b y eac h bit in the binary

spreading co de. The c hip w a v eform is t ypically c hosen to b e a rectangular pulse or a

raised cosine. In order to transmit a binary digit using binary CDMA the bit m ultiplies

the spreading co de whic h in turn mo dulates the c hip w a v eform. The sampled output of

a �lter matc hed to the c hip w a v eform will yield a v ector of samples corresp onding to the

pro duct of the data bit (sym b ol) and the binary spreading co de. The data can b e reco v ered

10



2.1. The CDMA Channel

using a discrete time correlator matc hed to the spreading co de whic h is assumed to b e

kno wn at the receiv er. The correlator op eration is e�ectiv ely the dot pro duct op erator

kno wn in matrix algebra. The correlator yields the minim um probabilit y of error for

the single user CDMA c hannel since the detection problem reduces to the detection of 2

signals in Additiv e White Gaussian Noise (A W GN) [70, Sec. 4.2].

An example of a single user binary CDMA system (in the baseband) is sho wn in Fig.

2.1. In this example the n um b er of c hips in eac h spreading co de is four. In practical

applications noise w ould b e presen t in the c hannel and therefore the input to the c hip

matc hed �lter w ould b e noisy . In this example no noise has b een included for simplicit y .

The ordinate at the b ottom of the �gure delineates the system in to con tin uous time

w a v eforms and discrete time binary sections. The discrete time part has b oth high and

lo w rates. Lo w rate information sequence is spread in to a high rate signal to b e mo dulated

on to the c hannel. This rate c hange is due to the spread sp ectrum feature of the system.
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-�
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-�

discrete

high rate

�

discrete

lo w rate

Figure 2.1: Ideal Channel Single User CDMA System.

In a m ultiuser CDMA system, where more than one user transmits on to the c hannel, the

c hip matc hed �lter can still b e used at the receiv er pro vided that the same c hip w a v e-

form is used b y eac h user. The �lter output no w b eing the sum of the spreading co des

m ultiplie d b y their resp ectiv e data sym b ols. Complications arise when the arriv al of the

w a v eforms transmitted b y the users do not arriv e sync hronously at the receiv er. A system

where the timing of transmissions of all users is arranged suc h that the w a v eforms arriv e

at the receiv er sync hronously is termed sym b ol sync hronous. Con v ersely , when there is

no timing con trol, the system is said to b e c hip async hronous. A lev el of sync hronism

b et w een sym b ol sync hronous and c hip async hronous is the c hip sync hronous/sym b ol asyn-

c hronous system, where although the c hip w a v eforms from eac h user arriv e sync hronously

the sym b ol b oundaries do not.

In Fig. 2.2 the three t yp es of sync hronism are sho wn for 3 users utilising spreading co des

of length 4. Although w e will assume data transmission to b e con tin uous, only a particular

sym b ol in terv al is sho wn to demonstrate sym b ol b oundaries.

11



2.1. The CDMA Channel
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Figure 2.2: CDMA Arriv al P attern Example.

The c hip async hronous scenario presen ts problems at the receiv er if the receiv er in tends to

implem en t particular forms of m ultiuser detection. In suc h cases, if the c hip async hronism

is ignored then the result ma y b e a b ounded p erformance degradation [15]. In other cases

c hip async hronism p oses no problem as long as the async hronism is kno wn b y the receiv er.

On the other hand the async hronous system can b e turned in to a c hip sync hronous system

where eac h c hip is split in to sev eral c hips of shorter duration. Using this tec hnique

increases the complexit y of the m ultiuser device remark ably .

F or the purp oses of this w ork w e will assume that c hip sync hronism is main tained.

2.1.1 Sym b ol Sync hronous A W GN CDMA Channel Mo del

T o formalise, consider a system where K users transmit using sym b ol sync hronous CDMA

to a common receiv er o v er an additiv e white Gaussian noise (A W GN) c hannel with at-

ten uation. Eac h of the users transmits L information sym b ols d

k ;i

, where k 2 f 1 ; � � � ; K g

is the user n um b er and i 2 f 0 ; � � � ; L � 1 g iden ti�es the sym b ol in terv al. The spreading

co de emplo y ed b y user k at sym b ol in terv al i consists of N c hips and is denoted

s

k ;i

2 f� 1 ; 1 g

N

: (2.1)

In sym b ol in terv al i eac h user transmits the sequence d

k ;i

s

k ;i

b y mo dulating the c hip

w a v eform using Binary Phase Shift Key ed (BPSK) mo dulation. The c hip w a v eform is

assumed to ha v e the follo wing prop erties

c ( t ) = 0 ; 0 > t � T

c

Z

T

c

0

c

2

( t ) dt = 1

where T

c

is kno wn as the c hip duration since the w a v eform is non-zero for this p erio d. The

�rst prop ert y ensures that the transmitted w a v eform is free of In tersym b ol In terference

12



2.1. The CDMA Channel

(ISI) b et w een c hips, and the second prop ert y is an energy constrain t. The con tin uous

time w a v eform transmitted b y user k in sym b ol in terv al i is therefore

x

k ;i

( t ) =

N � 1

X

j =0

d

k ;i

[ s

k ;i

]

j

c ( t � j T

c

� iT

s

) (2.2)

where T

s

= N T

c

is the sym b ol duration and the notation [ x ]

j

references elemen t j of

v ector x . The w a v eform x

k ;i

( t ) arriv es at the receiv er in an atten uated form. The receiv ed

energy in e ach chip of the w a v eform transmitted b y user k is denoted w

k ;i

. Since K users

are transmitting sim ultaneously o v er an additiv e c hannel the receiv er observ es at sym b ol

in terv al i the con tin uous time w a v eform

e

i

( t ) =

K

X

k =1

p

w

k ;i

x

k ;i

( t ) + n

i

( t ) (2.3)

where n

i

( t ) is the zero mean Gaussian stationary random pro cess describing the noise

on the c hannel. W e observ e the manifestation of the m ultiple access in terference in Eqn.

(2.3). The observ ed w a v eform can b e discretised b y c hip w a v eform matc hed �ltering

follo wing b y sampling at the c hip rate T

c

. There are N suc h �lter op erations to b e

p erformed in eac h sym b ol in terv al, one for eac h c hip in terv al j = 0 ; � � � ; N � 1. The

output of the c hip w a v eform matc hed �lter corresp onding to c hip in terv al j is

[ e

i

]

j

=

Z

T

c

t =0

c ( t ) e

i

( t + j T

c

+ iT

s

) dt

=

K

X

k =1

p

w

k ;i

Z

T

c

t =0

c ( t ) x

k ;i

( t + j T

c

+ iT

s

) dt +

Z

T

c

t =0

c ( t ) n

i

( t + j T

c

+ iT

s

) dt

=

K

X

k =1

p

w

k ;i

Z

T

c

t =0

c ( t )

N � 1

X

l =0

d

k ;i

[ s

k ;i

]

l

c ( t + j T

c

� l T

c

) dt + n

i;j

=

K

X

k =1

p

w

k ;i

N � 1

X

l =0

d

k ;i

[ s

k ;i

]

l

Z

T

c

t =0

c ( t ) c ( t + j T

c

� l T

c

) dt + n

i;j

=

K

X

k =1

p

w

k ;i

N � 1

X

l =0

d

k ;i

[ s

k ;i

]

l

�

l;j

+ n

i;j

=

K

X

k =1

p

w

k ;i

d

k ;i

[ s

k ;i

]

j

+ n

i;j

where n

i;j

is the sampled white noise with v ariance N

0

= 2, and �

l;j

is the Kronec k er delta,

�

l;k

=

(

0 if l 6= k

1 if l = k

(2.4)

It can b e seen that the con tin uous part of the system op eration has b een remo v ed lea ving

us with a discrete time baseband equiv alen t system mo del. W e can no w simplify the
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2.1. The CDMA Channel

expression of e

i

via matrix notation. If w e place the K spreading co des s

k ;i

utilised in

sym b ol in terv al i in to a c hannel matrix A

i

as columns, the

p

w

k ;i

in to a diagonal matrix

W

i

and collect the d

k ;i

's and n

i;j

's in to v ectors d

i

and n

i

w e ha v e

e

i

= A

i

W

i

d

i

+ n

i

2 R

N

(2.5)

where

A

i

= ( s

1 ;i

; � � � ; s

K;i

) 2 f� 1 ; 1 g

N ;K

W

i

= diag(

p

w

1 ;i

; � � � ;

p

w

K;i

) 2 R

K;K

d

i

= ( d

1 ;i

; � � � ; d

K;i

)

>

2 f� 1 ; 1 g

K

n

i

= ( n

i; 1

; � � � ; n

i;N

)

>

2 R

N

Since the underlying noise pro cess is assumed to b e white the sampled pro cess is also

white, i.e., E f n

i

n

>

i

g =

N

0

2

I

N

. The c hannel mo del of Eqn. (2.5) can b e illustrated as in

Fig. 2.3. It is this mo del that is used for the construction of detection algorithms for the

sync hronous CDMA system.

-
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�


� �
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s
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-

�
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w
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J

J

J

Ĵ
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� �
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��
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6
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e
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Figure 2.3: Sync hronous A W GN CDMA Channel Mo del.

The sym b ol sync hronous CDMA c hannel mo del is no w in a linear algebraic form. In order

to compare the structure of the system mo del to mo dels for other c hannels w e will no w

dev elop the notation for the en tire sym b olling in terv al i = (0 ; � � � ; L � 1). Let

A = diag( A

0

; � � � ; A

L � 1

) 2 f� 1 ; 0 ; +1 g

LN ;LK

W = diag( W

0

; � � � ; W

L � 1

) 2 R

LK;LK

d =

�

d

>

0

; � � � ; d

>

L � 1

�

>

2 f� 1 ; 1 g

LK

n =

�

n

>

0

; � � � ; n

>

L � 1

�

>

2 R

LN

then the en tire output of the c hannel is simply

e = A W d + n 2 R

LN

(2.6)
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2.1. The CDMA Channel
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Figure 2.4: Structure of Channel Matrix for Sync hronous CDMA.

The structure of the c hannel mo del matrix A is as sho wn in Fig. 2.4.

W e note that for the sync hronous system w e ha v e the c hoice of the sequence notation of

Eqn (2.5) as indexed b y sym b ol in terv al i , or the en tire system of Eqn. (2.6). As w e shall

see, in the async hronous c hannel a con v enien t sequence notation is not a v ailable.

2.1.2 Sym b ol Async hronous A W GN CDMA Channel Mo del

In the sym b ol async hronous system the transmission made b y the users m ust b e co ordi-

nated in time. When this co ordination is not in place the transmitted w a v eforms arriv e

at the receiv er sym b ol async hronously . W e still assume c hip sync hronism for notational

con v enience.

T o b egin w e de�ne a clo c k at the receiv er that has p erio d equal to the sym b ol p erio d T

s

.

W e then measure the arriv al time of eac h of the users w a v eforms relativ e to this clo c k

(whic h has arbitrary phase). Since the system is c hip sync hronised w e assume that the

clo c k at the base station is also sync hronised so that o�sets ma yb e measured in m ultiples

of T

c

. The concept of transmission b y a particular user in sym b ol in terv al i is still de�ned.

A sym b ol transmitted b y user k will b e lab elled d

k ;i

if the start of the w a v eform arriv es

at the receiv er in p erio d i of the receiv er clo c k.
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2.1. The CDMA Channel

F or eac h user k w e de�ne the o�set from the receiv er clo c k as �

k

2 f 0 ; 1 ; � � � ; N � 1 g whic h

is �xed for all sym b ol in terv als. W e can no w determine the con tin uous time w a v eform

transmitted corresp onding to sym b ol i b y user k as

x

k ;i

( t ) =

N

X

j =1

d

k ;i

[ s

k ;i

]

j

c ( t � ( j + �

k

) T

c

� iT

s

)

whic h is simply a dela y ed v ersion of the sync hronous x

k ;i

( t ) in Eqn. (2.2). The receiv er

no w observ es

e ( t ) =

L � 1

X

i =0

K

X

k =1

p

w

k ;i

x

k ;i

( t ) + n ( t ) (2.7)

whic h can b e c hip matc hed �ltered and sampled at the c hip rate. The j

th

suc h sample is

giv en b y

e

j

=

Z

T

c

t =0

c ( t ) e ( t + j T

c

) dt

=

Z

T

c

t =0

c ( t )

L � 1

X

i =0

K

X

k =1

p

w

k ;i

x

k ;i

( t + j T

c

) dt +

Z

T

c

t =0

c ( t ) n ( t + j T

c

) dt

=

Z

T

c

t =0

c ( t )

L � 1

X

i =0

K

X

k =1

p

w

k ;i

N

X

l =1

d

k ;i

[ s

k ;i

]

l

c ( t � ( l + �

k

) T

c

� iT

s

+ j T

c

) dt + n

j

=

L � 1

X

i =0

K

X

k =1

p

w

k ;i

N

X

l =1

d

k ;i

[ s

k ;i

]

l

Z

T

c

t =0

c ( t ) c ( t � ( l + �

k

) T

c

� iN T

c

+ j T

c

) dt + n

j

=

L � 1

X

i =0

K

X

k =1

p

w

k ;i

N

X

l =1

d

k ;i

[ s

k ;i

]

l

�

j;l + �

k

+ iN

+ n

j

:

Consider the e�ect of �

j;l + �

k

+ iN

whic h is one when j = l + �

k

+ iN and zero otherwise.

Since 0 � l < N it follo ws that iN � j � �

k

< ( i + 1) N for whic h there is only one solution

for i , namely

i =

�

j � �

k

N

�

:

Substitution for l and setting i as ab o v e yields

e

j

=

K

X

k =1

p

w

k ;i

d

k ;i

[ s

k ;i

]

j � �

k

� iN

+ n

j

(2.8)

Unlik e the sync hronous c hannel mo del w e cannot decouple the async hronous mo del in to

a sym b ol b y sym b ol description. This is due to the fact that the transmissions made b y

users in the same sym b ol in terv al o v erlap as can b e seen in Fig. 2.1.
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2.1. The CDMA Channel

A matrix notation for the en tire sym b olling in terv al is still a v ailable to us.

e = A W d + n 2 R

( L +1) N

(2.9)

where d and n are de�ned similarly to the sync hronous case but A is a little di�eren t as w e

will no w sho w. The c hannel mo del can b e illustrated as in Fig. 2.5 where i = b j = N c , and

j 2 f 0 ; � � � ; LN � 1 g . In this �gure the async hronous nature of the system is em b o died b y

the rectangular blo c ks lab elled with the dela y they induce. The snapshot of the system

is at a particular output of the c hip w a v eform matc hed �lter. This is the highest lev el

of sync hronism in the async hronous system. In the sync hronous c hannel of Fig. 2.4 the

highest lev el of sync hronism w as the sym b ol and so the �gure w as a sym b ol lev el snapshot.
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Figure 2.5: Async hronous A W GN CDMA Channel Mo del.

In order to describ e this c hannel matrix w e m ust �rst in tro duce the indexing that will

b e utilised. It is apparen t from Eqn. (2.7) that LK transmissions (one for eac h infor-

mation bit) are receiv ed. Num b ering these transmissions 0 through LK � 1, and the

users 1 through K the receiv er can reco v er the user n um b er and sym b ol in terv al from the

transmission n um b er j via the follo wing functions, resp ectiv ely ,

k = � ( j ) = ( j mo d K ) + 1

i = � ( j ) = b j =K c :

Con v ersely if the user n um b er k and sym b ol in terv al i are kno wn then the transmission

n um b er is returned as follo ws

j = | ( k ; i ) = iK + k � 1 :

The c hannel matrix A (from (2.9)) is de�ned as follo ws

A = ( a

0

; � � � ; a

LK � 1

) 2 f� 1 ; 0 ; +1 g

( L +1) N ;LK

a

j

=

�

0

� ( j ) N + �

� ( j )

; s

� ( j ) ;� ( j )

; 0 ; � � � ; 0

�

>

2 f� 1 ; 0 ; +1 g

( L +1) N

�

k

2 f 0 ; 1 ; � � � ; N � 1 g
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2.1. The CDMA Channel

The c hannel matrix is constructed from columns that encompass the dela y and spreading

co de information corresp onding to transmission j . The structure of the mo del is as sho wn

in Fig. 2.6 where the users ha v e b een ordered b y dela y .
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Figure 2.6: Structure of Channel Matrix for Async hronous CDMA.

Although not required in this thesis m ultipath c hannel e�ects ma y b e mo delled in a

manner similar to the async hronous c hannel mo del presen ted ab o v e [15].

2.1.3 Correlation in the Async hronous CDMA Channel

Consider the correlation matrix

R = A

>

A 2 R

LK;LK

:

Due to the structure in A , R will b e blo c k tri-diagonal

R =

2

6

6

6

6

6

6

6

6

6

4

R

0

(0) R

>

1

(1) 0 � � � 0

R

1

(1) R

1

(0) R

>

2

(1) � � � 0

0 R

2

(1) R

2

(0) � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. R

L � 3

(0) R

>

L � 2

(1) 0

R

L � 2

(1) R

L � 2

(0) R

>

L � 1

(1)

0 0 0 � � � 0 R

L � 1

(1) R

L � 1

(0)

3

7

7

7

7

7

7

7

7

7

5

(2.10)
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2.2. CDMA Receiv er Deriv ation T ec hniques

where

R

i

(0) 2 R

K;K

; 0 � i � L � 1 is symmetric , and

R

i

(1) 2 R

K;K

; 1 � i � L � 2 is strictly upp er triangular

A matrix is strictly upp er(lo w er) triangular if the only non{zero elemen ts are those

ab o v e(b elo w) the diagonal. The K b y K matrices forming R are constructed as

[ R

i

( m )]

k ;l

= a

>

| ( k ;i )

a

| ( l;i � m )

(2.11)

where

k ; l 2 f 1 ; � � � ; K g

i 2 f 0 ; � � � ; L � 1 g

m 2 f� 1 ; 0 ; 1 g :

It follo ws that the R

i

(1) are strictly upp er righ t triangular, and the R

i

(0) are symmetric .

The v alue [ R

i

( m )]

k ;l

describ es the energy collected b y user k 's matc hed �lter at sym b ol

in terv al i due to the transmission b y user l in sym b ol in terv al i � m . The blo c k diagonal

structure ( j m j � 1) arises since the correlation b et w een t w o spreading co des that arriv e

more than a sym b ol in terv al apart, i.e., j m j > 1, is zero since they do not o v erlap. Also

note that since R

i � 1

( � 1) � R

>

i

(1) w e ha v e eliminated R

i

( � 1) using instead R

>

i +1

(1).

Both the sync hronous and async hronous c hannel mo dels represen t a linear system since

they ob ey the principle of sup erp osition. F or example, if x

1

and x

2

w ere t w o inputs to the

c hannel with corresp onding outputs y

1

and y

2

, then if the sum x

1

+ x

2

w as transmitted

the output w ould b e y

1

+ y

2

. This follo ws from the Distributiv e la w [71, pg. 30] of matrix

arithmetic. Man y of the receiv ers de�ned in this thesis will themselv es b e linear .

2.2 CDMA Receiv er Deriv ation T ec hniques

In this Section w e presen t a class of CDMA receiv ers that are deriv ed based on algebraic

statemen ts ab out their aims. They split naturally in to t w o groups. The �rst obtain their

estimate of d via the application of dynamic programming algorithms, and the second

apply a linear �lter to the receiv ed v ector e . Most attempt to satisfy either the maxim um

lik eliho o d (ML) or maxim um a{p osteriori (MAP) criteria, whic h justi�es their existence.

Not all receiv ers prop osed in the literature ha v e suc h a justi�cation. A detector based on

the ML criterion selects as its estimate the h yp othesis

^

d according to

~

d

M L

= arg max

^

d

p

�

e j

^

d

�

: (2.12)
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A detector utilising the MAP criterion selects

~

d

M AP

= arg max

^

d

p

�

^

d j e

�

= arg max

^

d

p

�

e j

^

d

�

p

�

^

d

�

p ( e )

;

where p ( d ) em b o dies the a{priori kno wledge of d , i.e., the distribution of d . Since w e

ha v e conditioned on e , p ( e ) is a constan t indep enden t of the h yp othesis d so

~

d

M AP

= arg max

^

d

p

�

e j

^

d

�

p

�

^

d

�

: (2.13)

Clearly , when the sym b ols that d can tak e are equally lik ely the MAP criteria b ecomes

equiv alen t to the ML criteria as p ( d ) is constan t w.r.t. d .

As w e shall see the linear detectors result when w e constrain the maximisation to b e

o v er the con tin uous domain, i.e.,

^

d 2 R

LK

, and the non{linear or dynamic programming

detectors when the maximisation is constrained to b e o v er the actual domain of d , i.e.,

^

d 2 f� 1 ; 1 g

LK

. The estimate returned b y the linear receiv ers will therefore not b elong to

the same distribution as the actual d . Ho w ev er, a true estimate that do es b elong to the

correct distribution can b e constructed b y a minim um distance metric. By taking a single

user approac h, a hard estimate

~

d

j

can b e computed from the con tin uous v alued estimate

�

d

j

as follo ws

~

d

j

= arg min

^

d

j

2f � 1 ; 1 g

�

�

�

�

d

j

�

^

d

j

�

�

�

2

= arg min

^

d 2f� 1 ; 1 g

�

�

d

2

j

� 2

�

d

j

^

d

j

+

^

d

2

j

�

= arg max

^

d 2f� 1 ; 1 g

�

d

j

^

d

j

= sgn

�

�

d

j

�

:

F rom the receiv ers p oin t of view the data and noise v ectors can b e though of as random

v ectors, th us it is p ossible to asso ciate co v ariance matrices with d and n as follo ws

R

d

, E f d d

>

g = I ;

R

n

, E f n n

>

g =

N

0

2

I : (2.14)

Since N

0

= 2 is the v ariance of the noise samples w e set �

2

n

= N

0

= 2.

2.2.1 Dynamic Programm ing CDMA Receiv ers

This class of receiv ers are b orn from the ML and MAP criteria with the maximi sation of

the probabilistic criteria o v er f� 1 ; 1 g

LK

, the actual domain of d (in the unco ded case).
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As w e shall see these receiv ers require kno wledge of the receiv ed p o w ers of eac h user. An

estimate of W m ust therefore b e made b y the receiv er.

Constrained Maxim um Lik eliho o d Sequence Estimator (CMLSE)

By constraining the maximisation in Eqn. (2.12) w e obtain the MLSE as deriv ed b y

V erd � u [53]. This receiv er is often termed the optim um receiv er. W e kno w that for m ulti-

v ariate Gaussian n ,

p ( e j d ) =

1

(2 � )

N = 2

j R

n

j

1

2

exp

�

�

1

2

( e � A W d )

>

R

� 1

n

( e � A W d )

�

It therefore follo ws that

~

d

C M LS E

= arg max

^

d 2f � 1 ; 1 g

LK

p

�

e j

^

d

�

= arg max

^

d 2f � 1 ; 1 g

LK

exp

h

�

1

2

�

e � A W

^

d

�

>

R

� 1

n

�

e � A W

^

d

�i

= arg min

^

d 2f � 1 ; 1 g

LK

�

e � A W

^

d

�

>

R

� 1

n

�

e � A W

^

d

�

= arg min

^

d 2f � 1 ; 1 g

LK

�

�

�

e � A W

^

d

�

�

�

2

The CMLSE utilises the distribution of d in forming its estimate. Sp eci�cally , it as-

sumes that d 2 f� 1 ; 1 g

LK

, and that eac h realisation of d is equiprobable

1

. The dynamic

programming algorithm utilised to solv e this minimi sation is an LK stage Viterbi [72]

algorithm with 2

K � 1

states in the async hronous case, and LK binary tree searc hes [44]

of depth K in the sync hronous case. Clearly as K b ecomes large, sa y > 50, the n um b er

of FLOPS required to compute the metrics b ecomes in tractable using curren t tec hnology .

The matrix W of receiv ed amplitudes m ust also b e estimated.

Constrained Maxim um A P osteriori Sequence Estimator (CMAPSE)

Since for the m ultiv ariate A W GN CDMA c hannel

p ( e j d ) =

1

(2 � )

N = 2

j R

n

j

1

2

exp

�

�

1

2

( e � A W d )

>

R

� 1

n

( e � A W d )

�

;

1

This is not the case when the users enco de their data.
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w e can revise Eqn. (2.13) to obtain

~

d

C M AP S E

= arg max

^

d 2f � 1 ; 1 g

LK

p

�

e j

^

d

�

p

�

^

d

�

= arg max

^

d 2f � 1 ; 1 g

LK

�

ln p

�

e j

^

d

�

+ ln p

�

^

d

��

= arg max

^

d 2f � 1 ; 1 g

LK

�

�

1

2 �

2

�

�

�

e � A W

^

d

�

�

�

2

+ ln p

�

^

d

�

�

;

where the noise v ector n is white with v ariance �

2

= N

0

= 2 so RnI =

1

�

2

I from Eqn.

(2.14). When the elemen ts of d are sto c hastically indep enden t and iden tically distributed

(i.i.d.), ln p ( d ) is a constan t and the CMAPSE returns the same estimate as the CMLSE.

Ho w ev er, in applications where the elemen ts of d are correlated via an enco ding system

the CMAPSE is suited for iterativ e detection/deco ding as applied in T urb o deco ding

sc hemes [73]. W e note that the CMAPSE requires estimates of b oth receiv ed amplitude

and noise p o w er sp ectral densit y N

0

= 2.

2.2.2 Linear CDMA Receiv ers

As w e ha v e seen in Sec. 2.1 the CDMA c hannel is a linear system [74] where the input

to the system is the v ector d and the output is the v ector e . Linear system theory is v ast

and w ell established, allo wing us to utilise a comprehensiv e to olkit in order to solv e the

detection problem of d through the linear CDMA c hannel. This class of receiv ers are b orn

from the ML and MAP criteria with the maximisation o v er R

LK

rather than f � 1 ; 1 g

LK

as w as the case for the CMLSE and CMAPSE.

These linear systems are used in some applications to pass soft information on to a sub-

sequen t stage of the detection pro cess [34, 41, 43, 45, 46, 75]. In systems in v olving error

protection via FEC the soft information ma y b e in terpreted as reliabilit y information.

Single User

The receiv er sho wn in Fig. 2.1 can b e naiv ely applied to the m ultiuser case. The receiv ed

v ector e is simply matc hed to eac h of the spreading co des used for transmission. Since

the spreading co des app ear as columns of A the output of the matc hed �lters are

�

d = A

>

e

= A

>

A W d + A

>

n

= R W d + A

>

n : (2.15)
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By considering eac h elemen t of

�

d indep enden tly a hard decision estimate can b e reco v ered

as

~

d

j

= arg min

^

d

j

�

�

�

[ A

>

e ]

j

�

^

d

j

�

�

�

2

= arg min

^

d

j

�

�

�

a

>

j

e �

^

d

j

�

�

�

2

= sgn

�

�

d

j

�

: (2.16)

The Matc hed Filter Receiv er (MF) app ears to satisfy no criteria. It is simply the appli-

cation of the single user system to the m ultiuser case. Qualcomm emplo y this t yp e of

receiv er in their CDMA system standard [27]. In the pro duction of the statistic for d

j

it

e�ectiv ely treats all other transmissions as noise. So the apparen t noise in the system is

increased. As w e shall see on page 99 in Chapter 5 the increased noise due to m ultiuser

in terference e�ects system p erformance mark edly for systems with more than just a few

users. Nev ertheless it has b een part of prop osals due to its simplicit y relativ e to other

CDMA receiv ers, e.g., the ones prop osed in this Thesis. It should b e noted that although

the matc hed �lter receiv er is optim um in the single user case, it is reduced to a su�cien t

statistic generator in the m ultiuser case [51]. A case in p oin t is that the Matc hed Filter

Receiv er in terprets the signal on the �rst page of this Chapter as a ` ? ' ev en though there

is no noise in the signal! An example of the in terference limited nature of this receiv er as

will b e describ ed further in Chapter 3.

Before pro ceeding w e shall establish what is mean t b y a linear indep enden t set of spreading

co des. The matrix A will b e algebraically manipulated and its prop erties are therefore of

in terest. Consider the matrix A that has spreading co des as its columns. Simply stated,

A has linearly indep enden t columns if no column can b e formed as an arbitrary linear

com bination of the others. The follo wing lemm a de�nes a su�cien t condition on the

c hannel matrix A for the existence of some of the receiv ers that are to b e de�ned.

L emma 2.1 The CDMA c hannel matrix A is linearly indep enden t with probabilit y one.

Pr o of: In the sync hronous c hannel case sym b ol{wise linear indep endence will ensure

o v erall linear indep endence. Sp eci�cally , if eac h of the A

i

ha v e linearly indep enden t

columns then so will A . Since the c hannel is sync hronous the spreading co des used in

eac h sym b ol in terv al could b e c hosen to b e linearly indep enden t. Note that K � N is

a necessary condition for linear indep endence since it is imp ossible to ha v e more linearly

indep enden t v ectors than the dimensionalit y of the v ectors.

In the async hronous c hannel case Lupas and V erd � u [76] ha v e devised su�cien t conditions

for linear indep endence. If the time dela ys f �

1

; �

2

; : : : ; �

K

g are indep enden t, con tin uous
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random v ariables, then the receiv ed spreading w a v eforms are linearly indep enden t with

probabilit y one. Sp eci�cally , the bin con taining linearly dep enden t spreading w a v eforms

is forced to b e improbable. A t the receiv er the dela ys are estimated with �nite resolution,

determined b y the sampling rate. Ov ersampling leads to an increase in the e�ectiv e length

of the spreading co des. In the limit as the n um b er of samples p er c hip tends to in�nit y

the dela ys will b ecome con tin uous random v ariables and the columns of A will b e linearly

indep enden t with probabilit y one.

The follo wing Corollary enables the in v ersion of A

>

A .

Cor ol lary 2.1 The matrix A

>

A is p ositiv e de�nite with probabilit y one.

Unconstrained Maxim um Lik eliho o d Sequence Estimator (UMLSE)

The receiv er that c ho oses d 2 R

LK

to satisfy the ML criteria is commonly called the

Decorrelator in the literature [33, 76]. It assumes kno wledge of the co v ariance of the data

and noise v ectors, and assumes the noise is Gaussian. These assumptions are consisten t

with the CDMA comm uni cations system under consideration. It do es ho w ev er ignore the

�ner prop erties of the distribution of d . Sp eci�cally , although d 2 f � 1 ; 1 g

LK

the UMLSE

ignores this information allo wing the elemen ts of d to exist an ywhere on the real line. The

deriv ation can b e found in [77, Sec. 11.6]. W e kno w that for m ultiv ariate Gaussian n

p ( e j d ) =

1

(2 � )

N = 2

j R

n

j

1

2

exp

�

�

1

2

( e � A W d )

>

R

� 1

n

( e � A W d )

�

:

It therefore follo ws that

~

d = arg max

^

d 2 R

LK

p

�

e j

^

d

�

= arg max

^

d 2 R

LK

exp

h

�

1

2

�

e � A W

^

d

�

>

R

� 1

n

�

e � A W

^

d

�i

= arg min

^

d 2 R

LK

�

e � A W

^

d

�

>

R

� 1

n

�

e � A W

^

d

�

= arg min

^

d 2 R

LK

�

�

�

e � A W

^

d

�

�

�

2

Consider no w the expansion

arg min

^

d 2 R

LK

�

�

�

e � A W

^

d

�

�

�

2

= arg min

^

d 2 R

LK

e

>

e � 2 e

>

A W

^

d +

^

d

>

W A

>

A W

^

d

= arg min

^

d 2 R

LK

� 2 e

>

A W

^

d +

^

d

>

W A

>

A W

^

d

= arg min

^

d 2 R

LK

f (

^

d )
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Setting f ( d ) = � 2 e

>

A W d + d

>

W A

>

A W d and taking the deriv ativ e of f (

^

d ) w.r.t.

^

d [77,

Sec. 11.6] yields

@ f (

^

d )

@

^

d

= � 2 W A

>

e + 2 W A

>

A W

^

d

In order to �nd the minim um w e set the deriv ativ e to zero, yielding

W A

>

A W

�

d = W A

>

e

= )

�

d = ( W A

>

A W )

� 1

W A

>

e

= W

� 1

( A

>

A )

� 1

A

>

e (2.17)

= W

� 1

( A

>

A )

� 1

A

>

( A W d + n )

= d + W

� 1

( A

>

A )

� 1

A

>

n

where it is assumed that A

>

A is non-singular. This is not a strong restriction as sho wn

in Corollary 2.1. This output is then sign tested to yield the bit estimates

~

d

j

= arg min

^

d

j

2f � 1 ; 1 g

�

�

�

[ W

� 1

( A

>

A )

� 1

A

>

e ]

j

�

^

d

j

�

�

�

2

= arg min

^

d

j

2f � 1 ; 1 g

�

�

�

[( A

>

A )

� 1

A

>

e ]

j

�

p

w

j

^

d

j

�

�

�

2

(2.18)

= sgn

�

�

d

j

�

: (2.19)

W e can see that the

�

d generated b y the UMLSE is a linear transformation of e . Note

that the UMLSE output is simply the transmitted data v ector in the presence of coloured

Gaussian noise. The matrix ( A

>

A )

� 1

A

>

is kno wn as the pseudo in v erse [56] of A since

the prem ultipli cation of A b y this matrix yields the iden tit y matrix. Also observ e that

~

d = sgn

�

�

d

�

= sgn

�

( A

>

A )

� 1

A

>

e

�

where w e ha v e dropp ed the p ositiv e matrix W

� 1

. The

op eration of the UMLSE is therefore indep enden t of the receiv ed energies of the users.

It has b een sho wn that when the receiv ed p o w ers W are unkno wn the UMLSE is opti-

m um [33]. P erhaps the merits of the UMLSE are evidenced b y its abilit y to correctly

discern an `A' from the signal on the �rst page of this Chapter, unlik e the Matc hed Filter

Receiv er whic h erred.

Unconstrained Maxim um A P osteriori Sequence Estimator (UMAPSE)

By further assuming that the output v ector e is m ultiv ariate Gaussian w e can construct

the UMAPSE or otherwise kno wn as the minim um mean square error (MMSE) estima-

tor [34, 78]. It should b e noted that as the n um b er of users in the CDMA system b ecomes
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large e is Gaussian distributed, th us satisfying the ab o v e assumption. Again the dev el-

opmen t is as in [77, Sec. 11.7]. W e ha v e for Gaussian e and Gaussian d

p ( d j e ) =

1

(2 � )

N = 2

�

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

�

1

2

:

exp

�

�

1

2

( d � R

d;e

R

� 1

e

e )

>

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

� 1

( d � R

d;e

R

� 1

e

e )

�

where R

d;e

is the co v ariance of the t w o v ectors d and e , and R

e

is the co v ariance of e .

W e wish to maximi se this probabilit y whic h is equiv alen t to minim ising the negativ e of

the exp onen t. The estimate is therefore

~

d = arg min

^

d 2 R

LK

�

^

d � R

d;e

R

� 1

e

e

�

>

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

� 1

�

^

d � R

d;e

R

� 1

e

e

�

= arg min

^

d 2 R

LK

f (

^

d ) :

T o compute the minimi sation w e �rst ev aluate the deriv ativ e [77, pg. 375] of f (

^

d ) w.r.t.

^

d

@ f (

^

d )

@

^

d

= 2

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

� 1

^

d � 2

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

� 1

R

d;e

R

� 1

e

e

= 2

�

R

d

� R

d;e

R

� 1

e

R

>

d;e

�

� 1

�

^

d � R

d;e

R

� 1

e

e

�

:

The deriv ativ e is clearly zero at

^

d = R

d;e

R

� 1

e

e so the solution to the minimi sation in Eqn.

2.20 is

�

d = R

d;e

R

� 1

e

e :

The indep endence of the uni p o w er data sym b ols and noise pro cesses, and unit p o w er

indep enden t data is used to compute the co v ariance matrices as follo ws

R

d;e

= E f d e

>

g

= E f d d

>

W A

>

+ d n

>

g

= R

d

W A

>

= W A

>

and

R

e

= E f e e

>

g

= E f A W d d

>

W A

>

+ A W d n

>

+ n d

>

W A

>

+ n n

>

g

= A W R

d

W A

>

+ R

n
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so

�

d = W A

>

( A W W A

>

+ R

n

)

� 1

e

= W A

>

( R

� 1

n

� R

� 1

n

A W ( I + W A

>

R

� 1

n

A W )

� 1

W A

>

R

� 1

n

e

= ( I � W A

>

R

� 1

n

A W ( I + W A

>

R

� 1

n

A W )

� 1

) W A

>

R

� 1

n

e

= ( I + W A

>

R

� 1

n

A W � W A

>

R

� 1

n

A W ) ( I + W A

>

R

� 1

n

A W )

� 1

W A

>

R

� 1

n

e

= ( I + W A

>

R

� 1

n

A W )

� 1

W A

>

R

� 1

n

e (2.20)

Lik e the UMLSE the existence of the in v erse is required. This is not a strong restriction

as sho wn in Corollary 2.1. Hard decisions can again b e deriv ed as follo ws

^

d = sgn

�

�

d

�

: (2.21)

The construction of UMAPSE requires kno wledge of the noise p o w er N

0

= 2 and the receiv ed

p o w ers of eac h of the users W . These requiremen ts ha v e b een addressed in [23, 79] b y

adaptiv ely constructing the �lter rather than estimating the parameters.

There are other linear �lters that ma y b e applied that are not directly deriv ed from a

probabilistic statemen t. These include the �lter whic h is imp ortan t for decision feedbac k

based receiv ers [39, 41, 43], and sub optimal tree searc hes in general [80].

2.2.3 White Noise P artially Decorrelated Statistic

The c hannel statistic required b y the receiv ers of Duel{Hallen [39, 43] and W ei et al. [41]

m ust ha v e sp eci�c prop erties. The statistic is pro duced e�cien tly via a matrix m ultiplic a-

tion. De�ne the matrix that constructs the v ector with appropriate statistical prop erties

to b e M with output y when applied to the c hip matc hed �lter c hannel output e . Sp ecif-

ically ,

y = M e

= M A W d + M n :

The prop erties asso ciated with v ector y imply that the v ector y is a White Noise P artially

Decorrelated Statistic (WNPDS) of the v ector d .

De�nition 2.1 (White Noise Partial ly De c orr elate d Statistic) The �ltered out-

put y = M e of the CDMA c hannel is said to constitute a White Noise P artially Decor-

related Statistic if

1. The noise in y , ( M n ) , is white Gaussian, i.e.,

E

n

f M n n

>

M

>

g = � I

K L
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2.2. CDMA Receiv er Deriv ation T ec hniques

where � is the v ariance of the noise.

2. The data dep enden t part of y , ( M A W d ) , is partially decorrelated, i.e.,

M A = F

where F is lo w er triangular.

The �rst prop ert y of the WNPDS ensures that the Euclidean metric is optimal for the

h yp othesis d , and the second prop ert y transforms y in to a form suitable for the application

of breadth �rst tree searc h algorithms since, as w e shall see, an y particular elemen t y

j

of

y dep ends only on f d

j � K +1

; � � � ; d

j

g .

L emma 2.2 (Ortho gonal Basis Filter (OBF)) A matrix �lter that yields a WN-

PDS is

M = Q

>

where A = Q F b y Gram{Sc hmidt orthogonalisation.

Pr o of: The �rst prop ert y will b e satis�ed if M has orthogonal ro ws, i.e., M M

>

= I ,

and the second prop ert y if M is the basis resulting from a Gram{Sc hmidt [56] t yp e

orthogonalisation of A where A = Q F and F is lo w er triangular. The orthogonal basis

Q has the prop ert y Q

>

Q = I , so

A = Q F

= ) Q

>

A = F :

Setting M = Q

>

yields the matrix M that has prop erties 1 and 2 of Defn. 2.1.

There is an alternativ e �lter yielding exactly the same output.

Cor ol lary 2.2 (Noise Whitening Matche d Filter (NWMF)) A matrix �lter

that yields the WNPDS is

M = F

� >

A

>

where A = Q F b y Gram{Sc hmidt orthogonalisation.

Pr o of: Rearrangemen t of the orthogonalisation via the guaran teed in v ertibilit y

2

of F

yields

A = Q F

= ) A F

� 1

= Q :

F rom Lemma 2.2 w e ha v e M = Q

>

. Substitution for Q

>

yields the pro of.

2

Since A is linearly indep enden t b y Lemma 2.1
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2.2. CDMA Receiv er Deriv ation T ec hniques

The name Noise Whitening Matc hed Filter comes ab out since the matrix A

>

is �rst applied

to the v ector out of the c hip matc hed �lter whic h is precisely the co de matc hed �lter of

Sec. 2.2.2. The subsequen t application of F

� >

yields a v ector y with the desired statistical

prop erties.

All applications found in the CDMA literature ha v e utilised the NWMF and not the

Orthogonal Basis Filter (OBF). This is p erhaps due to the implem en tation of the matc hed

�lter via con tin uous time matc hed �lters in practice, th us remo ving the p ossibilit y of the

OBF. Although w e ha v e de�ned F to b e the co e�cien t matrix resulting from the lo w er

left Gram-Sc hmidt orthogonalisation there is another w a y to deriv e F from A kno wn as

the Cholesky factorisation [56]. T raditional forms of the Cholesky factorisation return F

upp er triangular [81]. In general the Cholesky t yp e algorithms tak e a p ositiv e de�nite

symmetric matrix and yield triangular square ro ot. In our application w e use the form

that yields a lo w er triangular factor F where F

>

F = A

>

A and A

>

A is symmetric p ositiv e

de�nite b y Lemma 2.1.

L emma 2.3 (Gr am-Schmidt, Cholesky Equivalenc e) Giv en some CDMA c hannel

matrix A , the matrix F resulting from the lo w er left Gram{Sc hmidt orthogonalisation

A = Q F is iden tical to the matrix resulting from the mo di�ed Cholesky factorisation of

A

>

A .

Pr o of: First compute the orthogonalisation

A = Q F

then form A

>

A

A

>

A = F

>

Q

>

Q F

= F

>

F

where w e ha v e utilised the orthonormal prop ert y of the basis matrix Q . Since the de�ni-

tion of the mo di�ed Cholesky factorisation is to �nd a lo w er triangular matrix satisfying

A

>

A = F

>

F the pro of is complete.

Filter Deriv ation for Time V arying Channels

The deriv ation of either t yp e of WNPD �lter requires kno wledge of the c hannel matrix A .

The crucial p oin t is that in general the en tire matrix A m ust b e kno wn b efore the �lter

deriv ation can b egin. By en tire w e mean the complete signalling in terv al after whic h no

transmission can o ccur. It follo ws that if the receiv er do esn't kno w what the c hannel will
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2.3. Complexit y Analysis

lo ok lik e in the future then it cannot construct the �lter. Scenarios where the receiv er

ma y not ha v e kno wledge of the c hannel in the future are when

1. users come and go from the system,

2. the dela ys (or more generally the m ultipath c hannels) p ertaining to eac h user c hange

with time,

whic h b oth o ccur in mobile applications. Note that time v arying e�ects suc h as receiv ed

p o w er and the use of pseudo random spreading co des do not o ccur in this list. The

construction of the �lter is simply not dep enden t on receiv ed p o w er, and the spreading

co des are predictable b ecause of their pseudo random nature.

In the sync hronous case the second item ab o v e do es exist and the only indeterminan t e�ect

is user mo v eme n t. The sync hronous c hannel ho w ev er has the imp ortan t prop ert y that it

can b e decoupled in to sym b ol-b y-sym b ol c hannels as sho wn in Fig. 2.4. Sp eci�cally , the

output in sym b ol in terv al i dep ends only on the data in sym b ol in terv al i . The nature

of b oth of the �lter deriv ations is suc h that the deriv ation can also b e decoupled. This

decoupling means that the �lter can b e constructed sym b ol in terv al b y sym b ol in terv al.

Sp eci�cally , the orthogonalisations A

i

= Q

i

F

i

can b e computed for eac h i , where A

i

is a

N � K matrix. Alternativ ely , b y Lemma 2.3 F

i

can b e reco v ered as the Cholesky factor

F

>

i

F

i

= A

>

i

A

i

. The �lter F

� >

i

can then b e applied to the output of the c hannel e

i

again

in a sym b ol-b y-sym b ol fashion.

The sync hronous c hannel therefore p oses no problems in terms of w aiting for the c hannel

to b e estimated. Once A

i

has b een estimated

3

from e

i

the �lter Q

>

i

or F

� >

i

A

>

i

can b e

constructed and applied.

The async hronous c hannel do es not decouple and sp ecial algorithms are required to de-

termine the �lters. These pro cedures will b e discussed in Chapter 4.

2.3 Complexit y Analysis

The t w o t yp es of m ultiuser CDMA receiv ers detailed in Sec. 2.2 di�er in b oth p erformance,

and complexit y . Let us study their complexitie s. Firstly consider the linear solutions

where the estimate of d is returned as sgn ( M e ). This pro cess requires the construction

of M then the application of M to e . The sign testing is ignored since its complexit y is

3

Other side information ma y b e a v ailable in order to estimate A

i

dep ending on the proto cols in place.
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2.3. Complexit y Analysis

negligible. The complexit y of the construction of the �lter M v aries sligh tly dep ending on

the particular linear receiv er under study , but tak e for example the UMLSE. Consider the

case of one sym b ol in terv al in the sync hronous c hannel

4

, i.e., L = 1. The determination

and subsequen t application of M = ( A

>

A )

� 1

A

>

has a complexit y budget as sho wn in

T able 2.1.

Pr o c e dur e Complexity (FLOPS)

A

>

A 2 K

2

N

( � )

� 1

K

3

A

>

e 2 K N

( � )

� 1

( A

>

e ) 2 K

2

T otal K (2 K + 2 N + K

2

+ 2 K N )

T able 2.1: Complexit y of Steps in UMLSE Filter Computation and Application

The scenario for the CMLSE is a little di�eren t. The minimi sation o v er d 2 f � 1 ; 1 g

K

requires the execution of a dynamic programming algorithm whic h computes 2

K

path

metrics. Lik e the linear case the exact details v ary sligh tly from receiv er to receiv er, but

consider the CMLSE whic h minim ises the metric j e � A d j . The complexit y budget for

eac h metric computation is as sho wn in T able 2.2.

Pr o c e dur e Complexity (FLOPS)

A d 2 N K

e � ( A d ) N

j �j

2

2 N

T otal N (2 K + 3)

T able 2.2: Complexit y of One CMLSE Metric Computation

Since the CMLSE requires the computation of 2

K

of these metrics the total complexit y

for the detection of d 2 f� 1 ; 1 g

K

is 2

K

N (2 K + 3). The detection pro cess is to select the

h yp othesis that resulted in the minim um metric.

Observ e that the complexit y of the linear receiv ers is p olynomial in K whereas the com-

plexit y of the dynamic programming algorithms is exp onen tial in K . The enormous

di�erence in the complexit y of these t w o t yp es of system for t ypical application is sho wn

4

F or the async hronous c hannel w e m ust consider the en tire transmission p erio d.
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2.3. Complexit y Analysis

in Fig. 2.7 where the n um b er of users is set equal to the length of the spreading co des in

use. The size of the system is then ramp ed up and the complexit y observ ed. Notice that

the CMLSE complexit y is rendered as a virtually straigh t line as w e exp ect on a log scale.

The CMLSE is m uc h more complex than the UMLSE also follo ws from the fact that the

computation of the metric for one h yp othesis in the CMLSE requires the retransmission

of the h yp othesis o v er the matrix CDMA c hannel mo del A whic h is a linear op eration

just lik e the y = M e computation in the linear devices. The problem with the CMLSE

is that it m ust do this op eration 2

K

times.
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1e+4

1e+2

1

1e-2
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1e-6
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F
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Figure 2.7: Complexit y Comparison of UMLSE and CMLSE

W e ha v e seen the constrained domain receiv ers are to o complicated for practically sized

systems, and w e shall sho w that the p erformance of the linear systems is not as go o d as

desired for highly loaded systems when the spreading co des are c hosen randomly . Since

linear metho ds are discoun ted, w e hop e that appro ximations to the metho ds used in

constrained domain metho ds will ac hiev e the desired p erformance. A searc h for sub{

optimal constrained domain receiv ers is th us forged.
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2.4. Summary

2.4 Summ ary

In this Chapter w e a established a framew ork for the follo wing t w o Chapters. The CDMA

c hannel mo del for b oth sync hronous and async hronous arriv al of user w a v eforms w as

de�ned. T ec hniques based on probabilistic statemen ts relating h yp othesis and receiv ed

v ectors for deriving receiv ers w ere illustrated. Solutions requiring a constrained searc h

o v er the domain of the transmitted data w ere deemed to complex. This op ens the do or

for the construction of receiv er b elonging to the middle ground.

The construction of the useful White Noise P artially Decorrelated Statistic (WNPDS)

w as in tro duced. Tw o metho ds for the determination of �lters that transform the c hannel

output in to a WNPDS w ere outlined. F or the sync hronous c hannel the determination w as

simple, but for the async hronous c hannel the problem is more di�cult, but will b e solv ed

in Chapter 4.
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Let us not lo ok bac k in anger

or forw ard in fear,

but around in a w areness.

James Thurb er

Chapter 3

CDMA and Its Geometric

In terpretation

3.1 In tro duction

The geometric p oin t of view presen ted in this section will facilitate the understanding of

the systems presen ted in Chapters 4 and 5. F or simplicit y w e will consider a single sym b ol

in terv al of the equal p o w er sync hronous c hannel and drop the subscript i .

Let the single sym b ol output of the sync hronous CDMA c hannel b e e = A d + n . The

output v ector e has N elemen t s and can b e view ed as a linear com bination of the columns

of A and the noise v ector n . The linear com bination is prescrib ed b y the data v ector

d . Consider an example where 2 users are in op eration. These t w o users in the sym b ol

in terv al under consideration will transmit using spreading co des s

1

and s

2

b oth with

N elemen ts. W e can in terpret these t w o co des as v ectors in N -space and construct a

plane that passes through b oth. This plane will b ecome our viewing platform. If b oth

of the users transmit a `1' with receiv ed energy 1 then Fig. 3.1 sho ws the geometrical

construction.

Note that in general the noise v ector n will not lie in the plane span f A g where span f A g
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Figure 3.1: 2 User Chip Matc hed Filter Output.

is the h yp er{plane constructed b y the union of all p oin ts generated b y linear com binations

of the columns of A .

Before pro ceeding to the description of the receiv ers, a theory relating pro jection and the

v ector dot pro duct m ust b e established. W e will b e in terested in the scalar co e�cien t

that is constructed b y graphically pro jecting one v ector on to another.

De�nition 3.1 (Pr oje ction Co e�cient) The co e�cien t describing the graphical pro-

jection of x on to y is � = j x j cos �

y x

.

The orthogonal graphical pro jection of x on to y is the comp onen t of x in the direction of

y , i.e., � = j x j cos � 2 R where � 2 [ � � ; � ) is the angle b et w een x and y . The structure

of the system is sho wn in Fig. 3.2.

�

�

�

�

�

�

�

�

��

x

-

y

e

�

y x

-�

� = j x j cos �

Figure 3.2: Example of Orthogonal Pro jection.

The pro jection co e�cien t � is no w deriv ed in terms of the dot pro duct op erator.

L emma 3.1 (Ortho gonal Pr oje ction) Giv en t w o v ectors x ; y 2 R

N

the graphical

pro jection of x on to y is � = x

>

y = j y j .

35



3.1. In tro duction

Pr o of: The pro of is b y de�nition of the dot pro duct op erator, x

>

y = j x jj y j cos �

y x

where

� is the angle b et w een x and y .

Note that when j � j > � = 2 the graphical pro jection will b e negativ e since the cosine will

yield a negativ e result. The con v enien t in tuition b ehind the negativ e co e�cien t is that

the pro jection hits � y rather than y . In the example of Fig. 3.2 the pro jection co e�cien t

is p ositiv e since the pro jection hits + y rather than � y .

A similar lemma exists for the case where the direction of the pro jection is non-orthogonal.

The structure of the system is sho wn in Fig. 3.3 where � is the length of the graphical

pro jection of x on to y in a direction p erp endicular to q .
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�

�

�

�

�

�

�

�

�

�

�

�

�

�*

q

e

�

y ;q

�

q ;x

-�

�

Figure 3.3: Example of Non{Orthogonal Pro jection.

L emma 3.2 (Non-Ortho gonal Pr oje ction) Giv en three co{planar v ectors x ; y ; q 2

R

N

, the length of x graphically pro jected on to y in a direction orthogonal to q is � =

j y j q

>

x = q

>

y .

Pr o of: F rom the geometry of Fig. 3.3 w e ha v e

j x j cos �

q x

= � cos �

y q

Rearranging for � and substituting q

>

x = j q jj x j cos �

q x

and q

>

y = j q jj y j cos �

y q

yields the

pro of.

Clearly , when j y j = 1 Lemmas 3.1 and 3.2 yield a direct connection b et w een the dot

pro duct op erations and the graphical pro jections. When j y j 6= 1 the dot pro ducts can

still b e computed graphically with the application of j y j after the graphical construction.

The graphical pro jection of Lemma 3.2 will b e negativ e if j �

y q

j < � = 2 < j �

q x

j or j �

q x

j <

� = 2 < j �

y q

j . The con v enien t in tuition b ehind the negativ e co e�cien t is that the pro jection

hits � y rather than y . In the example of Fig. 3.3 the pro jection co e�cien t is p ositiv e

since the pro jection hits + y rather than � y .
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3.2. Co de Matc hed Filter In terpretation

3.2 Co de Matc hed Filter In terpretation

As discussed in Sec. 2.2.2 the single user CDMA receiv er consists of a bank of discrete

time correlators matc hed to the spreadings co des of the users. In our curren t example

there are t w o suc h �lters, one for eac h user. The output of the matc hed �lter receiv er is

y = A

>

e . If the t w o comp onen ts of y are y

1

and y

2

then it follo ws that y

1

is the orthogonal

pro jection of e on to s

1

and y

2

is the orthogonal pro jection of e on to s

2

. This statemen t

is sho wn via illustration in Fig 3.4.
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Figure 3.4: Co de Matc hed Filter In terpretation.

W e instan tly observ e that the noise app earing in y

1

and y

2

is correlated since the pro jec-

tions utilised to generate y

1

and y

2

are not orthogonal to eac h other.

Although the matc hed �lter receiv er will not mak e errors for the equal p o w er linearly

indep enden t 2 user c hannel, it can for more users (as previously stated in Chp. 1), ev en

in the absence of noise. F or this reason the co de matc hed �lter receiv er is in terference

limited meaning, that ev en when the c hannel is noiseless, errors ma y still o ccur due to

the other users only . This receiv er also su�ers from the near far e�ect as sho wn in Fig.

3.5 where the p o w er of user 2's signal is half of user 1's and d

1

= � 1. In this example an

error will b e made in the estimation of d

2

ev en though there is no noise in the system,

hence the term in terference limited.
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Figure 3.5: Co de Matc hed Filter Noiseless Error Scenario.

3.3 CMLSE In terpretation

The op eration of the CMLSE (Sec. 2.2.1) is an example of a h yp othesis cancellation

(or dynamic programming) algorithm that solv es constrained searc hes. Consider the

case where the CMLSE tests the correct h yp othesis for the t w o user example ab o v e,

i.e.,

^

d =

�

1 1

�

>

, as sho wn in Fig. 3.6. W e see that the algorithm for eac h h yp othesis d ,

of whic h there are four in the binary t w o user case, generates an estimate of the noise.

In the case of the the correct h yp othesis the exact noise v ector is generated. The metric

� of Fig. 3.6 is exactly the length of the noise estimate ^n to b e minim ised o v er d . The

dynamic part of the algorithm then �nds the h yp othesis that yields the minim um noise

realisation (whic h ma y not necessarily b e the correct one).
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Figure 3.6: CMLSE Op eration.
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3.4 CMAPSE In terpretation

The CMAPSE (Sec. 2.2.1) impleme n ts the same dynamic program as the CMLSE except

for the metrics generated are altered via the addition of the lik eliho o d of the sequence

^

d .

3.5 UMLSE In terpretation

The op eration of the UMLSE resem bles the op eration of the Pro jection Receiv er that will

b e studied in Chapter 5 and so w e discuss it in depth. W e �rst algebraically manipulate

the expression for the UMLSE (Sec. 2.2.2) to assist the geometric in terpretation. Since

the dev elopmen t of the UMLSE w as generalised with resp ect to the c hannel sync hronism

w e main tain the generalit y here. W e b egin b y rearranging the soft output of the UMLSE

of Eqn. (2.17).

�

d = W

� 1

( A

>

A )

� 1

A

>

e

= ( A

>

A )

� 1

A

>

e

where w e ha v e assumed unit receiv ed p o w ers

1

and white noise. Consider the soft estimate

for some particular user k in some particular sym b ol in terv al i , set j = | ( k ; i ) .

�

d

j

= [( A

>

A )

� 1

A

>

e ]

j

:

In order to pro ceed w e de�ne a notation A

U

for the set of all transmissions except a

j

,

i.e., A

U

is equiv alen t to A except for the absence of column j . Clearly the matrix A

0

=

�

A

U

a

j

�

is simply a column p erm utation of A . This p erm utation can b e de�ned b y a

matrix

2

S 2 f 0 ; 1 g

LK;LK

where A = A

0

S , and

S =

2

4

I

j

0 0

0 0 I

LK � j � 1

0 1 0

3

5

:

P ost{m ultiplying an y appropriately sized matrix X b y S mo v es the righ t most column

to column j , and pre{m ultiplication b y S

>

mo v es the b ottom ro w to ro w j . Also S has

the follo wing prop erties

S S

>

= S

>

S = I :

1

Unit receiv ed p o w ers are assumed for con v enience only

2

S has this size for the sync hronous case and is ( L + 1) K b y ( L + 1) K for the async hronous case.
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3.5. UMLSE In terpretation

No w consider the comp onen t of in terest

[( A

>

A )

� 1

A

>

e ]

j

= [

�

S

>

A

0

>

A

0

S

�

� 1

S

>

A

0

>

e ]

j

= [ S

� 1

�

A

0

>

A

0

�

� 1

S

� >

S

>

A

0

>

e ]

j

= [ S

>

�

A

0

>

A

0

�

� 1

A

0

>

e ]

j

= [

�

A

0

>

A

0

�

� 1

A

0

>

e ]

LK � 1

: (3.1)

W e are no w able to use a matrix in v ersion lemm a [74, pg. 932] whic h states

�

A

0

>

A

0

�

� 1

=

��

A

>

U

a

>

j

�

�

A

U

a

j

�

�

� 1

=

�

( A

>

U

A

U

)

� 1

�

I + �

j

A

>

U

a

j

a

>

j

A

U

( A

>

U

A

U

)

� 1

�

� �

j

( A

>

U

A

U

)

� 1

A

>

U

a

j

� �

j

a

>

j

A

U

( A

>

U

A

U

)

� 1

�

j

�

where �

j

is the scalar

�

j

= 1 = a

>

j

M

j

a

j

and

M

j

= I � A

U

( A

>

U

A

U

)

� 1

A

>

U

:

Substitution for this expansion of the in v erse in to Eqn. (3.1) yields

[( A

>

A )

� 1

A

>

e ]

j

= [

�

A

0

>

A

0

�

� 1

A

0

>

e ]

LK � 1

=

�

� �

j

a

>

j

A

U

( A

>

U

A

U

)

� 1

�

j

�

�

A

>

U

a

>

j

�

e

=

�

� �

j

a

>

j

A

U

( A

>

U

A

U

)

� 1

A

>

U

+ �

j

a

>

j

�

e

= �

j

a

>

j

M

j

e (3.2)

The comp onen t of in terest in the soft output of the UMLSE is therefore

�

d

j

= [( A

>

A )

� 1

A

>

e ]

j

= �

j

a

>

j

M

j

e

=

a

>

j

M

j

e

a

>

j

M

j

a

j

:

The matrix M

j

ma y b e in terpreted as a pro jection as follo ws

L emma 3.3 The matrix

M

j

= I � A

U

( A

>

U

A

U

)

� 1

A

>

U

is the pro jection on to the n ull space of span f A

U

g .
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3.6. UMAPSE In terpretation

Pr o of: F rom [56, Sec. 2.6.1] w e kno w that I � Q Q

>

is the pro jection on to the n ull

space of span

�

Q

	

if Q is an orthonormal set of column v ectors. De�ning via the QR

decomp osition [56] A

U

= Q R where Q is orthonormal and spans span f A

U

g w e can write

M

j

as

M

j

= I � A

U

( A

>

U

A

U

)

� 1

A

>

U

= I � Q R

�

R

>

Q

>

Q R

�

� 1

R

>

Q

>

= I � Q R ( R

>

R )

� 1

R

>

Q

>

= I � Q Q

>

since R is in v ertible for linearly indep enden t A

U

.

In the case where w e ha v e t w o users whic h eac h transmit only one sym b ol there are t w o

pro jection matrices, one for user 1 (j=0) and one for user 2 (j=1). Lab el these matrices

M

1

and M

2

. M

1

is the pro jection on to the v ector q

1

orthogonal to s

2

and M

2

is the

pro jection on to the v ector q

2

orthogonal to s

1

, i.e., M

1

= q

1

q

>

1

, and M

2

= q

2

q

>

2

. Consider

the statistic for user 1

[( A

>

A )

� 1

A

>

e ]

j

=

a

>

j

M

j

e

a

>

j

M

j

a

j

=

a

>

j

q

j

q

>

j

e

a

>

j

q

j

q

>

j

a

j

=

q

>

j

e

q

>

j

a

j

(3.3)

De�ning x = e , q = q

j

, and y = a

j

w e can utilise Lemma 3.2 to in terpret op eration of

the UMLSE. Sp eci�cally , [( A

>

A )

� 1

A

>

e ]

j

is the length of e graphically pro jected on to a

j

in the direction orthogonal to q

1

as sho wn in Fig. 3.7. W e see that lik e the co de matc hed

�lter system, the pro jections utilised b y the UMLSE are not orthogonal to eac h other and

therefore the noise in the output will not b e white (in general).

3.6 UMAPSE In terpretation

The UMAPSE receiv er

�

d = ( I + W A

>

R

� 1

n

A W )

� 1

W A

>

R

� 1

n

e

is a little di�cult to in terpret geometrically . The complication arises due to the in v erse

applied to the sum of t w o matrices. An observ ation is still p ossible ho w ev er b y considering

the matrix
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3.7. White Noise P artially Decorrelated Statistic
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Figure 3.7: UMLSE Op eration.

( I + W A

>

R

� 1

n

A W )

� 1

=

�

�

2

n

I + A

>

A

�

� 1

where w e ha v e again assumed that the receiv ed p o w ers are unit y and that the noise is

A W GN with v ariance �

2

n

. This matrix can b e though of a correlation matrix of spreading

co des with maxim um correlation 1 = (1 + �

2

n

) < 1.

3.7 White Noise P artially Decorrelated Statistic

The op eration of the Orthogonal Basis Filter (OBF) has a con v enien t visualisation. Con-

sidering a 2 user system as w e did in Chapter 3 w e can in v estigate the v ectors that are the

columns of the Q matrix that de�nes the OBF. Again assuming that the spreading co des

s

1

and s

2

ha v e unit energy the dot pro duct op erations y = Q

>

e can b e visualised as in

Fig 3.8. The Gram{Sc hmidt orthogonalisation will yield the orthonormal basis

�

q

1

q

2

�

of

�

s

1

s

2

�

with q

2

c hosen to b e co{linear with s

2

and q

1

to b e orthogonal to q

2

but

coplanar with span f s

1

; s

2

g . The �lter is the only system presen ted here that constructs

pro jections that are m utually orthogonal, th us ensuring the noise corrupting the outputs

( y

j

) are white.
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3.8. Summary
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Figure 3.8: OBF Op eration.

3.8 Summ ary

In this Chapter w e a established a geometric framew ork for the follo wing t w o Chapters.

The CDMA c hannel mo del for b oth sync hronous and async hronous arriv al of user w a v e-

forms w as de�ned. In order to facilitate understanding of the CDMA c hannel and receiv er

systems a geometric p oin t of view w as demonstrated. The view p oin t will enable the visu-

alisation of the �lters presen ted in Chapter 4 and the comparison of receiv ers in Chapter

5.
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I w en t out riding

Do wn that ol' eigh t lane

I passed a thousand signs

Lo oking for m y o wn name

U2, Zo or op a

Chapter 4

Noise Whitening in Async hronous

CDMA

4.1 In tro duction

Unlik e the sync hronous c hannel there is no decoupling in the async hronous c hannel. The

deriv ations of the �lters that yield the White Noise P artially Decorrelated Statistic (WN-

PDS) m ust b e computed with full kno wledge of A . T o explain w e adopt a notation

for the orthogonal basis of A where column j of Q is lab elled q

j

. As w e shall see the

orthogonalisation pro cess constructs

q

j

= f

�

a

j

; q

j +1

; � � � ; q

LK � 1

�

where w e observ e the unfortunate fact that the orthogonalisation builds bac kw ards in

time. If the orthogonalisation w as constructed forw ard in time then w e need not ha v e

kno wledge of the future b efore pro ceeding. This t yp e of orthogonal decomp osition exists

but the co e�cien t matrix F is upp er triangular instead of lo w er triangular, th us violating

prop ert y 2 of Defn. 2.1 on pg. 27. Violation of this prop ert y precludes an y tree searc h

applications suc h as the Impro v ed Decorrelating Decision F eedbac k Detector (IDDFD) [41]

and the sub{optimal MAP solution p osed in Chapter 5.
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4.2. Noise Whitening Matc hed Filter

In practice w e will ignore the future b ey ond a certain p oin t and describ e the error in doing

so, i.e.,

q

j

� g

�

a

j

; q

j +1

; � � � ; q

j + n

�

where n is a small in teger. The resulting metho d can b e view ed as a sliding windo w tec h-

nique whic h has b een used to construct other linear �lters suc h as the Decorrelator [82].

In order to study algorithm complexit y w e shall adopt the notation sho wn in T able 4.1

where the complexit y of the matrix algorithms will b e stated in terms of these constan ts.

The reasoning is that t ypically the algorithms can b e implem en ted on parallel arc hitectures

and a straigh t forw ard Floating P oin t Op eration (FLOP) coun t is therefore not necessarily

a fair measure. In Sec. 4.4 w e will ev aluate the n um b er of FLOPs for eac h of the op erations

in T able 4.1 in order to compare algorithms.

Symb ol Computation

� m ultiplication of t w o N b y K matrices.

4 m ultiplication, in v ersion or Cholesky factori-

sation of K b y K lo w er triangular matrices.

T able 4.1: Notation for Matrix Op eration Complexit y

This Chapter is organised as follo ws. Both of the �lters that pro vide a WNPDS are

considered. The determination of the Noise Whitening Matc hed Filter (NWMF) is �rst

considered in Section 4.2 where a sliding windo w algorithm is prop osed and analysed.

Theoretical analysis and sim ulation are emplo y ed to remark on the p erformance of the

algorithm. In Sec. 4.3 the Orthogonal Basis Filter (OBF) is studied. The viabilit y of

this �lter is �rst established and then a sliding windo w is prop osed and in v estigated b y

sim ulation.

4.2 Noise Whitening Matc hed Filter

In this section w e study the algorithms that can b e utilised to deriv e the Noise Whitening

Matc hed Filter (NWMF) for the async hronous CDMA c hannel and explore their feasibilit y

analytically . T o this end w e assume a co de matc hed �lter system where w e are giv en the

v ector A

>

e to �lter. Since the NWMF is F

� >

A

>

w e are left with F

� >

to compute and

apply , since co de matc hing has already b een applied.

The pro cess of determining F

� >

can b e decomp osed in to t w o steps.
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4.2. Noise Whitening Matc hed Filter

1. Compute F from A , and then

2. transp ose and in v ert F to get F

� >

.

W e shall b e primarily concerned with the algorithm for computing F . Asp ects in v olv ed

in subsequen tly in v erting F to yield the �lter w ere discussed in [59] and will b e brie
y

review ed in Sec. 4.2.4.

The matrix F can b e computed as a Cholesky factorisation of R , where as w as de�ned

in Eqn. 2.10 Sp eci�cally w e �nd a lo w er triangular matrix F suc h that

F

>

F = R : (4.1)

The problem of determining F and its in v erse in order to construct the �lter has a parallel

in the single user ISI problem [70, Pg. 551]. Ho w ev er, the matrix of in terest, R , is a sp ecial

symmetric matrix and the algorithm and solution ha v e prop erties that can b e exploited.

The algorithm can trac k along the band structure of the matrix nev er in terrogating the

zero es far from the diagonal [56, Sec. 4.3.6.]. Theorem 4.3.1 in Golub and V an Loan [56]

implies that the solution F will ha v e lo w er bandwidth equal to R . The bandwidth [56,

Sec. 1.2.1] here refers to the n um b er of elemen ts b elo w the diagonal in eac h column. The

structure of F is therefore

F =

2

6

6

6

6

6

6

6

6

6

4

F

0

(0) 0 0 � � � 0

F

0

(1) F

1

(0) 0 � � � 0

0 F

1

(1) F

2

(0) � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. F

L � 3

(0) 0 0

F

L � 3

(1) F

L � 2

(0) 0

0 0 0 � � � 0 F

L � 2

(1) F

L � 1

(0)

3

7

7

7

7

7

7

7

7

7

5

(4.2)

where

F

i

(0) 2 R

K;K

; 0 � i � L � 1 is lo w er triangular, and

F

i

(1) 2 R

K;K

; 0 � i � L � 2 is strictly upp er triangular

A matrix is strictly upp er(lo w er) triangular if the only non{zero elemen ts are those

ab o v e(b elo w) the diagonal. Here w e see the unique structure of the F matrix that yields

the causal m ultiuser in terference in y = F d , the output of the �lter.

By expanding the equation F

>

F = R w e get the follo wing set of equations.

R

L � 1

(0) = F

>

L � 1

(0) F

L � 1

(0) (4.3)

R

i

(0) = F

>

i

(0) F

i

(0) + F

>

i +1

(1) F

i +1

(1) ; 0 � i < L � 1 (4.4)

R

i

(1) = F

>

i

(0) F

i � 1

(1) ; 0 < i � L � 1 : (4.5)
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4.2. Noise Whitening Matc hed Filter

There is a systematic w a y to �nd the solution F . The starting p oin t for the metho d is to

compute the Cholesky factorisation in Eqn. (4.3). This solution is then substituted in to

Eqn. (4.5) to yield F

L � 1

(1) whic h is in turn substituted in to Eqn. (4.4) to yield F

L � 2

(0)

via Cholesky factorisation. The pro cess then rep eats with Eqn. (4.5).

W e see that once F

i

(0) is kno wn F

i � 1

(1) can b e easily computed via Eqn. (4.5) as

F

i � 1

(1) = F

� >

i

(0) R

i

(1) since F

i

(0) is guaran teed to b e in v ertible for p ositiv e de�nite

R . W e therefore construct the solution b y �rst computing the F (0)'s. The F (1)'s are

eliminated b y substitution to yield from Eqn. (4.4)

R

i

(0) = F

>

i

(0) F

i

(0) + R

>

i +1

(1)

�

F

>

i +1

(0) F

i +1

(0)

�

� 1

R

i +1

(1)

De�ning

Y

i

, F

>

i

(0) F

i

(0) (4.6)

yields

R

i

(0) = Y

i

+ R

>

i +1

(1) Y

� 1

i +1

R

i +1

(1) : (4.7)

whic h sp eci�es Y

i

in terms of Y

i +1

. The mapping of the problem can b e clari�ed b y

considering the scalar case. W e b egan with Eqns. (4.4) and (4.5) whic h are of the form

u

2

+ v

2

= a

uv = b

where w e wish to solv e for u and v giv en constan t a and b . W e �rst eliminate v from

the �rst equation using v = b=u yielding u

2

+ b

2

=u

2

= a . W e then made the substitution

y = u

2

(Eqn. (4.6)) to yield the �nal equation y + b

2

=y = a (Eqn. (4.7)).

An algorithm for computing the solution to F

>

F = R is therefore

A lgorithm 4.1 (F actorisation in Y ) T o solv e Eqn. (4.1) compute Y

i

as follo ws

1 Y

L � 1

= R

L � 1

(0)

2 for i = L � 2 to 0

3 Y

i

= R

i

(0) � R

>

i +1

(1) Y

� 1

i +1

R

i +1

(1)

then reco v er F using Eqns. (4.6) and (4.5).

Note that when the c hannel is async hronous but eac h user utilises the same co de for eac h

sym b ol in terv al the algorithm b ecomes recursiv e since the correlation matrix R is blo c k

T o eplitz. In Alg. 4.1 the dep endence of the en tire solution F on the c hannel at sym b ol

in terv al  L � 1 is apparen t since the algorithm cannot commence without kno wledge of
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4.2. Noise Whitening Matc hed Filter

R

L � 1

(0). Sp eci�cally , the computation of the matrix for sym b ol in terv al i , Y

i

, cannot

commence un til the c hannel is kno wn up un til sym b ol in terv al L � 1. In the next section

w e prop ose and v alidate an algorithm that ignores the distan t future of the c hannel th us

enabling the premature computation of the c hannel factorisation.

4.2.1 Sliding Windo w Cholesky F actorisation Algorithm

Based on the w ork of Alexander et al. [83], W ei prop osed a metho d for the generation

of eac h Y

i

that do es not require full kno wledge of the CDMA c hannel and is based on

a sliding windo w approac h. In order to compute Y

i

w e will de�ne some small in teger

n and start Algorithm 4.1 at i + n � 1 rather than L � 1 as w ould b e required for the

exact solution. The resulting appro ximation to Y

i

is termed Y

n

i

and is based on n sym b ol

in terv als of future c hannel information, rather than L � i in the exact case.

The new algorithm for appro ximate computation of the set f Y

0

; � � � ; Y

L � 1

g is

A lgorithm 4.2 (Sliding Window F actorisation in Y ) T o �nd an appro ximate so-

lution of Eqn. (4.1) compute Y

n

i

� Y

i

8 i as follo ws

1 for i = 0 to L � 1

2 Y

1

i + n � 1

= R

i + n � 1

(0)

3 for j = 2 to n

4 m = i + n � j

5 Y

j

m

= R

m

(0) � R

>

m +1

(1)

�

Y

j � 1

m +1

�

� 1

R

m +1

(1)

6 Y

i

= Y

n

i

then reco v er F using Eqns. (4.6) and (4.5).

The computation of eac h Y

i

via Alg. 4.2 requires 3 n 4 . It is apparen t that eac h Y

i

is

formed b y a matrix feedbac k �lter. The con v ergence prop erties are therefore of in terest.

If the solution is not w ell b eha v ed the implem en tation of the �lter in real receiv ers ma y

not b e feasible.

4.2.2 Error Analysis

Consider the error in the assignmen t Y

i

= Y

n

i

in line 6 of Alg. 4.2, where w e note that

Y

i

� Y

L � i

i

. W e no w sho w that Y

n

i

con v erges monotonically in n to the exact solution Y

i

.

That the appro ximation con v erges for maxim um n = L � i is trivial, the monotonicit y is

ho w ev er in question. W e b egin with an equiv alen t form ulation and then in tro duce some
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4.2. Noise Whitening Matc hed Filter

useful lemm as.

F or mathematical con v enience w e reform ulate the algorithm in question. With reference

to Algorithm 4.1 de�ne

G

i

G

>

i

, [ R

i

(0)]

� 1

; 0 � i � L � 1 (4.8)

C

i

, G

>

i +1

R

i +1

(1) G

i

; 0 � i < L � 1 (4.9)

X

i

, G

>

i

Y

i

G

i

; 0 � i < L � 1 (4.10)

whic h yields an algorithm in X that computes the required factorisation giv en kno wledge

of the complete CDMA c hannel.

The initial v alue of X is deriv ed from the initial v alue of Y (line 1, Alg. 4.1) as follo ws

X

L � 1

= G

>

L � 1

Y

L � 1

G

L � 1

= G

>

L � 1

R

L � 1

(0) G

L � 1

= G

>

L � 1

�

G

L � 1

G

>

L � 1

�

� 1

G

L � 1

= G

>

L � 1

G

� >

L � 1

G

� 1

L � 1

G

L � 1

= I

and the recursiv e equation in Y

i

(line 3, Alg. 4.1) is mapp ed

Y

i

= R

i

(0) � R

>

i +1

(1) Y

� 1

i +1

R

i +1

(1)

= ) G

>

i

Y

i

G

i

= G

>

i

R

i

(0) G

i

� G

>

i

R

>

i +1

(1) Y

� 1

i +1

R

i +1

(1) G

i

= ) X

i

= I � G

>

i

R

>

i +1

(1) G

i +1

G

� 1

i +1

Y

� 1

i +1

G

� >

i +1

G

>

i +1

R

i +1

(1) G

i

= ) X

i

= I � C

>

i

X

� 1

i +1

C

i

(4.11)

These substitutions ma y b e re
ected in to the scalar case once again. Consider �rst the

substitution outlined b y Eqn. (4.10). In the scalar case the substitution has the form

ax = y whic h w e substitute in to the scalar form of the algorithm in Y , y + b

2

=y = a to

get ax + b

2

= ( ax ) = a . Dividing through b y a w e get x + ( b=a )

2

=x = 1 whic h is of the form

ab o v e in Eqn. (4.11).

The algorithm follo ws as

A lgorithm 4.3 (F actorisation in X ) T o solv e Eqn. (4.1) compute X

i

as follo ws

1 X

L � 1

= I

2 for i = L � 2 to 0

3 X

i

= I � C

>

i

X

� 1

i +1

C

i
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then reco v er F using

F

>

i

(0) F

i

(0) = G

� 1

i

X

i

G

� >

i

and Eqn (4.5).

The construction of a sliding windo w algorithm in X where X

n

i

appro ximates X

i

can b e

deriv ed analogously to the algorithm in Y .

A lgorithm 4.4 (Sliding Window F actorisation in X ) T o �nd an appro ximate so-

lution of Eqn. (4.1) compute X

n

i

� X

i

8 i as follo ws

1 For i = 0 to L � 1

2 X

1

i + n � 1

= I

3 For j = 2 to n

4 m = i + n � j

5 X

j

m

= I � C

>

m +1

�

X

j � 1

m +1

�

� 1

C

m +1

6 X

i

= X

n

i

then reco v er F using

F

>

i

(0) F

i

(0) = G

� 1

i

X

i

G

� >

i

and Eqn. (4.5).

In order to study the accuracy of Alg. 4.4 w e m ust consider the prop erties of the sequence

f X

1

m

; X

2

m

; X

3

m

; � � � g . The terms in this sequence are generated recursiv ely b y line 5 of

Alg. 4.4.

X

j

m

= I � C

>

m +1

�

X

j � 1

m +1

�

� 1

C

m +1

:

In [60] Engw erda studied the b eha viour of a similar equation set. Our dev elopmen t is

based on his w ork.

In the follo wing, A > 0 denotes that A is a p ositiv e de�nite matrix, A � 0 denotes that

A is p ositiv e semi{de�nite. The notation A > B is synon ymous with A � B > 0.

L emma 4.1 F or an y matrix A 2 R

n;n

; A > 0 , and non{singular B 2 R

n;n

w e ha v e

B

>

A B > 0 .

Pr o of: Corollary 1 in Sec. A.1.2 of [84].

L emma 4.2 If A � B where b oth are symmetri c p ositiv e de�nite, then A

� 1

� B

� 1

.
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Pr o of: Since A and B are symmetric p ositiv e de�nite they can b e factorised. Let

A = X

>

X and B = Y

>

Y where X and Y are p ositiv e de�nite non{singular.

A > B

= ) X

>

X > Y

>

Y

= ) [ X Y

� 1

]

>

X Y

� 1

> I

= ) X Y

� 1

[ X Y

� 1

]

>

> I

= ) X B

� 1

X

>

> I

= ) B

� 1

> A

� 1

where the third step results from the fact that for square C , C

>

C and C C

>

ha v e the same

eigen v alues.

T o pro v e that X

n

i

con v erges to X

i

, w e sho w that X

n

i

is lo w er b ounded b y the p ositiv e

de�nite matrix X

i

, and that X

n

i

is monotonically decreasing in n .

L emma 4.3 If R > 0 then 0 < X

i

� I 8 i .

Pr o of: Since R > 0, R = F

>

F can b e solv ed for F > 0. No w X

i

= G

>

i

F

>

i

(0) F

i

(0) G

i

whic h m ust b e p ositiv e de�nite since G

i

is p ositiv e de�nite b y Eqn. 4.8. This pro v es

X

i

> 0 ; 8 i . No w it follo ws from Lemma 4.1 and [84, Sec. A.1.2, Corollary 2] that

C

>

i

[ X

i +1

]

� 1

C

i

� 0, so

X

i

= I � C

>

i

X

� 1

i +1

C

i

� I 8 i

whic h completes the pro of.

L emma 4.4 If R > 0 then X

n

i

� X

i

.

Pr o of: W e pro v e b y induction. The �rst step is simply satis�ed since 0 < X

i

� I .

X

1

i

� X

i

= I � X

i

� 0 8 i:

No w assume that X

n

i

� X

i

� 0 8 i . Then, b y Lemma 4.2 w e ha v e X

� 1

i

� [ X

n

i

]

� 1

� 0. No w

for all i w e ha v e

X

n +1

i � 1

� X

i � 1

= C

>

i � 1

�

X

� 1

i

� [ X

n

i

]

� 1

�

C

i � 1

� 0

b y Lemma 4.1.
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L emma 4.5 If R > 0 then X

n

i

is a monotone decreasing sequence in n for all i based

on the semi-de�niteness inequalit y relation.

Pr o of: W e pro v e b y induction. The �rst step is trivially satis�ed.

X

1

i

� X

2

i

= I � ( I � C

>

i

C

i

) = C

>

i

C

i

� 0 8 i:

Since C

>

i

C

i

is not the zero matrix, the sequence f X

1

i

; X

2

i

g is decreasing. No w w e assume

X

j

i

� X

j +1

i

8 i

, [ X

j

i

]

� 1

� [ X

j +1

i

]

� 1

:

Directly from the recursiv e expression in Alg. 4.4 w e ha v e

X

j +1

i

� X

j +2

i

= C

>

i

�

�

X

j +1

i +1

�

� 1

�

�

X

j

i +1

�

� 1

�

C

i

� 0 8 i;

Again ha ving established the non-negativ e de�niteness of the di�erence b et w een adjacen t

terms in the sequence the pro of is complete.

The or em 4.1 The sliding windo w Cholesky factorisation will con v erge.

Pr o of: Since R > 0 from Corollary 2.1 w e ha v e from Lemmas 4.4 and 4.5

1. X

n

i

is b ounded b elo w b y X

i

,

2. X

n

i

is monotonically decreasing in n .

W e therefore conclude that for all i , X

n

i

will con v erge monotonically to X

i

as n increases.

Although w e ha v e sho wn monotone con v ergence the rate of con v ergence is also of in terest.

The analysis has ho w ev er b een di�cult. An in tuitiv e approac h comes from the observ ation

that the \size" of the matrix C

m

determines ho w m uc h is subtracted from I to yield the

next v alue of X

i

in Alg. 4.4. When the amoun t b eing subtracted is small the algorithm

has a fast con v ergence. F rom Eqn. 4.8 and Eqn. 4.9 it is apparen t that when the system

is highly correlated C

m

will b e large and when the system is w eakly correlated C

m

will

b e small.

W e ha v e established the con v ergence of the algorithm that yields the factorisation, w e ha v e

not stated the sp eed of the algorithm, i.e., ho w large should n b e. This is again a di�cult

problem to address analytically . This question is therefore addressed b y sim ulation.
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4.2.3 Sim ulation Study of F actorisation Algorithm

The e�ectiv eness of Algorithm 4.4 in appro ximating the exact factorisation of the CDMA

c hannel correlation matrix is in v estigated b y sim ulation. Since the factorisation problem

only exists for time{v arying async hronous c hannels w e c ho ose the case where random

spreading co des are selected b y eac h user for eac h sym b ol that they wish to transmit.

In practice the receiv er will kno w the future spreading co des of the users, but this t yp e

of indeterminacy is more sev ere than a user coming or going, or shifts in dela y pro�le.

Sp eci�cally , the sim ulation will b e for the case where the receiv er has no idea what the

c hannel is b ey ond n sym b ol in terv als from the curren t sym b ol in terv al. In practice the

receiv er could mak e an educated guess based on kno wledge of spreading co des and that

dela y pro�les only c hange slo wly with time. The receiv er ma y then b e able to impro v e

the accuracy of the factorisation.

In order to study the accuracy attained with a particular windo w size, n , w e v ary n while

k eeping the n um b er of users in the system constan t. W e compute the exact factorisation

for the c hannel with L sym b ol in terv als and then compute the factorisation based only

on the �rst n sym b ol in terv als, where L � n . E�ectiv ely , w e compare X

n

0

and X

L

0

for

large L compared to n . The comparison used is the maxim um absolute error b et w een

corresp onding elemen ts in X

n

0

and X

L

0

a v eraged o v er man y c hannels A .

The results for a system with spreading co de length N = 31 and K = 10 ; 20 ; 31 sho wn

in Fig. 4.1. The �rst item of in terest is that the lo w er the ratio of K = N the

faster the con v ergence. This is due to the reduced norm of the matrix constan ts C

i

. Due

to inaccuracies in dela y estimates and p erhaps quan tisation in the p ost pro cessing of the

output of the �lter accuracy lev els of 3 signi�can t �gures is su�cien t [59]. It can b e seen

that for the K = 10 case acceptable accuracy lev els are attained after 2 or 3 iterations,

whereas for a fully loaded system the n um b er of iterations is p erhaps prohibitiv e for v oice

applications where dela y is critical.

The second p oin t to note is that the con v ergence is exp onen tial in n since the plot is

straigh t on a log scale. This leads us to the conjecture that the accuracy could b e analyt-

ically found to b e prop ortional to e

K= N

, whic h is consisten t with the argumen t that the

norm of C

m

e�ects the con v ergence rate.

F urther insigh t can b e attained b y considering the accuracy attained with �xed windo w

size for v arious n um b er of users. The results in Fig. 4.2 w ere pro duced b y �xing n = 3,

N = 31 and v arying K . This w a y w e can see ho w the accuracy of the factorising degrades

as the system b ecomes more loaded.
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Figure 4.1: Accuracy of F actorisation Algorithm for N = 31

Since the con v ergence sp eed is dep enden t on the n um b er of users then the windo w size

n should b e v aried in practical applications dep ending of the n um b er of users curren tly

b eing detected.

4.2.4 Filter Deriv ation from F actorisation

Once the factorisation has b een computed up to sym b ol in terv al i , F

� >

can b e partially

computed based on metho ds outlined b y W ei and Rasm ussen in [59] where a sliding

windo w tec hnique is used to deriv e F

� >

from F . W e reiterate their metho d brie
y here

in order to ev aluate the complexit y of the determination of the appro ximate F

� >

using

these sliding windo w tec hniques.

Consider the equation F F

� 1

= I . Since F has sp ecial structure w e can write out a set of

linear matrix equations in v olving K b y K matrices in b oth F and F

� 1

. As explained b y
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Figure 4.2: Accuracy of F actorisation Algorithm for N = 31, n = 3

W ei and Rasm ussen in [59] the structure of F

� 1

due to the structure of F is

F

� 1

=

2

6

6

6

6

6

4

F

� 1

0

(0) 0 0 : : : 0

F

� 1

0

(1) F

� 1

1

(0) 0 : : : 0

F

� 1

0

(2) F

� 1

1

(1) F

� 1

2

(0)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0

F

� 1

0

( L � 1) F

� 1

1

( L � 2) F

� 1

2

( L � 3) : : : F

� 1

L � 1

(0)

3

7

7

7

7

7

5

(4.12)

where

F

� 1

i

(0) 2 R

K;K

; 0 � i � L � 1 is lo w er triangular, and

F

� 1

i

( j ) 2 R

K;K

; 0 � i � L � 2 ; 1 � j � L:

W e will refer to F

� 1

i

( j ) as tap j in sym b ol in terv al i . Sp eci�cally , F

� 1

i

( j ) is matrix j in

blo c k column i of F

� 1

, whereas [ F

i

( j )]

� 1

is the in v erse of matrix j in blo c k column j of

F . It can b e sho wn that matrices comp osing F

� 1

are

F

� 1

i

( j ) = ( � 1)

j

[ F

i + j

(0)]

� 1

i

Y

l = i + j � 1

�

F

l

(1) [ F

l

(0)]

� 1

�

: (4.13)

The complexit y in v olv ed in the computation of eac h F

� 1

i

( j ) is 4 4 assuming partial pro d-

ucts are stored.
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In [59] a su�cien t condition for monotone con v ergence of the �lter matrices in j w as

stated. By de�ning

C

i

( j ) , ( � 1)

j

i

Y

l = i + j � 1

�

F

l

(1) [ F

l

(0)]

� 1

�

2 R

K;K

(4.14)

the con v ergence of the K b y K matrix taps of F

� 1

can b e addressed. F or the p -norm or

F rob enius norm op erator [56, Sec. 2.3.1] w e ha v e from Eqn. (4.13)

k F

� 1

i

( j ) k �







[ F

i + j

(0)]

� 1







k C

i

( j ) k :

In [59] the con v ergence of F

� 1

i

( j ) w as established b y observing that lim

j !1

k C

i

( j ) k = 0

under the condition

k F

l

(0) k > k F

l

(1) k 8 l :

Unfortunately this condition do es not hold true for the general async hronous CDMA

c hannel. An example of suc h a case is sho wn in Fig. 4.3 where, when the n um b er of users

is 31 and the spreading co de length is 31, the taps of F

� 1

�rst div erge and then con v erge.

This con v ergence is a function of the �nite n um b er of sym b ol in terv als in the sim ulation

and not of the algorithm. If the n um b er of sym b ol in terv als w as truly in�nite in the

sim ulation w e ma y observ e no con v ergence of the �lter taps. This unstable b eha viour

do es not app ear to exist when the n um b er of users is strictly less than the spreading co de

length N . Note that the �rst tap will ha v e norm less that the second since it is lo w er

triangular. This ma y explain the initial rise in the K = 30 curv e in Fig. 4.3 .

4.2.5 NWMF Implemen tation Issues

In order to get the output of the NWMF corresp onding to sym b ol in terv al i the blo c k

column i of F

� 1

m ust b e computed.

The complexit y budget required to obtain this blo c k column is as follo ws. In a serial

computer one � op eration requires N K

2

FLOPS, and one 4 requires K

3

= 6 FLOPS. The

total FLOP coun t for the determination one blo c k column of F

� 1

is therefore (3 n + 4 j +

1) K

3

= 6 + 2 N K

2

.

4.3 Orthogonal P artial Decorrelating Filter

In this section w e study the algorithms that can b e utilised to deriv e the Orthogonal

Basis Filter. As w e ha v e seen in Sec. 2.2.3 the �lter to b e applied to the c hannel output
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Figure 4.3: Con v ergence of NWMF T aps for N = 31

e is the transp ose of the orthogonal basis resulting from the mo di�ed Gram{Sc hmidt

orthogonalisation of A . Since Q is the basis and A = Q F it follo ws that eac h column

of A is a linear com bination of the columns of Q as prescrib ed b y the co e�cien ts in F .

W e therefore refer to F as the co e�cien t matrix. The mo di�cation to the Gram{Sc hmidt

pro cess is due to the desired lo w er triangular co e�cien t matrix rather than the traditional

upp er triangular form.

The algorithm used to compute the mo di�ed Gram{Sc hmidt decomp osition or more

sp eci�cally the Lo w er Left Gram{Sc hmidt orthogonalisation (LLGS) is as follo ws

Computation of Using FLOPS

R

i + n

(0), R

i + n

(1) Eqn. 2.11 2 �

F

i

(0) ; F

i

(1) Alg. 4.2 3 n 4

f F

� 1

i � j

(0) ; � � � F

� 1

i � j

( j ) g Eqn. 4.13 (4 j + 1) 4

T otal (3 n + 4 j + 1) 4 + 2 �

T able 4.2: Complexit y of NWMF Deriv ation.
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A lgorithm 4.5 (L ower L eft Gr am{Schmidt ortho gonalisation) The orthonor-

mal basis Q of rank n A 2 R

m;n

; m � n with lo w er triangular co e�cien t matrix F 2 R

n;n

suc h that A = Q F is computed as follo ws

1 Q

n

= a

n

= j a

n

j Initialise Q

2 j = n � 1 to 0 step � 1 Back along c olumns of A

3 q

j

=

�

I � Q

j +1

Q

>

j +1

�

a

j

Dir e ction of q

j

4 q

j

= q

j

= j q

j

j L ength of q

j

= 1

5 Q

j

=

�

q

j

Q

j +1

�

6 Q = Q

0

The co e�cien t matrix can b e constructed as F = Q

>

A .

The algorithm has w ell de�ned geometric prop erties. The k ey step is line 3 of Alg. 4.5

where the direction of the new column of Q is obtained. The features of q

j

are

1. q

j

m ust b e orthogonal to all columns in Q

j +1

=

�

q

j +1

� � � q

n

�

since Q m ust b e

orthogonal, and

2. a

j

m ust b e a linear com bination of q

j

and the columns of Q

j +1

only , to force the

lo w er triangular nature of F .

Prop ert y (1) is satis�ed since the matrix ( I � Q

j +1

Q

>

j +1

) is the pro jection matrix on to

the n ull space of span

�

Q

j +1

	

[56, Sec. 2.6] [48] and line 3 satis�es prop ert y (2). Ha ving

ensured that Q is orthogonal b y line 3, line 4 forces Q to b e orthonormal.

The computation of Q using the Algorithm 4.5 has complexit y concen trated in lines 3

and 4. Setting m = LN and n = LK and applying the algorithm to the CDMA c hannel

matrix A with its sp ecial band t yp e structure yields complexit y as sho wn in T able 4.3. W e

re{write line 3 as q

j

= a

j

� Q

j +1

( Q

>

j +1

a

j

) to analyse its complexit y . F or some particular

v alue of the lo op v ariable j , the size of Q

j +1

is LN b y LK � j . The complexit y of the

en tire algorithm is therefore computed as follo ws

LK

X

j =1

(2( LN + 1)( LK � j ) + 4 LN ) =

=

LK

X

j =1

(2( LN + 1) LK � 2( LN + 1) j + 4 LN )

= 2 L

2

K

2

( LN + 1) + 4 L

2

K N � 2( LN + 1)

LK

X

j =1

j

= 2 L

2

K

2

( LN + 1) + 4 L

2

K N � 2( LN + 1) L

2

K

2

= 2

� L

2

N K ( K + 4) :
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Pr o c e dur e Complexity (FLOPS)

Q

>

j +1

a

j

2( LK � j ) N

Q

j +1

( Q

>

j +1

a

j

) 2 LN ( LK � j )

a

j

� ( Q

j +1

Q

>

j +1

a

j

) LN

�

�

q

j

�

�

2 LN

q

j

=

�

�

q

j

�

�

LN

T otal 2( LN + 1)( LK � j ) + 4 LN

T able 4.3: Complexit y of Main LLGS pro cedures.

If the structure of A w as not tak en in to accoun t in the orthogonalisation the complexit y

w ould ha v e b een 2 L

3

N K . On the other hand if the c hannel had b een sync hronous the

complexit y w ould ha v e b een 2 LN K

2

.

Using the structure of A and F as in Fig. (2.6) and Eqn. (4.2) w e can deriv e the structure

of the orthonormal basis Q .

Q =

2

6

6

6

6

6

4

Q

0

(0) 0 0 : : : 0

Q

0

(1) Q

1

(0) 0 : : : 0

Q

0

(2) Q

1

(1) Q

2

(0)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0

Q

0

( L ) Q

1

( L � 1) Q

2

( L � 2) : : : Q

L � 1

(0)

3

7

7

7

7

7

5

where

Q

i

(0) 2 R

N ;K

; 0 � i � L � 1

Q

i

( j ) 2 R

N ;K

; 0 � i � L � 2 ; 1 � j � L

The structure of the Q

i

(0)'s is determined b y the dela y pro�le of the users (as is the

structure of A ). In fact the n um b er of zeros at the top of eac h column of Q is iden tical

to the n um b er of zeros at the top of the corresp onding column in A .

As w as the case for the c hannel factorisation in Alg. 4.1 w e require kno wledge of the

last c hannel estimate b efore Alg. 4.5 can commence . Again w e solv e this problem us-

ing a sliding windo w tec hnique [85]. The matrices of Q forming blo c k column i are

f Q

i

(0) ; Q

i

(1) ; � � � ; Q

i

( L ) g , where L is to o large to allo w the computation of the en tire

A = Q F decomp osition. The sliding windo w algorithm to b e prop osed will compute

only the �rst n matrices in the blo c k column, therefore e�ectiv ely assuming all matrices
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in the set f Q

i

( n ) ; Q

i

( n + 1) ; � � � ; Q

i

( L ) g are zero. W e will no w sho w that this is a v alid

assumption.

4.3.1 OBF Con v ergence

By expanding A = Q F in terms of the sub-matrices Q

i

( j ), and F

i

( j ) w e can write

0 = Q

i

( j ) F

i

(0) + Q

i +1

( j � 1) F

i

(1) ; 8 i; j > 1

where the 0 on the LHS p ertains to the zero p ortions of the async hronous c hannel matrix

A . By rearrangemen t w e get

Q

i

( j ) = � Q

i +1

( j � 1) F

i

(1) ( F

i

(0))

� 1

= Q

i + j � 1

(1) C

i

( j � 1)

where the de�nition of C

i

( j ) (Eqn. 4.14) w as used. W e see that the same matrix resp on-

sible for the con v ergence of the matrix taps in F

� 1

is determines for the b eha viour of the

taps in the Orthogonal Basis Filter (OBF).

L emma 4.6 F or an y sym b ol in terv al i ,







Q

i

(1)







2

< K .

Pr o of: Since Q is orthonormal

tr

 

L � i

X

j =0

Q

>

i

( j ) Q

i

( j )

!

= K

Since







Q

i

(1)







F

= tr

�

Q

>

i

(1) Q

i

(1)

�

w e ha v e

K = tr

 

L � i

X

j =0

Q

>

i

( j ) Q

i

( j )

!

= tr

 

L � i

X

j =0 ;j 6=1

Q

>

i

( j ) Q

i

( j )

!

+ tr

�

Q

>

i

(1) Q

i

(1)

�

= tr

 

L � i

X

j =0 ;j 6=1

Q

>

i

( j ) Q

i

( j )

!

+







Q

i

(1)







F

= )







Q

i

(1)







F

< K

since tr

�

Q

>

i

( j ) Q

i

( j )

�

is alw a ys p ositiv e. That k X k

2

� k X k

F

yields the pro of.

L emma 4.7 A su�cien t condition for the con v ergence of the OBF is

k F

i

(0) k > k F

i

(1) k 8 i
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Pr o of: Applying Sc h w artz's [56] inequalit y yields for the 2-norm or F rob enius norm







Q

i

( j )







2

=







Q

i + j � 1

(1) C

i

( j � 1)







2

�







Q

i + j � 1

(1)







2

k C

i

( j � 1) k

2

No w since Q

i + j � 1

(1) is b ounded a su�cien t condition for con v ergence is k C

i

( j � 1) k

2

= 0.

Consider the limit as j tends to in�nit y .

lim

j !1

k C

i

( j � 1) k

2

=
















i

Y

l = i + j � 2

F

l

(1) [ F

l

(0)]

� 1
















2

�

i

Y

l = i + j � 2







F

l

(1) [ F

l

(0)]

� 1







2

(4.15)

Let us no w assume







F

l

(1) [ F

l

(0)]

� 1







2

< 1 and deriv e the condition on F that yields the

inequalit y .







F

l

(1) [ F

l

(0)]

� 1







2

< 1

= ) [ F

>

l

(0)]

� 1

F

>

l

(1) F

l

(1) [ F

l

(0)]

� 1

< I

= ) F

>

l

(1) F

l

(1) < F

>

l

(0) F

l

(0)

= ) k F

l

(1) k

2

< k F

l

(0) k

2

So if the �nal condition is true the pro duct in Eqn. (4.15) will tend to zero since w e are

taking the pro duct of an in�nite n um b er of v ariables that are b ounded a w a y from 1. The

norm of the matrices in the pro duct are b ound a w a y from 1 due to the discrete nature of

the underlying c hannel matrix A .

Once again w e are left with the problem that the condition in Lemma 4.7 is su�cien t but

not necessary . The lo oseness results from the norm inequalit y for pro ducts of matrices

used to get Eqn. (4.15). The di�cult y in obtaining the necessary condition arises b ecause

the in terdep endence of all of the matrices comprising F has b een ignored in the norm

b ound. This dep endence m ust b e accoun ted for in order to tigh ten the condition.

W e can compare the con v ergence of the taps for the t w o �lters prop osed b y sim ulation.

By a v eraging o v er the random co de async hronous CDMA c hannels w e can see ho w the

taps in the resp ectiv e �lters con v erge. This is sho wn in Fig. 4.4 for 31 users using co des

of length 31. W e see that the OBF has the con v enien t prop ert y of monotone con v ergence

for this example.
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Figure 4.4: Con v ergence of OBF and NWMF T aps for K = 31, N = 31

4.3.2 OBF Sliding Windo w Algorithm

No w that the con v ergence of the matrix �lter taps, namely Q

i

( j ), has b een established w e

prop ose a sliding windo w algorithm based on w ell kno wn up/do wn-dating algorithms [56,

Sec. 12.6] for the Gram{Sc hmidt orthogonalisation. It should b e noted that these algo-

rithms are presen ted in the literature for the traditional upp er righ t triangular co e�cien t

matrix, therefore w e are required to re-deriv e the algorithms for the lo w er left co e�cien t

matrix F .

W e compute only the top part of eac h column of Q whic h then can b e applied to the

CDMA c hannel output e in order to obtain the �lter output y

j

= q

j

e .

F urther w e appro ximate Q

i

( j ) ; j 2 f 0 ; � � � ; n g in a similar manner to the Cholesky system

b y sliding a windo w along the matrix to b e orthogonalised (or factorised in the Cholesky

case). The justi�cation of this sliding windo w approac h is not as strong the Cholesky

algorithm (Alg. 4.2) since w e can not sho w that the sliding windo w solution con v erges to

the exact solution. Although it is p ossible to construct the columns of Q as the output

of a time-v arying feedbac k matrix �lter the analysis of suc h a system is di�cult.
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4.3. Orthogonal P artial Decorrelating Filter

The prop osed algorithm slides a windo w con taining n sym b ol in terv als of the c hannel

matrix A along the diagonal of A . A t eac h p osition of the windo w the blo c k column of

Q corresp onding to the left most blo c k column of the windo w is returned.

A lgorithm 4.6 (Sliding Window Gr am{Schmidt Ortho gonalisation) T o com-

pute an appro ximation to the orthogonal basis Q of the async hronous time{v arying

CDMA c hannel matrix A

1 A

sw

= A (0 : ( n + 1) L; 0 : nK ) initial window

2 A

sw

= Q

sw

F

sw

via LLGS initial de c omp osition

3 q

0

= 1

st

column of Q

sw

r ele ase c olumn of Q

4 for j = 1 to LK lo op over al l subse quent c olumns

5 �

d

= �

� ( j )

� �

� ( j � 1)

step

6 for s = 1 to �

d

for e ach zer o at top of se c ond c olumn

7 QLrowappend () app end zer o r ow to de c omp osition

8 QLrowdelete () delete �rst r ow fr om de c omp osition

9 QLcoldelet e() delete �rst c olumn fr om de c omp osition

10 a =

�

0

>

nN

; s

� ( j ) ;� ( j )

�

>

c olumn to app end

11 QLcolappen d( a ) app end c olumn to de c omp osition

12 q

j

= 1

st

column of Q

sw

r ele ase c olumn of Q

The initial windo w constructed in line 1 con tains the curren t kno wledge of the c hannel

b eing the �rst nK columns of the full matrix A . As more columns of A b ecome a v ailable

they can b e incorp orated in to the decomp osition via the execution of the next j lo op at

line 4. Moreo v er in the DSP implem en tation of suc h an algorithm the for lo op at line 4

w ould b e replaced with a \w ait for a

j

to b ecome a v ailable".

The motion of the sliding windo w is suc h that the spreading co de in the �rst column

of A

sw

is 
ushed to the top of the column and the spreading co de in the last column is


ushed to the b ottom as sho wn in Fig. 4.5.

The up dating algorithms at lines 7,8,9 and 11 are simple re-deriv ations of the algorithms

detailed in [56] for up dating the QR decomp osition. They ha v e the sp ecial feature that

rather than c hange A then recompute the decomp osition A = Q F from scratc h, they

tak e the curren t solution and mo dify the Q and F in a lo w complexit y manner. The

complexit y of eac h of the up date pro cedures is sho wn in T able 4.4.

The complexit y of computing one appro ximate column of Q , namely q

j

in line 12 of

Alg. 4.6 is therefore appro ximately the sum of the pro cedures in T able 4.4 and is equal

to 6 n

2

(2 N

2

� K N ) FLOPS. F or K suc h columns the complexit y is 6 n

2

(2 K N

2

� K

2

N )

FLOPS. The complexit y of the full re-computation of the A = Q F orthogonalisation is

ab out L

2

N K ( K + 4). In Fig. 4.6 the complexities of
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A

sw

for q

j +1

A

sw

for q

j

6

?

�

d

Figure 4.5: Example of Sliding Windo w in OBF Algorithm

Pr o c e dur e Complexity (FLOPS)

QLro w app end 0

QLro wdelete 6 n

2

( N

2

� K N )

QLcoldelete 0

QLcolapp end 6 n

2

N

2

T able 4.4: Complexit y of OBF up date pro cedures.

Naiv e F ull Windo w the full windo w re-computation of the orthogonalisation exploiting

the structure of A and

Band F ull Windo w the full windo w re-computation of the orthogonalisation without

exploiting the structure of A and

Sliding Windo w the sliding windo w orthogonalisation of Alg. 4.6.

are displa y ed. W e see that, of all the algorithms used to compute the orthogonalisation of

the async hronous c hannel the sliding windo w v ersion exhibits the lo w est complexit y for

practical windo w sizes.

4.3.3 Sim ulation Study of OBF Slidin g Windo w Algorithm

In order to v erify the e�ectiv eness of Algorithm 4.6 w e utilise sim ulation. W e compute

the error b et w een the exact decomp osition and the sliding windo w decomp osition, as the
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Figure 4.6: Complexit y of OBF Algorithms for N = 30, K = 30

maxim um di�erence b et w een the column v ectors q

n

j

and q

L � j

j

for large L compared to

j . This measure is a v eraged o v er man y selections of the time{v arying c hannel matrix A .

The exact decomp osition is formed based on the en tire matrix A .

W e �rst address the a v erage accuracy returned b y the sliding windo w algorithm of a

particular size n as sho wn in Fig. 4.7. As exp ected as w e increase the windo w size the

accuracy impro v es. As in the NWMF case the impro v em en t is exp onen tial in n . W e see

v ery similar b eha viour to the NWMF sliding windo w algorithm in that as w e reduced

the n um b er of user in the system while k eeping the spreading co de length �xed less

computation are required to ac hiev e the same accuracy . Again for 3 signi�can t �gures

accuracy and a 2/3 loaded system only 3 sym b ol in terv als need to b e tak en in to accoun t.

F or completeness w e also plot the accuracy ac hiev ed for a particular windo w size when

the n um b er of users in the system is ramp ed up. In Fig. 4.8 w e see that as the n um b er of

users increases the inaccuracy in the estimates increases. This b eha viour is v ery similar

to the sliding windo w algorithm prop osed in Sec. 4.2.3 for the NWMF.

Although a v alid comparison b et w een accuracy ac hiev ed b y the algorithms for the t w o

t yp es of �lters are in teresting the �ner details of the algorithms are di�eren t and will b e
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Figure 4.7: Accuracy of OBF Algorithm for N = 31, n = 3

accoun ted for in an y practical system.

4.4 Discussion

The complexit y of b oth the Orthogonal Basis Filter (OBF) deriv ation and the Noise

Whitening Matc hed Filter (NWMF) deriv ation ha v e b een obtained. Assuming the NWMF

k eeps as man y taps in the factorisation stage as it do es in the in v ersion stage, i.e., j = n

the complexities are sho wn in T able 4.5 The complexitie s are of the same order with the

Pr o c e dur e Complexity (FLOPS)

NWMF deriv ation nK

3

+ 2 N K

2

OBF deriv ation 6 n

2

(2 K N

2

� K

2

N )

T able 4.5: Complexit y of WNPDS Filters

Orthogonal Basis Filter deriv ation b eing more complicated.
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Figure 4.8: Accuracy of OBF Algorithm for N = 31, n = 3

Although complexit y seems to indicate that the NWMF v ersion of the �lter w ould b e the

c hoice for a practical system, complexit y is of course not the only parameter for selection

of a system. The memory requiremen ts for instance ha v e not b een tak en in to accoun t.

Moreo v er, c hannel estimation tec hniques t ypically yield an orthogonal basis that spans

the c hannel matrix A . The OBF is precisely an orthogonal basis for the c hannel matrix as

returned from some c hannel estimators. The other consideration is the con v ergence sp eed.

Since the OBF con v erges faster than the NWMF earlier truncation ma y b e p ossible. The

NWMF actually div erges for a fully loaded system, whereas the OBF still con v erges. In

practice ho w ev er a fully loaded system w ould probably nev er o ccur.

The con v ergence sp eed of b oth the sliding windo w algorithms w as found to b e dep enden t

on only the load factor K = N . F or b oth algorithms for a load of 2/3, 3 or 4 sym b ol in terv als

in the sliding windo w w as su�cien t to get 3 signi�can t �gures of accuracy in ev ery elemen t

of the �lter.

It should b e noted that man y algorithms for orthogonal basis determination and Sp ec-

tral factor computation ha v e b een prop osed for implem en tation on parallel computing

arc hitectures [86]. With the cost of computer tec hnology falling daily it ma y not b e
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unreasonable to implem en t a mo di�ed form of the prop osed algorithm on parallel ma-

c hines. Sequen tial mac hine sp eedups [87] are also p ossible using Householder [48] and fast

Giv ens [56] rotations rather than the classical Giv ens rotations suggested here. Rather

than optimising the algorithm w e ha v e concen trated on the b eha viour of the algorithm.
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If y ou ha v e a NP-hard problem to solv e

there is no reason to thro w in the to w el.

Colin R e eves, Coventry Uni.

Chapter 5

Error Con trol Co ding in CDMA

5.1 In tro duction

The systems studied in this Chapter are CDMA with trellis based error con trol co ding [88].

Due to complexit y considerations the deco ding will b e impleme n ted using Single User (SU)

trellis deco ders rather than the optimal join t trellis. The single user deco ders will tak e a

soft metric from a m ultiuser device that is resp onsible for the decoupling of the m ultiuser

c hannel in to single user c hannels. The general structure of the deco ding system is sho wn

in Fig. 5.1. In general the m ultiuser device will pro vide information on the co dew ord{

bits of eac h of the other users and it is assumed that the c hannel matrix A is a v ailable.

The term co dew ord{bit refers to the one of the bits in the stream of bits that constitute

a co dew ord output of the user's enco der. Eac h co dew ord bit constitutes one c hannel

sym b ol, sa y d

j

.

Metrics will b e supplied in the follo wing form

�

k

=

�

�

k

( � 1)

�

k

(+1)

�

(5.1)

where [ �

k

(

^

d

k ;i

)]

i

is used to form metrics in the deco ding trellis. Since eac h co dew ord

consists of n co dew ord bits, a stream on n en tries of � will b e summed to yield a branc h
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Figure 5.1: General Deco ding System Structure.

metric. Sp eci�cally , if the length n v ector x w as a branc h lab el in information sym b ol

in terv al m 2 f 0 ; � � � ; L

u

� 1 g of user k 's deco ding trellis, then the branc h metric � w ould

b e

� =

n

X

i =1

[ �

k

( x

i

)]

mn + i

When the users' are to b e deco ded indep enden tly the follo wing notation is useful

b

k ; �

, ( b

k ; 0

; b

k ; 1

; � � � ; b

k ;L

u

� 1

)

>

2 f� 1 ; 1 g

L

u

d

k ; �

, ( d

k ; 0

; d

k ; 1

; � � � ; d

k ;L � 1

)

>

2 f� 1 ; 1 g

L

where the single user deco ders determine an estimate for b

k ; �

b y �nding a path d

k ; �

through

the single deco ding trellis based on the metrics �

k

.

5.2 The Pro jection Receiv er

The sequence d transmitted across the m ultiuser CDMA c hannel ma y in general b e co ded

or unco ded. When no co ding is emplo y ed then d ma y b e an y sequence in the binary

LK -space, ho w ev er when co ding is emplo y ed some sequences are precluded. W e will use

the general notation

D � f� 1 ; 1 g

LK

for the set of p ossible sequences d . The constrained maxim um lik eliho o d sequence estimate

of d as selected b y the CMLSE [51] of Eqn. (2.15) in Chapter 3 is

~

d = arg min

^

d 2D

�

�

�

e � A W

^

d

�

�

�

2

:
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This metric is suitable for Euclidean distance deco ding when the users enco de their data

streams. This detection algorithm w as sho wn to b e m uc h to o complicated for practical

systems. Let us reduce the complexit y of the tree searc h required to solv e this metric

minimi sation b y selecting a particular subset of transmissions, indexed b y the set C �

f 0 ; � � � ; LK � 1 g of cardinalit y c = j C j , for detection via c onstr aine d minim isation of the

metric. Also let us detect the remaining data transmissions indexed b y the complem en tary

set

1

U = f 0 ; � � � ; LK � 1 g n C via unc onstr aine d minimi sation of the metric. Since the set

of all indexes f 0 ; � � � ; LK � 1 g has LK mem b ers it follo ws that u = jU j = LK � jC j .

The reasons for splitting the transmissions in to t w o sets could b e for sev eral reasons

� Complexit y reduction. Unconstrained estimation is simpler than constrained

� In terfering users that need not b e detected, e.g., in tercell users in a cellular system.

Let the sets C and U b e ordered and indexable so, for example, C

1

is the elemen t in C

with smallest v alue (transmission n um b er). De�ne

A

C

,

�

a

C

1

a

C

2

� � � a

C

c

�

2 f� 1 ; 0 ; 1 g

N K;c

A

U

,

�

a

U

1

a

U

2

� � � a

U

u

�

2 f� 1 ; 0 ; 1 g

N K;u

W

C

, diag

�

p

w

C

1

;

p

w

C

2

; � � � ;

p

w

C

c

�

2 R

c;c

W

U

, diag

�

p

w

U

1

;

p

w

U

2

; � � � ;

p

w

U

u

�

2 R

u;u

d

C

,

�

d

C

1

d

C

2

� � � d

C

c

�

>

d

U

,

�

d

U

1

d

U

2

� � � d

U

u

�

>

where A

C

( A

U

), W

C

( W

U

) and d

C

( d

U

) con tain the c hannels, receiv ed amplitudes and data

for the constrained(unconstrained) set of transmissions resp ectiv ely .

An instructiv e equiv alen t c hannel mo del ma y no w b e dev elop ed. The receiv ed v ector e

is a linear com bination of the columns of A and a noise v ector where the w eigh ts of the

linear com bination are set b y the v ector W d . Utilising the column p erm uting matrix S of

Sec. 2.2.2 w e construct an equiv alen t p erm uted c hannel mo del. De�ne S to b e a pro duct

of column p erm utations suc h that

A =

�

A

U

A

C

�

S

It then follo ws that

d = S

>

�

d

U

d

C

�

W = S

>

�

W

U

0

0 W

C

�

S :

1

The sym b ol n refers to set subtraction.

71



5.2. The Pro jection Receiv er

No w substitution in to the original c hannel mo del yields

e = A W d + n

=

�

A

U

A

C

�

S S

>

�

W

U

0

0 W

C

�

S S

>

�

d

U

d

C

�

+ n

=

�

A

U

A

C

�

�

W

U

0

0 W

C

� �

d

U

d

C

�

+ n ; (5.2)

due to the prop erties of the p erm utation matrix. Ha ving established the equiv alen t c han-

nel mo del w e no w concern ourselv es with the detection of d

C

2 D

C

o v er this c hannel where

the set D

C

con tains all p ossible sequences d

C

.

D

C

=

(

f� 1 ; 1 g

Lc

when co ding is not emplo y ed

� f� 1 ; 1 g

Lc

when co ding is emplo y ed

The main prop ert y

2

of the prop osed system is that it sa v es complexit y b y estimating d

U

o v er the real (or unconstrained) domain, i.e., d

U

2 R

u

, and only d

C

o v er the constrained

domain, i.e., d

C

2 f� 1 ; 1 g

c

. The complexit y is reduced b ecause the constrained searc h is

o v er a depth c < LK binary tree rather than the depth LK tree searc hed b y the CMLSE.

This partition philosoph y w as also prop osed b y V aranasi [63].

The implication of the partition is that the receiv er is giv en no kno wledge ab out the

distribution of the elemen ts of d

U

except that eac h of the elemen ts b elong to the real line.

This information is a crude appro ximation to the actual set of p ossible v alues d

U

.

Although the receiv er is giv en no kno wledge of the distribution of the other users' data

estimates it is giv en complete kno wledge of A

C

. Geometrically this means that the receiv er

kno ws the direction of the v ector corresp onding to eac h of the transmissions in U . If the

receiv er knew that the distribution w as in fact discrete with non{zero probabilit y at 1

and -1 then there are only t w o p ossible v ectors that could ha v e b een generated b y eac h

transmission in U . Since it is giv en only directional kno wledge, no b ounds are placed on

the elemen ts of d

U

. If a distribution w ere to b e asso ciated with d

U

then the candidates

w ould b e uniform (where the ML estimate w ould arise), and Gaussian where the MAP

criteria w ould b e used for metric generation.

The h ybrid criteria whic h is still maximum likeliho o d giv en no kno wledge of p ( d

U

) is

~

d = arg min

^

d

C

2D

C

min

^

d

U

2 R

u

�

�

�

e � A W

^

d

�

�

�

2

: (5.3)

The argumen t of the minim isation in Eqn. (5.3) is quadratic in d so the inner minimi sation

2

The other prop erties include 
exibilit y and p ossible join t data and c hannel estimation.
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o v er d

U

ma y b e computed as follo ws

�

�

�

e � A W

^

d

�

�

�

2

= e

>

e � 2 e

>

A W

^

d +

^

d

>

W

>

A

>

A W

^

d

= e

>

e � 2 e

>

�

A

U

W

U

^

d

U

+ A

C

W

C

^

d

C

�

+

^

d

>

U

W

>

U

A

>

U

A

U

W

U

^

d

U

+2

^

d

>

C

W

>

C

A

>

C

A

U

W

U

^

d

U

+

^

d

>

C

W

>

C

A

>

C

A

C

W

C

^

d

C

:

T aking the deriv ativ e w.r.t.

^

d

U

yields

@

�

�

�

e � A W

^

d

�

�

�

2

@

^

d

U

= � 2 W

>

U

A

>

U

e + 2 W

>

U

A

>

U

A

U

W

>

U

^

d

U

+ 2 W

>

U

A

>

U

A

C

W

C

^

d

C

:

Setting the deriv ativ e to zero in order to �nd the minim um yields the estimate of d

U

from

the h yp othesis as follo ws

@ j e � A W d j

2

@

~

d

U

= 0

= ) W

>

U

A

>

U

A

U

W

U

~

d

U

= W

>

U

A

>

U

e � W

>

U

A

>

U

A

C

W

C

^

d

C

= )

~

d

U

= ( W

>

U

A

>

U

A

U

W

U

)

� 1

W

>

U

A

>

U

�

e � A

C

W

C

^

d

C

�

= W

� 1

U

( A

>

U

A

U

)

� 1

A

>

U

�

e � A

C

W

C

^

d

C

�

W e ha v e no w solv ed the inner minim isation where w e see that

~

d

U

is a function of the

constrained h yp othesis

^

d

C

. W e can think of this solution for d

U

b eing conditional max-

im um lik eliho o d since if w e kno w d

C

then it is simply the UMLSE solution as sho wn in

Chapter 3. Once w e ha v e a solution for d

C

from the constrained dynamic programming

problem w e can reco v er d

U

. By substitution of the solution for d

U

in to Eqn. (5.3) w e get

the constrained minim isation problem for d

C

~

d

C

= arg min

^

d

C

2D

C

min

^

d

U

2 R

u

�

�

�

e � A

U

W

U

^

d

U

� A

C

W

C

^

d

C

�

�

�

2

= arg min

^

d

C

2D

C

�

�

�

e � A

U

W

U

W

� 1

U

( A

>

U

A

U

)

� 1

A

>

U

�

e � A

C

W

C

^

d

C

�

� A

C

W

C

^

d

C

�

�

�

2

= arg min

^

d

C

2D

C

�

�

�

�

I

u

� A

U

( A

>

U

A

U

)

� 1

A

>

U

�

�

e � A

C

W

C

^

d

C

�

�

�

�

2

= arg min

^

d

C

2D

C

�

�

�

M

�

e � A

C

W

C

^

d

C

�

�

�

�

2

; (5.4)

where

M = I

LN

� A

U

( A

>

U

A

U

)

� 1

A

>

U

2 R

LN ;LN

is the pro jection matrix on to the n ull space of span f A

U

g as demonstrated under sligh tly

di�eren t conditions in Sec. 2.2.2. Note that M is indep enden t of W . This is b ecause
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the space spanned b y , for example, arbitrary v ectors x

1

and x

2

is the same as the space

spanned b y arbitrary w eigh ts of x

1

and x

2

.

W e call the system that implem en ts Eqn. (5.4) the Pr oje ction R e c eiver (PR) since it �rst

cancels the h yp othesis it mak es ab out d

C

(b y computing e � A

C

W

C

^

d

C

) and then pr oje cts

out all other transmissions, i.e., those describ ed b y A

C

. The length of the resulting v ector

is the metric for the h yp othesis

^

d

C

. Alternativ ely , w e can think of the h yp othesis test

o ccurring in the pro jected space M e � M A

C

W

C

^

d

C

.

F ollo wing the approac h of Sec. 3.5 of Chapter 3 w e can view the generation of the metric

geometrically . Consider a t w o user system where user 2 is placed in C and the other user

is placed in U . If their spreading co des are set to ha v e length 1 and b oth users actually

transmitted 1 then the metric for the correct h yp othesis d

C

= 1 is as sho wn as � in Fig.

5.2.
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Figure 5.2: 2 User Pro jection Receiv er Metric Generation.

W e see that the n ull space of A

U

is p erp endicular to s

1

b y de�nition. The retransmitted

h yp othesis s

2

^

d

2

is subtracted from the receiv ed v ector e and then the remaining in
uence

of the users in U is completely remo v ed b y the orthogonal pro jection on to n ull (span f s

1

g ).

F rom the geometric construction in Fig. 5.2 w e see op erations similar to the CMLSE and

UMLSE of Figs. 3.6 and 3.7 in Chapter 3. The h yp othesis cancellation is the CMLSE

part and the pro jection is consisten t with UMLSE op eration. This is no surprise since the

Pro jection Receiv er is constructed as a h ybrid constrained/unconstrained maximi sation

of the maxim um lik eliho o d probabilit y criteria.

Note that the solution c hosen b y the Pro jection Receiv er is maxim um lik eliho o d giv en

limited kno wledge ab out the transmissions in U . W e note that the dev elopmen t of the

Pro jection Receiv er has b een general with resp ect to the con ten ts of the sets C and U .

An y transmission, iden ti�ed b y a user n um b er k and sym b ol in terv al i , can b e placed in to
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5.2. The Pro jection Receiv er

either set. A t ypical application w ould b e to iden tify a set of users as out-of-cell users

and place them in the unconstrained set.

The application of the Pro jection Receiv er to single user deco ding will require

d

C

� d

k ; �

A

C

� A

k ; �

W

C

� W

k ; �

so

C = f j : j = iK + k ; i = 0 ; � � � ; L � 1 g (5.5)

and b y de�nition

U = f 0 ; 1 ; � � � ; LK � 1 g n C (5.6)

where the constrained set corresp onds to the user of in terest, i.e., user k .

W e need not b e so restrictiv e in the de�nition of the sets. In the case where a group

of users are highly correlated w e ma y wish to deco de them join tly in whic h case the

constrained set C w ould b e de�ned to con tain all transmissions b y this group and a join t

trellis w ould b e utilised to deco de the group. The complexit y of suc h a pro cedure ma y b e

prohibitiv e due to the size of the deco ding trellis for m ultiple users.

In what follo ws w e shall consider single user deco ding and the sets C and U will b e as

de�ned in Eqns. (5.5) and (5.6) resp ectiv ely . The co dew ord bit metric generated b y the

Pro jection Receiv er is th us

�

P R

j

(

^

d

j

) =

�

�

�

M

j

( e � a

j

p

w

j

^

d

j

)

�

�

�

2

(5.7)

where the pro jection matrix M

j

pro jects out all transmission but transmission j .

5.2.1 Application to Unco ded Comm unication

The unco ded system has b een studied extensiv ely in the literature and the Pro jection

Receiv er (PR) can b e used for detection for the unco ded case. Since the linear receiv er

of c hoice in unco ded comm unic ation has b een the Decorrelator (DC) w e will compare

the p erformance of the PR to the DC. By Eqns. (2.18) and (3.2) w e ha v e the estimate
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5.2. The Pro jection Receiv er

generated b y the DC in the form

~

d

j

= arg min

^

d

j

2f � 1 ; 1 g
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�

[( A

>

A )

� 1
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e ]
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= arg min

^

d

j

2f � 1 ; 1 g
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�
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>

j
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e �
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2

(5.8)

= arg min

^

d

j

2f � 1 ; 1 g

� 2 �

j

e

>

M

j

a

j

p

w

j

^

d

j

;

where the metric constructed for h yp othesis testing is formally de�ned as

�

D C

j

(

^

d

j

) = � 2 �

j

e

>

M

j

a

j

p

w

j

^

d

j

(5.9)

L emma 5.1 The p erformance of the Decorrelator and the Pro jection Receiv er are iden-

tical in unco ded comm unicati on.

Pr o of: In unco ded op eration hard decisions are made on d

j

as follo ws

~

d

j

= arg min

^

d

j

2f � 1 ; 1 g

�

j

�

^

d

j

�

:

When using metrics for h yp othesis testing all terms in the metric that are indep enden t

of the particular h yp othesis under consideration can b e considered as a constan t and

neglected in the minimi sation. The decisions made b y the PR using Eqn. (5.7) b ecome

~

d

j

= arg min

^

d

j
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� 2 e
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M
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j

p

w

j

^

d

j

: (5.10)

Since �

j

is a p ositiv e constan t (w.r.t. the detection of d

j

) the decisions made b y the PR

will b e the same as the decisions made b y the DC sp eci�ed in Eqn. (5.9)

Note that w e ha v e not considered the sync hronous or async hronous c hannel sp eci�cally ,

and th us Lemma 5.1 applies to b oth sync hronous and async hronous systems. W e no w

mo v e on to study the case where the users enco de there data whic h is certainly the case

in practice
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5.3 Sync hronous CDMA and the Pro jection Receiv er

When the CDMA c hannel o v er whic h the users are comm unicati ng to the receiv er is

sync hronous, the c hannel decouples in to L sub c hannels whic h are indep enden t of eac h

other in terms of b oth the data and the noise corrupting their outputs. The minimi sation

of Eqn. (5.4) can also b e decomp osed in to L indep enden t minim isations when the c hannel

is sync hronous as follo ws
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where the N b y N matrix M

k ;i

pro jects out all but user k in sym b ol in terv al i as follo ws
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� A

U ;i

�

A

>
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A
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�

� 1

A

>
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No w since the minim isations in the sum are indep enden t w e can break up the sum and

minimi se o v er eac h

^

d

k ;i

as follo ws

~
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(5.11)

= arg min

^

d

k ;i

2f � 1 ; 1 g

�

k ;i

(

^

d

k ;i

)

When the system is co ded individual

^

d

k ;i

m ust b e c hosen in a co ordinated manner so that

a v alid path through the single user trellis results.

5.3.1 Bit Error Probabilit y Analysis

In this section w e shall study the p erformance of the Pro jection Receiv er and Decorrelator

in terms of deco ded bit error probabilit y for b oth the Random Spreading Co de (R C) and

Fixed Spreading Co de (F C) sync hronous CDMA c hannels. Once again Euclidean distance

deco ding will b e assumed.

The branc h metrics for the deco ders ma y b e dev elop ed as a sum of squared co dew ord

bit distances. W e consider a path d

C

= d

k ; �

through the single user trellis corresp onding

to user k . In order to use the dev elop ed p erformance analysis for con v olutional co des

(e.g. [88]) w e m ust deriv e an expression for the probabilit y P

w

that a Hamming w eigh t

w path ( d

w

k ; �

) has a b etter metric than the all zero path (or all � 1 path) ( d

0

k ; �

), whic h w e

assume to b e transmitted. T o this end w e de�ne the metric for the path d

k ; �

with length
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corresp onding to L

u

information bits eac h enco ded in to n c hannel sym b ols as

�

k

(
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d

k ; �

) =

L

u

X

m =1

n

X

i =1

�

k ; ( m � 1) n + i

�

^

d

k ; ( m � 1) n + i

�

;

where the branc h metric is expressed as a sum of squared co dew ord bit distances, and

�

k ; ( m � 1) n + i

is the squared distance metric for co dew ord bit i in co dew ord m transmitted b y

user k . W e ha v e assumed the noise corrupting subsequen t co dew ord bits is not correlated

whic h allo ws indep enden t computation of the co dew ord{bit metrics. The Hamming w eigh t

w error v ector � =

^

d

w

k ; �

�

^

d

0

k ; �

has w elemen ts equal to 2. W e place the sym b ol n um b ers of

these errors in to the set G .

Decorrelator fed Deco der BER

Using Eqns. (2.18) and (3.2) w e can re-de�ne the Decorrelator metric as
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F or the deco der of user k fed b y the Decorrelator metric stream the probabilit y of c ho osing

a w eigh t w error path instead of the correct path is
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and th us
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where w e ha v e utilised the fact that statistically �

k ;i

s

>

k ;i

M

k ;i

n

i

is indep enden t in i .

Pro jection Receiv er fed Deco der BER

F rom Eqns. (5.9) and Eqns. (5.10) w e see that
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where the path selected b y the PR fed deco der is giv en in terms of the DC metrics. W e

can then get the probabilit y P

w

for the PR from (5.3.1)
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W e therefore get
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5.3. Sync hronous CDMA and the Pro jection Receiv er

L emma 5.2 F or R C sync hronous CDMA using Euclidean metrics for deco ding, P

P R

w

�

P

D C

w

.

Pr o of: Consider the argumen ts of the Q functions in (5.13) and (5.15) that determine

the error p erformance of the systems as fed b y the Decorrelator and Pro jection Receiv er

resp ectiv ely . By de�ning f ( x ) = 1 =x and emplo ying Jensen's inequalit y w e can re{write

the argumen t for the Pro jection Receiv er

2
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(5.18)

=

2 w

2

N

0

�

P

i 2G

�

k ;i

�

whic h states that the argumen t of the Q function for the Pro jection Receiv er is at least

as large as the argumen t for the Decorrelator. It follo ws that the error probabilit y of the

PR fed system is no w orse than the DC fed system. The inequalit y arises due to Jensen's

inequalit y for con v ex f ( x ) = 1 =x in x .

Although Lemma 5.2 indicated that the Pro jection Receiv er and Decorrelator fed systems

could p erform iden tically , this will happ en with probabilit y zero. The condition of the

random CDMA c hannel matrix A whic h w ould yield an equalit y is when then random

co de c hosen b y a user is the same for ev ery sym b ol in terv al. This will rarely o ccur giv en

statistically indep enden t selection of spreading co des.

Cor ol lary 5.1 F or a F C sync hronous, CDMA c hannel P

P R

w

= P

D C

w

.

Pr o of: In the F C c hannel eac h user is assigned a particular spreading co de. It follo ws

that A

i

= A

j

8 i; j . It then follo ws that �

k li

= �

k

8 i , th us equalit y is ac hiev ed in (5.18)

and the pro of is complete.

The result stated in Lemma 5.2 ma y seem surprising since for unco ded comm unic ation

the error rates are the same for the PR and DC systems (Lemma 5.1). The di�erence in

the co ded case arises b ecause the metrics are no w sums o v er sym b ol in terv als rather than

one{shot single sym b ol metrics. The deco ders build their metrics as the sum of squared

co dew ord bit distances. With the view that eac h metric consists of a pro jection follo w ed
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5.3. Sync hronous CDMA and the Pro jection Receiv er

b y a h yp othesis cancellation w e need only consider the pro jectiv e part to disco v er the

in tuitiv e reason for Lemma 5.2.

The part of the Pro jection Receiv er metric (Eqn. (5.11)) resulting from the pro jection

(and not the h yp othesis cancellation) is M e whereas the part of the Decorrelator metric

(Eqn. (5.8)) resulting from a pro jection is � a

>

M e .

F or the sak e of discussion consider a metric in the deco der for a path of length 2. Since w e

are using Euclidean metrics the metric for length 2 path can b e in terpreted as the length

of the sum of t w o orthogonal v ectors represen ting the individual co dew ord bit metrics.

With the view that the c hannel matrix is �xed and the noise is the only random pro cess

w e can observ e the follo wing.

� If the random part of the t w o metrics are con tin uous i.i.d. then the equiprobable

con tours of their orthogonal v ector sum will b e circles.

� If the random part of the t w o metrics are not i.i.d. then the equiprobable con tours

of their orthogonal v ector sum will not b e circles.

The Pro jection Receiv er is based on orthogonal pro jections [89] (as seen in Chp. 3) and

hence the noise samples in subsequen t pro jections are indep enden t, satisfying condition

1. Ho w ev er, the Decorrelator utilises non{orthogonal pro jections (as seen in Chp. 3) and

therefore satis�es condition 2. A Euclidean distance metric is therefore not appropriate

for sequence deco ding for the DC. The alteration that m ust b e applied to the DC metric

to accoun t for the elliptic con tours will yield nothing more than the metric of the PR.

This accoun ts for the degradation of the DC relativ e to the PR system in the co ded

case, despite the fact that, bit b y bit, the SNR's are iden tical for the t w o receiv ers and

th us the bit b y bit decisions are iden tical. A diagrammatic comparison of the pro jections

implem en te d b y the Pro jection Receiv er and Decorrelator is giv en in Fig. 5.3.

W e see that the mean of the Pro jection Receiv er pro jection is dep enden t on the angle

b et w een the spreading co des. In the R C case this angle will c hange from sym b ol in terv al

to sym b ol in terv al. The imp ortan t feature is that the v ariance of the distribution of the

PR pro jection is indep endent of the particular spreading co des, and th us the equiprobable

con tours of the Euclidean sum of t w o suc h metrics will b e circular. The Euclidean metric

is then the correct c hoice. In con trast the Decorrelator will yield ellipsoid due to the

v ariation in the v ariances of the metric from sym b ol in terv al to sym b ol in terv al.
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Figure 5.3: 2 User Visualisation of PR and DC Pro jections.

5.3.2 Av erage PR Degradations from SU BER

In this section w e determine the losses relativ e to single user p erformance for comm u-

nication o v er the random co de CDMA c hannel using the PR to driv e the single user

deco ders.

Gold Co de Sync hronous CDMA Channel

A sp ecial case of the CDMA c hannel is of in terest since it is often used in sim ulation

studies in the literature. Consider a system where Gold co des [6] are utilised as spreading

co des. It can sho wn that the �

k ;i

's for suc h a c hannel are indep enden t of k and i and

giv en b y

�

k ;i

=

N � K + 2

( N � K + 1)( N + 1)

:

F or the PR on the sync hronous c hannel w e ha v e from (5.15)
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It therefore follo ws that
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5.3. Sync hronous CDMA and the Pro jection Receiv er

L emma 5.3 The loss in dB from the single user b ound for a system using the Pro jection

Receiv er metric of Eqn. (5.4) is

L

P R

= 10 log

10

�

( N � K + 2) N

( N � K + 1)( N + 1)

�

dB : (5.20)

Pr o of: F or the single user system P

P R

w

= Q (2 w N = N

0

). De�ne the e�ectiv e SNR 
 as

the argumen t of the Q function de�ning the error probabilit y for b oth the SU and PR

systems as follo ws




S U

= 2 w N = N

0

;




P R

=

2 w ( N � K + 1)( N + 1)

N

0

( N � K + 2)

then the loss factor is as follo ws
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= 10 log

10

�

( N � K + 2) N
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�

dB :

F or example, when N = 15 and K = 10 the loss is 0 : 4 dB. This is v eri�ed b y sim ulations

presen ted in Sec. 5.7.

It is apparen t that as N and K b ecome large the loss is

L

P R

= 10 log

10

�

( N � K + 2)

( N � K + 1)

�

dB :

whic h is less than 3 dB. Ho w m uc h less is dep enden t on the relationship b et w een N and

K . If K � N and if N � K � 2 then there is no degradation from the single user b ound.

This is not surprising since these conditions yield a v ery ligh tly loaded system. Con v ersely

as the system approac hes the full capacit y (i.e., K ! N ) the loss will approac h 3 dB.

R C Sync hronous CDMA Channel

F or a Fixed Co de (F C) c hannel the � 's for a particular user are constan t and the b ounding

follo ws easily as in Sec. 5.3.2. Ho w ev er, for a R C c hannel, statistics of the distribution of

the � 's m ust b e found in order to ev aluate E

A

�

P

P R

w

	

. As deriv ed in Sec. 5.3.1 w e ha v e

for the R C sync hronous c hannel
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Concen trating on the argumen t of the Q function w e get
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where the second line follo ws from the �rst due to con v exit y of Q (

p

x ) and the third follo ws

from the second due to the statistical indep endence of the c hannel across sym b ol in terv als.

The �nal appro ximation results due to the sto c hastic indep endence of f q
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when ( K ! N ! 1 ). The a v erage error probabilit y no w dep ends on the exp ected v alue
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whic h is determined as follo ws
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since q

j

and s

k ;i

will b e indep enden t in the case of in terest ( K ! N ! 1 ). It follo ws

that
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as also computed in [90] as a lo w er b ound. The a v erage p erformance of the PR fed system

follo ws b y substitution
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L emma 5.4 The loss in dB from the single user b ound for a system using the Pro jection

Receiv er metric of Eqn. (5.4) with random spreading co des is
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dB (5.21)

Pr o of: F or the single user system P

P R

w

= Q (2 w N = N

0

). De�ne the e�ectiv e SNR 
 as

the argumen t of the Q function de�ning the error probabilit y for b oth the SU and PR

systems as follo ws
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5.4. Async hronous CDMA and the Pro jection Receiv er

As an example consider the N = 15, K = 10 system sim ulated in Sec. 5.7. The loss in

dB from SU p erformance is lo w er b ounded b y 4 dB according to Lemma 5.4.

W e ha v e seen that the PR outp erforms the DC but the PR results in a loss of a few dB

relativ e to single user p erformance when the system is highly loaded. It m ust b e p oin ted

out that ev en at half load, i.e., K � N = 2, a loss of a dB or so w ould represen t an enormous

impro v em en t o v er IS-95.

5.4 Async hronous CDMA and the Pro jection Receiv er

W e no w extend the results to the async hronous case. In the async hronous c hannel the

system do es not decouple as in the sync hronous case. W e cannot accum ulate appropriate

path metrics in the deco der b y summing single sym b ol Euclidean distance metrics due to

the ISI that exists b et w een successiv e output sym b ols. As in the sync hronous case

C = f j : j = iK + k ; i = 0 ; � � � ; L � 1 g

U = f 0 ; 1 ; � � � ; LK � 1 g n C

where C indexes all transmissions made b y a particular user and U indexes all other

transmissions. Sequences through single user deco ding trellises are therefore prescrib ed

b y the v alue of d

C

� d

k ; �

. F rom (5.4) w e ha v e
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and w e ha v e once again assumed W = I for clarit y . The metric for the h yp othesised path

^

d

k ; �

though user k 's deco ding trellis follo ws as
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(5.24)

If w e de�ne the matrix P (in a similar w a y to Sec. 5.3) to span the n ull space of A

U

then

M

k

ma y b e re{written as follo ws

M

k

= P P

>

where

P = n ull (span f A

U

g )
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5.4. Async hronous CDMA and the Pro jection Receiv er

Note that due to the de�nition of A

U

the pro jection matrix M

k

pro jects out all but the

transmissions due to user k .

W e no w consider the case where a single user is considered. T o accoun t for the ISI that

exists in a particular user's sequence the curren t metric m ust dep end on ev ery p ossible

past sequence for the giv en user. This follo ws directly from the results for the deco ding

of single user ISI c hannels [91]. The sequence of sym b ols of the user of in terest is isolated

b y pro jecting out all other transmissions.

The sequence metric can b e decomp osed in to a metric sum b y appropriately slicing the

pro jection matrix M

k

in to N � N blo c ks and appro ximating

3

it as a blo c k band diagonal

matrix. This appro ximation is reasonable since it has b een observ ed b y sim ulation that the

absolute v alues of the en tries in M

k

decrease with increasing distance from the diagonal

due to the async hronous nature of the c hannel and the structure induced in A . W e limit

the n um b er of matrices in eac h ro w of M

k

to 2 l + 1, so an example for l = 1 is

M

k

�

2

6

6

6

4

M

1 ; 1

M

1 ; 2

M

2 ; 1

M

2 ; 2

M

2 ; 3

M

3 ; 2

M

3 ; 3

M

3 ; 4

.

.

.

3

7

7

7

5

where it is noted that M

i;j

= M

>

j;i

. The path metric b ecomes

�

P R

k

(

^

d

k ; �

) =

L

X

i =1

 

�

^

d

k ;i

s

>

k ;i

� 2 e

>

k ;i

�

i + l

X

j = i � l

M

i;j

s

k ;j

^

d

k ;j

!

where the inner summation is along the i

th

blo c k ro w of M

k

. This metric can b e utilised

in a trellis searc h deco der with augmen ted state space, where w e increase the state space

b y 2

(2 l +1)

, similar to MLSE detection o v er single user ISI c hannels [91]. Ho w ev er, the

symmetry of M

k

has not b een exploited. Rather than summing along the ro ws of M

k

w e

can sum along the ro w un til the middle and then sum up the column, th us exploiting the

symmetry . The reason for this alteration is that the deco der need not store the future

h yp otheses,

^

d

k ;j

; j > i . The state space in the deco der can then b e halv ed, and the metric

rewritten as

�

P R

k

=

L

X

i =1

�

i

3

Theoretical justi�cation of the appro ximation ma y b e along the lines of the �lter con v ergence of Chp.

4.
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where
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i

= � 2 e

>
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k ;j

^
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k ;j

�

(5.25)

where the �rst term sums along the ro w of M

k

un til the middle, the second term sums

up the column from the middle, and the last term is simpli�ed due to symme try . Notice

that when the c hannel is sync hronous M

k

b ecomes blo c k diagonal and therefore l = 0.

The metric in (5.25) can b e utilised in a trellis searc h deco der with augmen ted state space,

where w e increase the state space b y 2

l

, similar to MLSE detection o v er single user ISI

c hannels [91]. Equiv alen tly w e can retain the original trellis and alter the branc h metric

generation

4

.

The Decorrelator and Matc hed Filter Receiv er can still b e utilised in the async hronous

c hannel b y straigh tforw ard extension of their sync hronous c hannel metho dology . F or the

Decorrelator the sync hronous c hannel metric is

�

D C

k ;i

(

^

d

k ;i

) =
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�

d

k ;i

+

�
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)

� 1
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2

from Eqn. (5.12) whic h no w b ecomes
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+
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Unfortunately due to the structure of ( A

>

A )

� 1

the noise corrupting

^

d

| ( k ;i )

and

^

d

| ( k ;m )

,

m 6= i is correlated and the metric is therefore sub optimal.

F or the Matc hed Filter Receiv er the sync hronous c hannel metric

�

M F
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(

^

d
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) =

�

�

�
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(5.26)

no w b ecomes

�

M F

j

(

^

d

j

) =

�

�

�

a

>

j

e �

^

d

j

�

�

�

2

(5.27)

whic h do es not amplify the noise lik e the Decorrelator but has the usual in terference

problems of the matc hed �lter.

4

The added complexit y is transferred to the computation of the metrics.
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5.4. Async hronous CDMA and the Pro jection Receiv er

5.4.1 Bit Error Probabilit y Analysis

The error probabilit y for an error sequence of Hamming w eigh t w based on PR metrics is
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(5.28)
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5.4. Async hronous CDMA and the Pro jection Receiv er

By setting l = 0 ( M

i;j

= 0 8 i 6= j ) Eqn. (5.28) is consisten t with the expression for the

sync hronous case (5.16).

5.4.2 The R C Async hronous CDMA Channel

Consider the structure of the N � N sub{matrix M

i;j

of the pro jection matrix. This

matrix is constructed from blo c ks of N ro ws of P as determined b y i and j , where again

P is an orthonormal basis for n ull (span f A

U

g ) of dimension �u = L ( N � K + 1). The

construction is

M
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; (5.29)

where P
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is de�ned as follo ws
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F rom this statemen t w e conclude that
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In the sync hronous c hannel P

i

will ha v e only N � K + 1 columns that are non{zero.

Ho w ev er, in the async hronous c hannel the n um b er of non{zero columns will increase.
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W e can no w pro ceed in a manner similar to that of the sync hronous c hannel.
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where the inequalit y follo ws from the con v exit y of Q (

p

x ) in x . The fourth line follo ws

from the third since the spreading co des are i.i.d. W e note that the probabilit y of a w eigh t

w error path is the same as for the sync hronous c hannel.

L emma 5.5 The loss in dB from the single user b ound for a system using the Pro jection

Receiv er metric of Eqn. (5.4) with async hronous random spreading co des is

L

P R

� 10 log

10

�

N

N � K + 1

�

dB (5.32)

Therefore the lo w er b ound on p erformance loss is the same as the sync hronous c hannel.

The complexit y of metric generation for the async hronous c hannel is ho w ev er greater than

the sync hronous c hannel due to the decoupled nature of the sync hronous c hannel.

5.5 The MAPSSE solution

The m ultiuser CDMA c hannel can b e though t of as a single user time v arying ISI c han-

nel [51]. This follo ws from the band diagonal structure of the R matrix whic h describ es

the c hannel as seen after a co de matc hed �lter bank. The ISI c hannel for transmission j
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5.5. The MAPSSE solution

is then ro w j of the R matrix. If the c hannel w as �ltered to yield a WNPDS (see Chp. 4)

then the resulting F matrix describing the c hannel also can b e though t of as a minim um

phase single user time v arying ISI c hannel [70, pg. 551] again due to its lo w er triangular

band structure.

W e will consider the ISI c hannel resulting from the WNPDS for reasons that will b ecome

apparen t. Since the en tire output is y = F d + n , output j of the c hannel is

y

j

= f

j

W

j

d

j � K +1

j

+ n

j

where
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j

, ( F
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)

W

j

, diag f w
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; � � � ; w

j

g

d

j � K +1

j

, ( d

j � K +1

; � � � ; d

j

)

>

:

W e see that f

j

is the nonzero part of ro w j of F and d

j � K +1

j

is the sub{v ector of d

that m ultipli es this sub{ro w of F in F d . Based on the w ork of Mehlan and Meyr [80]

w e construct, via the MAP criterion, soft output information for subsequen t single user

deco ding. W e study the MAP solution for comparison with the Pro jection Receiv er. This

formalism has b een published b y the author in [92].

Unlik e the sequence estimators of Chapters 2 and 3 here the probabilistic criteria will b e

stated for single sym b ols only , using the system of Bahl [93]. The sp eci�c MAP criteria is

~

d

j

= arg max

^

d

j

P

�

^

d

j

j y

�

(5.33)

where the estimate

~

d

j

is set to the h yp othesis

^

d

j

that maximi ses the probabilit y that

^

d

j

w as transmitted giv en kno wledge of the en tire receiv ed sequence y . This t yp e of estimator

is called the Maxim um A-P osteriori Single Sym b ol Estimator (MAPSSE) , and the metric

is the a-p osteriori single sym b ol probabilit y .

F or eac h

^

d

j

the MAP probabilit y as sp eci�ed in Eqn. 5.33 will b e computed and passed

to the particular single user deco der corresp onding the user that transmitted d

j

, ( k = j

mo d K ).

The computation of these probabilities is no w describ ed. The ob jectiv e is no w to �nd a

path through the trellis that satis�es the criterion in Eqn. 5.33.

92



5.5. The MAPSSE solution

The MAP probabilit y can b e re{written as
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(5.34)

via Ba y es theorem and a v eraging o v er an in tro duced v ariable.

F urther simpli�cation is p ossible via the realisation that the dep endence of ( y
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W e ha v e used the fact that dep endence of y

LN � 1

j +1

on d

j

j � K +1

and y

j

0

is the same. When

the starting ( j = 0) and terminating ( j = LN � 1) states of the system are kno wn, these

t w o probabilities ma y b e solv ed b y forw ard and bac kw ard recursion resp ectiv ely [93].

The �rst term in Eqn. (5.35) is th us
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where the forw ard recursion b ecomes apparen t. The mec hanism whereb y a new state

probabilit y is obtained from t w o older

5

ones is sho wn in Fig. 5.5.

The conditional probabilit y iden ti�es the probabilit y of the transition from state d
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to
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giv en the output of the c hannel and is giv en b y
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(5.36)

5

In terms of the recursion.
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Figure 5.4: F orw ard Recursion in MAPSSE.

where �

2

is the v ariance of the A W GN on the c hannel. The other term in Eqn. (5.35) is
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where the bac kw ard recursion b ecomes apparen t. The conditional probabilit y iden ti�es

the probabilit y of the transition from state d

j

j � K +1

to d

j +1

j � K +2

giv en the output of the

c hannel. This transition probabilit y is de�ned as in Eqn. (5.36). The mec hanism whereb y

a new state probabilit y is obtained from t w o older

6

ones is sho wn in Fig. 5.5.

5.6 The Sub-Optim al Implem e n tation

The recursions prescrib ed b y the MAPSSE required the reception of the complete sequence

y b efore metrics for individual sym b ols can b e constructed. Clearly this in unsatisfactory

for practical implem en tation of the bac kw ard recursion. The complexit y of the forw ard

recursion is also prohibitiv e. The forw ard recursion is therefore appro ximated b y making

the assumption that one of the states from whic h d

j

j � K +1

is deriv ed has probabilit y m uc h

higher that the other. Sp eci�cally ,
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(5.37)

6

In terms of the recursion.
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Figure 5.5: Bac kw ard Recursion in MAPSSE.

where d
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is selected as follo ws
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This pro cess is reminiscen t of the no de extension pro cess in breadth �rst tree searc h

algorithms [44]. The bac kw ard recursion is simpli�ed b y starting the recursion pro cess at

sym b ol in terv al j + 1 instead of LN � 1. W e set the state probabilities of the c hildren of

d

j

j � K +1

to b e 1 = 2. The resulting simpli�cation is
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Consider no w the substitution of these appro ximate ev aluations in to Eqn. (5.35).
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Giv en some state d

j � 1

j � K

satisfying Eqn. (5.38) the branc h metrics utilised in the compu-

tation of P

�

d

j

j � K +1

; y

�

can b e describ ed b y branc hes on a depth 2 binary tree. In order

to pro duce the sequence of metrics
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The M Algorithm is emplo y ed as it w as in [80]. The algorithm extends the M surviving

states at time j � 1 to 2 M h yp othesised states at time j . The state metrics corresp onding

to these states are computed using Eqn. (5.39) where
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The probabilities in (2) and (3) are nothing more than transition probabilities. Since

there are M suc h states at time j � 1 there are 2 M states d
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from whic h M are

retained. The selection criteria is to c ho ose the 2 states with the highest P
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; y
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with di�eren t d

j

. Although only 2 of the four states are retained, all of the state metrics

are utilised to pro duce the sym b ol lik eliho o ds via Eqn. 5.34 where the top sum has 2

elemen ts and the b ottom has 4 elemen ts. The metho d for pro ducing t w o of the state

probabilities P
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from one of the surviving states in sho wn in Fig. 5.6
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Figure 5.6: Sub{Optimal MAP Computation.

Metrics for single user deco ding of user k can b e extracted from � as follo ws
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where �

k ;i

( � 1) is the MAPSSE metric for the h yp othesis � 1 in sym b ol in terv al i trans-

mitted b y user k , and | ( k ; i ) = iK + k � 1.
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W e ha v e seen that the sub{optimal MAP metrics are generated b y the application of

a �lter (either the NWMF or the OBF) to the CDMA c hannel output follo w ed b y a

breadth �rst tree searc h. The complexit y of the system is therefore signi�can tly greater

than the purely linear metric generation tec hniques suc h as the Pro jection Receiv er and

the Decorrelator.

The philosoph y of the system structure emplo y ed here is to resolv e the m ultiuser part of

the c hannel b y a in terference cancellation t yp e sc heme on the co dew ord bits d . The �nal

deco ding of the information bits b are then handled in a single user fashion. Sp eci�cally ,

the metric for some path d

k

through user k 's trellis is

Q

L � 1

i =0

P

�

d

k ;i

j y

�

.

5.7 Sim ul ation

In this section w e v erify analytical results relating the Pro jection Receiv er, Decorrelator

and Matc hed Filter Receiv er fed deco der systems. Sim ulation w as carried out for b oth the

sync hronous and async hronous c hannels mo delled b y Eqns. (2.6) and (2.9) resp ectiv ely .

In all cases spreading co des of length N = 15 w ere c hosen. In most cases random co des

w ere generated for eac h user in eac h c hannel sym b ol in terv al and the di�eren t receiv ers

sim ulated. The distribution on the c hips is i.i.d in user n um b er k 2 f 1 ; � � � ; K g , sym b ol

in terv al i 2 f 0 ; � � � ; L � 1 g , and c hip index j 2 f 0 ; � � � ; N � 1 g as follo ws

P ([ s

k ;i

]

j

= � 1) = 0 : 5

P ([ s

k ;i

]

j

= +1) = 0 : 5

In the sync hronous c hannel Gold co des w ere also utilised in order to assess the p erformance

of the system when sync hronism could b e main tained th us allo wing spreading co de design.

In theory co des could b e designed for the async hronous c hannel asw ell. Ho w ev er, a new

selection of co des w ould ha v e to made eac h time the o�sets of the users c hanged. Since this

c hange could o ccur quite frequen tly in a mobile comm unications system co de re-selection is

infeasible. The unco ded data w as also assumed to b e i.i.d in k and i 2 f 0 ; � � � ; L

u

� 1 g and

distributed equiprobable from f� 1 ; 1 g . The elemen ts of the noise v ector n are generated

as a zero mean white Gaussian pro cess with v ariance

E

�

n

2

j

	

=

N

2 RE

b

= N

0

where R = 1 = 2 is the rate of the con v olutional co de utilised b y the users and E

b

is the

energy transmitted on to the c hannel as a result of one information bit.

Since the ob ject of the sim ulation w as to v erify results no particular atten tion w as giv en

to the selection of the common error con trol co de utilised b y the users. The error con trol

97



5.7. Sim ulation

co de used is a rate 1/2 co de with constrain t length � = 3, generators G = 5 ; 7 and

d

free

= 5.

W e �rst in v estigated the p erformance of the receiv er as it dep ends on the noise in the

A W GN c hannel o v er whic h the users comm uni cate with the receiv er. The receiv ed p o w er

of eac h of the users w as set to b e equal. The p erformance of the systems w as then assessed

for di�eren t n um b ers of users. The aim with these results w as to in v estigate the maxim um

n um b er of users that can b e supp orted for a giv en spreading co de length, N .

Most of the sim ulations are carried out to v erify results stated in Lemmas p ertaining to

losses from single user p erformance. The MAP based system from Sec. 5.5 w as sim u-

lated in order to demonstrate what w as p ossible using non{linear devices. The Pro jection

Receiv er, Decorrelator, and Matc hed Filter Receiv er are linear in nature. Without theo-

retical justi�cation w e exp ected the MAP system to p erform b etter due to its dynamic

programming basis where data estimates are considered join tly .

5.7.1 Sync hronous Channel

The Gold co des w ere generated using generator p olynomials

g

1

( x ) = x

4

+ x

3

+ x

2

+ x

1

+ 1

g

2

( x ) = x

2

+ x

1

+ 1

There are 15 suc h co des of whic h ten w ere c hosen, one for eac h user. The particular selec-

tion is irrelev an t since the correlation matrix is in v arian t under the selection. Sp eci�cally

the correlation of an y particular co de with all other co des is a constan t.

F or the K = 10, N = 15 the degradation from single user p erformance is exactly 0 : 4 dB

for the Gold co de c hannel and at least 4 dB for the random co de c hannel with PR metrics

from Lemmas 5.3 and 5.4. These v alues corresp ond with the sim ulation results in Fig.

5.7. The more complex MAP system p erforms sligh tly b etter than the PR system. As

predicted b y Lemma 5.2 the Pro jection Receiv er p erforms b etter than the Decorrelator.

W e w ere not able to determine ho w m uc h b etter analytically , but the sim ulation sho ws

appro ximately 1 dB impro v em e n t.

As the n um b er of users in the system increases the system b ecomes less orthogonal since

w e are placing more v ectors in the same space. This reduction in orthogonalit y ma y

impact on the p erformance of the receiv ers, esp ecially since in the case of the Pro jection

Receiv er and Decorrelator the metric generation is based on spreading co des only . F or

a �xed spreading co de length ( N = 15) and �xed E

b

= N

0

= 6 dB the p erformance is
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Figure 5.7: Receiv er P erformance on the Sync hronous Channel for V arying Noise P o w er.

sho wn in Fig. 5.8 where the n um b er of users is increased incremen tally from 3 to 15.

The maxim um n um b er of users than can b e supp orted b y the Pro jection Receiv er and

Decorrelator systems is equal to the spreading co de length b ecause then c hannel matrix

b ecomes singular for K > N .

In Fig. 5.8 w e observ e a degradation in p erformance as the system load increases. This is

consisten t with the notion that as the c hannel c hanges the capacit y (in bits p er c hannel

use) of the c hannel c hanges. Sp eci�cally , as the n um b er of users in the c hannel increases

the total rate at whic h information is b eing transmitted across the c hannel exceeds the

capacit y of the c hannel and no co ding can reduce the error rate b elo w that of the same

system without co ding. An alternativ e p oin t of view is that the n ull space pro jectiv e

systems end up pro jecting out all of the energy of the desired transmission.

5.7.2 Async hronous Channel

The async hronous systems w ere sim ulated for random co des only since co de design is not

fruitful on the async hronous c hannel due to the random alignmen t of the spreading co des.
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Figure 5.8: Receiv er P erformance on the Sync hronous Channel for V arying Num b er of

Users.

The p erformance of the receiv ers of in terest in sho wn in Fig. 5.9 as a function of the noise

p o w er in the c hannel.

As w e sa w in Sec. 5.4 the metric for the Pro jection Receiv er on the async hronous c hannel

is di�eren t from the metric for the sync hronous c hannel due to the correlations that

exist in the async hronous c hannel. The Pro jection Receiv er used sequence metrics as

prescrib ed in Sec. 5.4 but the Matc hed Filter Receiv er and Decorrelator systems use the

single sym b ol metrics of Sec. 5.3. W e see that the PR metric is a metric for an en tire

sequence through the co de trellis of user k whereas the MF and DC metrics are single

sym b ol metrics that do not accoun t for the rest of the h yp othesised path in the trellis.

Clearly , the MF and DC are disadv an taged b y this fact.

W e see that the p erformance is quite similar to that of the sync hronous c hannel with the

degradation of the PR b eing predicted to b e at least 4dB.

The p erformance for v arying n um b er of users in an async hronous en vironmen t is sho wn

in Fig. 5.10. W e see p erformance comparisons that re
ect the sync hronous case where

the p erformance is dep enden t on the load in the system. When the system is more than
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Figure 5.9: Receiv er P erformance on the Async hronous Channel for V arying Noise P o w er.

half loaded the error probabilit y b ecomes unacceptable for most applications.

5.8 Summ ary

In this c hapter sc hemes for deco ding using single user deco ders o v er a m ultiuser CDMA

c hannel ha v e b een devised, analysed and sim ulated. The main system of in terest w as the

Pro jection Receiv er whic h is the maxim um lik eliho o d estimator for single user sequences

giv en only limited kno wledge of the other users. The classical Decorrelator w as studied

in parallel with the Pro jection Receiv er.

The Pro jection Receiv er is sub-class optimal, where the sub-class is de�ned b y all receiv ers

that are giv en only spreading co de and timing information ab out the other users in the

system. This follo ws from the ML criteria from whic h the PR w as deriv ed. F or the

purp oses of comparison another metric generator w as deriv ed b y in terpreting the m ultiuser

CDMA c hannel as a time v arying ISI c hannel. The w ork of Mehlan and Meyr [80] could

then b e applied to the c hannel of in terest.
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Figure 5.10: Receiv er P erformance on the Async hronous Channel for V arying Num b er of

Users.

Analytical statemen ts relating to the Pro jection Receiv er and Decorrelator p oin ted out

that the former p erforms at least as w ell as the latter on the random co de sync hronous

c hannel when co ding w as emplo y ed with additiv e metrics. This is the case with single

user deco ding of con v olutional co des o v er the A W GN c hannel.

In terestingly the Pro jection Receiv er and Decorrelator p erform iden tically in the unco ded

case. This is b ecause the relativ e size of the metric from bit to bit do es not matter since

a decision is made on eac h bit indep enden tly of the other bits.

The exp ected degradation for the p erformance of a single user system w as deriv ed for the

Pro jection Receiv er on b oth the random co de and sync hronous Gold co de c hannels. In the

case where the near orthogonal Gold co des w ere emplo y ed the loss from SU p erformance

w as minim al but in the random co de c hannel the loss w as sev eral dB. The reason for

the loss is the correlation of the random co de c hannel whic h is m uc h more sev ere than

the Gold co de sync hronous c hannel. The large degradation relativ e to the SU b ound

is quite concerning and a conclusion ma yb e that these sc hemes whic h try to deal with

the m ultiuser problem b efore single user deco ding ha v e the incorrect structure. W e note

ho w ev er that it is not kno wn if the optimal solution will ac hiev e SU p erformance. The
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5.8. Summary

w ork of Gran t [30] has sho wn that the m ultiuser problem should b e in tegrated with the

deco ding problem. The optimal solution in terms of bit{error{rate has a full in tegration

via a join t trellis. W e ha v e prop osed the Maxim um Lik eliho o d linear metric generation

sc heme whic h has realisable complexit y .
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Education is an admirable thing,

but it is w ell to remem b er from time to time that

nothing that is w orth kno wing can b e taugh t.

Osc ar Wilde

Chapter 6

Conclusion

6.1 Summ ary

Despite the imp ortance of the application of error co ding to mobile comm unications sys-

tems researc h on the sub ject for the CDMA c hannel has b een scan t. In this thesis the

author has con tributed to the area directly . Unfortunately , due to the nature of the

CDMA system itself, the optimal deco ding strategy is to o complicated. Driv en b y the

need to study the e�ect of the c hannel on the detection problem a concise linear mo del w as

dev elop ed in Chapter 2. The mo del em b o dies the p ossibly random selection of spreading

co des from sym b ol to sym b ol and the p ossibly async hronous nature of the users transmis-

sions at the receiv er. Although not required in this thesis the mo del is simply extended

to accoun t for m ultipath c hannels.

Owing to the linear nature of the CDMA c hannel mo del the problem of detection o v er suc h

a c hannel falls hea vily on the �eld of linear algebra. Moreo v er, con v enien t geometrical

in terpretations of the linear system are a v ailable as sho wn in Chapter 3 where the w ell

kno wn receiv ers for the unco ded CDMA system w ere presen ted geometrically . Suc h an

insigh t clearly iden ti�es suc h pro cesses as in terference cancellation and pro jection, t w o

mec hanisms cen tral to the linear problem that is the CDMA c hannel.
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6.1. Summary

With the c hannel mo del established the problem of deco ding correlated (co ded) sequences

transmitted o v er this linear c hannel w as addressed in Chapter 5. The initial attac k to

the problem w as to structure the deco ding system suc h that in terference due to the

CDMA c hannel w as accoun ted for in a linear manner. Subsequen t single user deco ding

tec hniques w ere then applied to reco v er the information bit estimates for eac h user. These

single user deco der op erated indep enden tly of eac h other. The other metho d w as to

accoun t for the m ultiuser CDMA c hannel in a non{linear dynamic programming metho d

prior to single user deco ding. Both of these sc hemes are sub{optimal due to the single

user deco ding impleme n ted in the system. This structure w as emplo y ed for complexit y

constrain t reasons.

Tw o metho ds for generation of single user deco ding metrics in a linear manner w ere con-

sidered extensiv ely . The Pro jection Receiv er and Decorrelator w ere compared analytically

and it w as found that although in unco ded comm uni cation they p erform iden tically , the

Pro jection Receiv er p erforms at least as w ell as the Decorrelator in co ded comm uni cation.

The in tuitiv e argumen t for this in teresting result stated that the Euclidean metric w as the

incorrect path metric for the Decorrelator. The Pro jection Receiv er system w as sho wn to

maxim um lik eliho o d for a giv en user when the only kno wledge of the other users in the

system w as their dela y and spreading co de information.

The e�ectiv eness of a m ultiuser system can b e ascertained b y comparing its p erformance

to that of a single user system. This w as done theoretically for the Pro jection Receiv er

and Decorrelator fed deco ding system and the degradations for b oth systems w ere found

to b e dep enden t on the ratio of the n um b er of users to the spreading co de length. This

w as true for b oth the sync hronous and async hronous random spreading co de c hannels.

The predicted degradations w ere v eri�ed b y sim ulation and compared with the non{linear

metric generator based on the single sym b ol maxim um a{p osteriori probabilit y (MAP)

criteria. Although the MAP solution p erformed b etter than its t w o linear comp etitors,

they w ere all sev eral dB a w a y from single user bit-error{rate p erformance. This is a

concerning result for the system structure whic h com bats the in terference problem in one

blo c k and then deco des the users as if their c hannels w ere m utually indep enden t. It m ust

ho w ev er b e recognised that the receiv er that is optimal in terms of bit{error{rate for the

CDMA c hannel ma y pro vide p erformance that degrades with increasing user p opulation.

The judgemen t that can b e made on the linear metric generators is that since they do not

share information they will not ac hiev e near optim um p erformance. In fact, in some sense

the linear devices are single user devices since they ignore the data (co ded or unco ded)

of all the other users. The linear devices accoun t for the other users through kno wledge

of spreading co de only and this app ears to b e insu�cien t information to p erform near
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optimal deco ding. In terference cancellation, of co dew ord{bits, w as implem en ted b y the

MAP solution prop osed in Chapter 5. Information sharing at this lev el also p erformed

p o orly and it seems that a lo w complexit y metho d for sharing information p ost deco ding

m ust b e devised if near optimal p erformance is to b e obtained.

The non-linear metric generator used for comparison to the linear systems w ould not ha v e

b een p ossible to implem e n t without the generation of a White Noise P artially Decorrelated

Statistic. Indeed sev eral other receiv ers prop osed in the literature rely on the generation

of this statistic of the transmitted data. The �lter required to generate suc h an output

w as considered in Chapter 4. In the async hronous c hannel the deriv ation of the �lter is

di�cult due to the dep endence of early �lter co e�cien ts on latter co e�cien ts. Sliding

windo w solutions w ere prop osed and justi�ed in terms of the error when compared with

ideal exact �lter construction. The deriv ation algorithm w as sho wn to ac hiev e zero error

asymptotically and the error size w as sho wn to decrease monotonically . This feature

p ermits the premature susp ension of the algorithm th us reducing the deco ding dela y in

the system.

Although the p erformance of linear metric generator systems studied in this thesis ma y

seem unsatisfactory the systems w ere sim ulated for large n um b ers of users compared to the

spreading co de length. The theory dev elop ed here stated that the degradation w ould not

b e nearly as sev ere for less users with the same spreading co de length. Unfortunately the

desire for highly loaded systems is strong due to their sp ectral e�ciency . This direction

m ust b e pursued further.

6.2 F uture W ork

With the long term viabilit y of the linear system metric generators in doubt di�eren t

receiv er structures will need to b e in v estigated. Colleagues of the author ha v e b egun

this task and it app ears that information sharing after single user deco ding [94, 95] is

the correct system structure. The complexit y issue for suc h system ma y b e the biting

constrain t on their implem e n tation. Also, deco ding dela y ma y pro v e to b e unacceptable.

In an y case, kno wledge of the c hannel will most probably b e required in an y receiv er that

hop es to ac hiev e satisfactory p erformance. Medard [96] sho ws that imp erfect c hannel

kno wledge forces that capacit y of the c hannel do wn. The most fundamen tal indeterminate

parameter of the c hannel is the dela y of eac h users w a v eform at the receiv er [16, 97,

98]. The generalisation follo ws as the m ultipath c hannel impulse resp onse that eac h user

comm unicates o v er to the base station [15, 99, 100]. Some ha v e analysed the degradation
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of the p erformance of linear receiv er systems giv en some timing estimation error [101].

The k ey to the success of all of the ab o v e sc hemes is that the spreading co des are �xed.

This feature allo ws the data and noise to b e a v eraged out lea ving the c hannel b ehind in

the statistic. Ho w ev er, w e wish to use random spreading co des and the subspace of the

c hannel alters from sym b ol in terv al to sym b ol in terv al (unlik e the �xed co de case). The

c hallenge is to devise c hannel estimation sc heme for the case where pseudo random (and

therefore kno wn at the receiv er) spreading co des are emplo y ed b y the users.
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