
THE UNIVERSITY OF SOUTH AUSTRALIA
SCHOOL OF ELECTRONIC ENGINEERING

Analysis of Frequency Conversion
for  M±QAM and M±PSK Modems

Jeffrey John Wojtiuk, B.Eng (Hons)

A thesis submitted in fulfilment of the requirement for the degree of
Master of Engineering in Electronic Engineering

February 1995



i

TABLE  OF CONTENTS

SUMMARY ix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

DECLARATION x. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

ACKNOWLEDGEMENTS xi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

GLOSSARY xii. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1  Intr oduction 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.1  Communication System Model 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.2  Bit Error Rate and Implementation Loss 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.3  The Quadrature Hybrid Circuit 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.4  Local Oscillator Phase Noise 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.5  Thesis Preview 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.6  Reasons for This Work 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

1.7  Analytical Models and Simulation Models 7. . . . . . . . . . . . . . . . . . . . . . . . . . 

1.8  Summary of Original Contribution 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2  Frequency Conversion Using Quadrature Hybrid Cir cuits 9. . . . . 

2.1  Introduction 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.2  Imperfections in the Frequency Conversion Process 9. . . . . . . . . . . . . . . . . . . 
2.2.1  Quadrature Phase Error Between the I and Q Channels 9. . . . . . . . . . . . 
2.2.2  Amplitude imbalance between the I and Q Channels 10. . . . . . . . . . . . . . 
2.2.3  Carrier Leakthrough 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
2.2.4  DC Offsets in the I and Q Channels 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.3  Characterisation of a Modulated Carrier 11. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.4  Analysis of a System with Up and Down Converter Imperfections 13. . . . . . . 
2.4.1  Up Conversion 13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
2.4.2  Down Conversion 15. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

2.5  Conclusions 17. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



ii

3  Linear Transformation of Transmitted Symbols Due to Frequency

   Conversion 18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

3.1  Introduction 18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

3.2  The Received Signal Constellation 18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

3.3  Transformation of the Input Noise by the Down Converter 22. . . . . . . . . . . . . 

3.4  Diagonalization of the Noise Covariance Matrix 25. . . . . . . . . . . . . . . . . . . . . . 

3.5  Calibration of the Noise Variance for BER Analysis 32. . . . . . . . . . . . . . . . . . . 

3.6  Conclusions 33. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4  Analysis of M±QAM and M±PSK Modulation Schemes with

   Quadrature Hybrid Imperfections 34. . . . . . . . . . . . . . . . . . . . . . . . . 

4.1  Introduction 34. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.2  QAM Signal Constellations 34. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.3  QAM Decision Regions 35. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.4  Symbol Error Probabilities for QAM Decision regions 36. . . . . . . . . . . . . . . . . 

4.5  M±PSK Signal Constellations 40. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.6  Symbol Error Probability for PSK Decision Regions 41. . . . . . . . . . . . . . . . . . 
4.6.1  A Note about the Rotational Invariance of the Noise PDF 43. . . . . . . . . . 

4.7  BER Expressions for M±QAM and M±PSK 44. . . . . . . . . . . . . . . . . . . . . . . . . 
4.7.1  Special Considerations for the Summation of Symbol Error 
         Contributions 45. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

4.8  Conclusions 46. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5  Analysis of M±QAM and M±PSK Modulation Schemes with Local

   Oscillator Phase Noise 48. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5.1  Introduction 48. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5.2  Phase Noise and Frequency Stability 48. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5.3  Time Domain Representation of Phase Noise 49. . . . . . . . . . . . . . . . . . . . . . . . 

5.4  Frequency Domain Representation of Phase Noise 50. . . . . . . . . . . . . . . . . . . . 

5.5  The CRL Phase Estimate Error Variance 53. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

5.6  Phase Noise Numerical Integration Technique 55. . . . . . . . . . . . . . . . . . . . . . . 

5.7  BER Expression in Terms of SNR and Phase Jitter Variance 57. . . . . . . . . . . . 
5.7.1  The Tikhonov PDF 57. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
5.7.2  Gaussian Approximation to the Tikhonov PDF 60. . . . . . . . . . . . . . . . . . . 



iii

5.7.3  Conditional Probability of Error for M±QAM 62. . . . . . . . . . . . . . . . . . . . 
5.7.4  Conditional probability of Error for M±PSK 64. . . . . . . . . . . . . . . . . . . . . 

5.8  Conclusions 65. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6  BER and Implementation Loss Results 66. . . . . . . . . . . . . . . . . . . . . 

6.1  Introduction 66. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.2  BER Graphs for Combined Error Parameters 67. . . . . . . . . . . . . . . . . . . . . . . . 
6.2.1  BER Results Discussion 77. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.3  Implementation Loss Graphs 78. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.1  General Performance of Modulation Schemes with Implementation 
          Loss 85. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.3.1.1  Amplitude Imbalance 86. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.1.2  Quadrature Phase Error 86. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.1.3  DC Offset 86. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.1.4  Carrier Phase Offset 87. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.1.5  Phase Jitter 87. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.3.2  General Trends in the Quadrature and Amplitude Imbalance Results87. . 
6.3.2.1  QPSK Amplitude Imbalance 88. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.3.2.2  8±QAM Amplitude Imbalance 89. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.4  Implementation Loss Graphs to Compare PSK and QAM Schemes 90. . . . . . . 
6.4.1  Overall Comparison of PSK QAM Sensitivity to Error Parameters 94. . . 

6.5  Comparison with Other Published Results 94. . . . . . . . . . . . . . . . . . . . . . . . . . 

6.6  Conclusions 95. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

7  Conclusions 97. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

7.1  Concluding Remarks 97. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

7.2  Assumptions Made in Using the Analytical Model 99. . . . . . . . . . . . . . . . . . . . 

7.3  Suggestions for Further Work 99. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX A : Complex Envelope Representation of a Modulated

                         Signal After Frequency Conversion 103. . . . . . . . . . . . . 

A.1  Up Conversion 103. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

A.2  Down Conversion 105. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX B : Symbol Error Probability for QAM Decision 

                          Regions 108. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

B.1  Type I Region 111. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



iv

B.2  Type II Region 112. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

B.3  Type III Region 113. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

B.4  Type IV Region 114. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX C : BER Expressions for M±ary QAM 122. . . . . . . . . . . . . 

C.1  8±QAM 122. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

C.2  16±QAM 123. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

C.3  32±QAM 125. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

C.4  64±QAM 127. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX D : Symbol Error Probability for the PSK Decision 

                          Region 129. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX E : BER Expr essions for M±ary PSK 136. . . . . . . . . . . . . . 

E.1  QPSK 136. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

E.2  8±PSK 137. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

E.3  16±PSK 137. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

E.4  32±PSK 138. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

E.5  64±PSK 138. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

APPENDIX F: Multi±Rate Earth Resources Satellite Demodulator140

F.1  General Description 140. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

F.2  System Block Diagram 141. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

F.3  Measured Quadrature Phase and Amplitude Imbalance 141. . . . . . . . . . . . . . . . 

F.4  Measured BER Performance 143. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



v

LIST  OF FIGURES

Figure 1.1 ± Communication System Model 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 1.2 ± A Quadrature Hybrid Up Converter 4. . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 2.1 ± Digital Communications System with SSB Frequency Conversion11. . . 

Figure 2.2 ± Direct Conversion Up Converter with Imperfections 13. . . . . . . . . . . . . . 

Figure 2.3 ± Direct Conversion Down Converter with Imperfections 15. . . . . . . . . . . 

Figure 3.1 ± Distortion of the Received Signal Constellation 18. . . . . . . . . . . . . . . . . . 

Figure 3.2 ± The Error Vector Translating the Transmitted Symbol 19. . . . . . . . . . . . . 

Figure 3.3 ± Model Used for the Analysis 20. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 3.4 ± PDF at the down converter input 28. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 3.5 ± PDF after down conversion 29. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 3.6 ± PDF after decorrelation transformation 30. . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 3.7 ± Transformation to Decorrelate the noise PDF 31. . . . . . . . . . . . . . . . . . . . 

Figure 4.1 ± Typical QAM Constellations 34. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.2 ± Decision Region Boundary between Two Equally likely Symbols 35. . . . 

Figure 4.3 ± QAM Decision Regions 35. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.4 ± 32±QAM Corner Decision Regions 36. . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.5 ± Type I Decision region 37. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.6 ± Type II Decision region 38. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.7 ± Type III Decision region 39. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.8 ± Type IV Decision Region 40. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.9 ± Typical PSK Constellations 41. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 4.10 ± PSK Decision Region for the i±th Symbol 41. . . . . . . . . . . . . . . . . . . . . 

Figure 5.1 ± Ideal and Nonideal Oscillator Spectral Densities 50. . . . . . . . . . . . . . . . . 

Figure 5.2 ± Coherence Phase Error on a Received Constellation 53. . . . . . . . . . . . . . 

Figure 5.3 ± Relationship between Phase Jitter Variance and CRL SNR 59. . . . . . . . . 

Figure 5.4 ± % Error between the Exact and Approximate Phase Jitter Variance 59. . . 

Figure 5.5 ± % Error for the Bessel Function Approximation 61. . . . . . . . . . . . . . . . . . 

Figure 5.6 ± % Error for the Cosine Function Approximation 61. . . . . . . . . . . . . . . . . 

Figure 5.7 ± A M±QAM symbol with a Phase Estimate Error 63. . . . . . . . . . . . . . . . . 



vi

Figure 5.8 ± A M±PSK Symbol with a Phase Estimate Error 64. . . . . . . . . . . . . . . . . . 

Figure 5.9 ± Phase Estimate Error for a BPSK Symbol 65. . . . . . . . . . . . . . . . . . . . . . 

Figure 6.1 ± BER for 8±QAM with Combined Errors 68. . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.2 ± BER for 16±QAM with Combined Errors 69. . . . . . . . . . . . . . . . . . . . . . 

Figure 6.3 ± BER for 32±QAM with Combined Errors 70. . . . . . . . . . . . . . . . . . . . . . 

Figure 6.4 ± BER for 64±QAM with Combined Errors 71. . . . . . . . . . . . . . . . . . . . . . 

Figure 6.5 ± BER for QPSK with Combined Errors 72. . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.6 ± BER for 8±PSK with Combined Errors 73. . . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.7 ± BER for 16±PSK with Combined Errors 74. . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.8 ± BER for 32±PSK with Combined Errors 75. . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.9 ± BER for 64±PSK with Combined Errors 76. . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.10 ± Implementation Loss vs Amplitude Imbalance for M±PSK and 
                     M±QAM 79. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.11 ± Implementation Loss vs Amplitude Imbalance for 8±QAM 80. . . . . . . . 

Figure 6.12 ± Implementation Loss vs Quadrature Phase Error 81. . . . . . . . . . . . . . . . 

Figure 6.13 ± Implementation Loss vs DC Offset 82. . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 6.14 ± Implementation Loss vs Carrier Phase Offset 83. . . . . . . . . . . . . . . . . . . 

Figure 6.15 ± Implementation Loss vs Phase Jitter Variance 84. . . . . . . . . . . . . . . . . . 

Figure 6.16 ± Implementation Loss vs Phase Jitter Variance for BPSK and QPSK 85. 

Figure 6.17 ± Amplitude Imbalance in a QPSK constellation 88. . . . . . . . . . . . . . . . . . 

Figure 6.18 ± 8±QAM with Amplitude Imbalance in a 8±QAM constellation 89. . . . . 

Figure 6.19 ± Implementation Loss for an Amplitude Imbalance of 0.5dB 91. . . . . . . 

Figure 6.20 ± Implementation Loss for a Quadrature Phase Error of 92. . . . . . . . . . . . 

Figure 6.21 ± Implementation Loss for DC Offset and Carrier Phase Offset 93. . . . . . 

Figure A.1 ± Direct Conversion Up Converter with Imperfections 103. . . . . . . . . . . . . 

Figure A.2 ± Direct Conversion Down Converter with Imperfections 105. . . . . . . . . . . 

Figure B.1 ± Type I Decision region 108. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure B.2 ± Type I Decision region 111. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure B.3 ± Type II Decision region 112. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure B.4 ± Type III Decision region 113. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure B.5 ± Type IV Decision Region 114. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



vii

Figure B.6 ± Plot of the Q±function and the exponential approximation function119. . 

Figure B.7 ± % Error for the exponential approximation function 119. . . . . . . . . . . . . . 

Figure C.1 ± 8±QAM Constellation 122. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure C.2 ± 16±QAM Constellation 123. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure C.3 ± 32±QAM Constellation 125. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure C.4 ± 64±QAM Constellation 127. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure D.1 ± PSK Decision Region for the i±th Symbol 129. . . . . . . . . . . . . . . . . . . . . . 

Figure F.1 ± System Block Diagram 141. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure F.2 ± Measured Quadrature Phase Error 142. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure F.3 ± Measured Quadrature Amplitude Imbalance 142. . . . . . . . . . . . . . . . . . . . . 

Figure F.4 ± Measured BER 143. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



viii

LIST  OF TABLES

Table 6.1 ± Combined Error Parameter Values used in the BER results 67. . . . . . . . . . 

Table 6.2 ± Parameter Values for the 8±QAM BER Curves 68. . . . . . . . . . . . . . . . . . . 

Table 6.3 ± Parameter Values for the 16±QAM BER Curves 69. . . . . . . . . . . . . . . . . . 

Table 6.4 ± Parameter Values for the 32±QAM BER Curves 70. . . . . . . . . . . . . . . . . . 

Table 6.5 ± Parameter values for the 64±QAM BER Curves 71. . . . . . . . . . . . . . . . . . 

Table 6.6 ± Parameter Values for the QPSK BER Curves 72. . . . . . . . . . . . . . . . . . . . . 

Table 6.7 ± Parameter Values for the 8±PSK BER Curves 73. . . . . . . . . . . . . . . . . . . . 

Table 6.8 ± Parameter Values for the 16±PSK BER Curves 74. . . . . . . . . . . . . . . . . . . 

Table 6.9 ± Parameter Values for the 32±PSK BER Curves 75. . . . . . . . . . . . . . . . . . . 

Table 6.10 ± Parameter Values for the 64±PSK BER Curves 76. . . . . . . . . . . . . . . . . . 

Table 6.11 ± Implementation Loss Summary for Quadrature and Amplitude 
              Imbalance 87. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Table 6.12 ± Comparison Using Kucar's Implementation Loss Results for Phase 
               Jitter 95. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 



ix

SUMMARY

This thesis studies the performance of M±QAM and M±PSK modulation schemes with

particular emphasis on consideration of the effects of frequency conversion using analogue

quadrature hybrid circuits.  In particular the effects of carrier leakthrough, quadrature

phase error, amplitude imbalance, and DC offset in the I and Q channels of the quadrature

hybrid circuit are investigated. In addition, the effects of carrier phase offset between the

up converter and the down converter and received phase jitter due to phase noise and

thermal noise are analysed.

A mathematical model has been developed which incorporates these effects into the

complex baseband envelope of the modulated signal. This allows the effects to be viewed

as an overall transformation of each symbol position in the constellation. The model also

takes into account the transformation of additive white Gaussian noise at the input to the

down converter by the down conversion process.

The performance of each modulation scheme is quantified by the increase in the signal to

noise ratio (SNR) required to achieve a given bit error rate (BER). This is defined as the

implementation loss. Graphs of implementation loss are used to isolate the effect of each

of the parameters given above. BER curves are also presented to show the effects of

combined errors.

A number of new results have been obtained which shuld assist designers of digital

transmitters and receivers used in mobile radio and satellite communications.
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N0 Single sided noise power spectral density for additive whit Gaussian

noise

� Linear down converter transformation on input noise components

P(E)i Probability of error for the i±th symbol in the constellation

PB(E) Probability of a bit error

PB
�E � � � is the conditional probability of a bit error on � .

px(x) Probability density function of a random variable x

� Correlation coefficient

Q Covariance matrix of the bivariate Gaussian probability density 

function for noise after down conversion and after further 
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Q(x) Q±function
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r(t) Amplitude envelope of the modulating signal

r~
~
(t) The complex envelope of the modulated signal at the output of a
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(t)
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conversion
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sI(t) I channel component of baseband modulating symbol after transmit 

filtering
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transmit filtering
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conversion

� 2
I Variance of the I channel noise random variable
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Q Variance of the Q channel noise random variable
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xm(t) Modulated signal with up converter imperfections at the input to the 
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1  Intr oduction

1.1  Communication System Model

Digital radio systems for satellite and terrestrial communication systems, both fixed and

mobile, have long been a strong area for research and development. As with any

communication system,  we are concerned with transmitting information from a source to

a destination. A simple block diagram of a communications system is shown below in Fig

1.1.

Figure 1.1 ± Communication System Model
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In a digital radio system a modulator and a coder provide the baseband processing that is

needed to obtain a digital representation of the input information in a form suitable for

modulation onto a carrier signal. That is, the digital modulator and coder transforms the

input signal, digital or analogue, into a baseband data stream prior to modulation. The

modulation process can involve changing the amplitude, frequency, phase, or a

combination of these to correspond to changes within the baseband data.

The baseband stream is transmitted over a communication channel on a carrier at a

frequency usually much higher than the data bit rate. The channel characteristics vary with

the application and type of system and can attenuate and distort the transmitted signal as

well as adding noise to it.

At the destination the signal is received, demodulated and decoded. Baseband data is

recovered from the received carrier by the demodulation process and can then be output

in some suitable format. This is done by a digital demodulator and decoder.

A digital modem contains the baseband processing required for both transmission and

reception. Interfacing the baseband signals to the carrier signal is done through frequency
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conversion techniques. Frequency conversion is an important part of a radio

communications system. It comprises the process of translating the baseband data up in

frequency onto a carrier for transmission and translating the received carrier down in

frequency to a baseband data form. On the transmit side the process is known as up

conversion and on the receive side the process is known as down conversion. Some systems

use direct up and down conversion to translate the baseband data to and from the carrier

frequency. Other systems to use a number of Intermediate Frequency stages to complete

the translation.

The performance of a digital radio system can be degraded by imperfections that result in

the practical implementation of frequency conversion schemes. These are mainly due to

the use of analogue components in the design that can display non ideal behaviour. The

introduction of DSP techniques into the Intermediate Frequency area for implementing up

and down converters has helped to reduce some of these imperfections [1][2]. As

processing speed increases with future developments, digital techniques will be used

closer, and in some cases at the antenna [3][4].

However in many cases, particularly at high data rates, the processing speed required to

implement digital up and down conversion is too high for digital implementation and the

frequency conversion scheme is implemented with mostly analogue components. The cost

of high speed digital processing at Intermediate Frequency can be prohibitive resulting

again in predominantly analogue components in the design of the up and down converters.

Another reason for preferring analogue implementation is the relatively high power

consumption involved with the implementation of DSP technology, although this could

improve in the future.

1.2  Bit Err or Rate and Implementation Loss

In an ideal system the output signal in Fig. 1.1 will always match the input signal . If

Additive White Gaussian Noise (AWGN) is introduced by the channel then the signal

recovered at the output may differ from the input signal apart from delay and signal gain

or loss. In terms of the baseband data format used by the modem, some received bits may

not be the same as those transmitted and they are said to be in error. The Bit Error Rate

(BER) is a quantity which gives the proportion of transmitted bits in error. As the amount

of noise increases the BER increases and this may be shown by a BER versus

Signal±to±Noise±Ratio (SNR) curve. Theoretical BER curves may be produced for a

particular modulation and coding scheme.
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The performance of a Digital communications system may be quantified by the increase

in SNR compared to the theoretical SNR under idealised conditions for a given BER. This

increase is specified as Implementation Loss. It is an important quantity for it gives the

extra signal power required for a given BER compared to an ideal system. In many cases

an increase in power means a considerable increase in the cost of implementing a system.

In other cases there may be a limit on allowable transmit power for given system, and

implementation loss will reduce performance.

Implementation loss for a communications link is the combined effect of losses in the up

and down converter plus other losses for example, due to the inability of the demodulator

to cope with particular channel conditions. Often a link margin is included in the design

of a system link budget, to allow for unpredictable or time varying losses. For some systems

link margin is a very expensive resource and it is important to keep the implementation loss

caused by the up and down converters to a minimum.

1.3  The Quadrature Hybrid Cir cuit

The quadrature hybrid circuit is commonly used in frequency conversion systems for

baseband digital modems. The digital modulator has as its output two baseband channels,

one is the I, or ̀ in phase' channel and other is in phase quadrature with the I channel and is

referred to as the Q or `quadrature' channel. These form a complex baseband signal. The

quadrature hybrid circuit takes the complex baseband outputs from the modulator and

mixes them with a Local Oscillator (LO) at an IF which may or may not be the final

transmission frequency. The LO signal itself is passed through a 90o power splitter prior to

the mixing which gives an in phase and a quadrature component of the LO. The in phase

component of the LO is mixed with the I channel and the quadrature component of the LO is

mixed with the Q channel. The two resulting IF channels are then combined again using a

0o power combiner to produce a real signal at an IF. A quadrature hybrid up converter is

shown in figure 1.2.

When used as a down converter the process is reversed. The real IF signal is split into two in

phase components. These are mixed with quadrature components of the LO to produce two

quadrature signal channels at a `zero IF' or baseband. These become the I and Q channel

complex baseband inputs to a digital demodulator.
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Figure 1.2 ± A Quadrature Hybrid Up Converter
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Thus it can be concluded that the quadrature hybrid circuit provides a way of converting to

and from real IF signals and complex baseband signals. An ideal quadrature hybrid circuit

does not contribute to implementation loss in a communications system. However analog

implementations of these circuits can contain imperfections that can have some effect on

BER. This is especially true for high data rates that occupy wider bandwidths, and for

higher order modulation schemes. Real measurements on a quadrature hybrid circuit are

presented in Appendix F.

1.4  Local Oscillator Phase Noise

An ideal LO in a communications system consists of a sinusoid at a constant frequency, and

is not phase, amplitude, or frequency modulated in any way. However any real world

frequency source will contain some level of modulation in amplitude, frequency and phase.

The causes for this are the result of several complicated processes taking place within the

frequency source. Some of the processes are deterministic and some are random. Some are

related to the design of the frequency source itself, while others are related to other things

such as the physical construction and location of the frequency source within a

communications system.

A communications system may have several mixing stages, each having a LO with some

phase noise. Altough each stage may have a small amount of phase noise, the combined

affect of LO phase noise in the up converter and down converter can become significant.
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A requirement of many digital communication schemes is that for successful demodulation

to occur,  the LO used in the quadrature hybrid down converter has to be phase coherent

with the LO used in the up converter. This is usually achieved by the use of a phase control

system called a Carrier Recovery Loop (CRL). The CRL acts to control the instantaneous

phase of the LO used in the quadrature hybrid down converter with the aim of achieving

phase coherence. In many digital communications systems the CRL resides in the digital

domain and a phase estimate is produced at intervals related to the sampling period or

multiples of it. The phase estimate then becomes the analog control signal, which is usually

a voltage to adjust a Voltage Controlled Oscillator (VCO), used as the quadrature hybrid LO

signal.

Both phase noise and AWGN cause successive phase estimate values to be in error by

differing amounts. A Probability Density Function (PDF) can be used to model the

difference, or phase jitter in the phase estimate samples, and the amount of jitter may then

be quantified by the variance associated with the PDF.  The amount of phase jitter due to

noise can be enough to cause an implementation loss as the phase coherence is reduced due

to phase jitter on the CRL phase estimate. The effect of phase noise jitter is more

pronounced at low data rates. This is because as the CRL bandwidth decreases to

accomodate low data rates, the level of phase noise power outside the CRL increases, with

the resulting rise in the variance of the CRL phase estimate

1.5  Thesis Preview

The purpose of this thesis is to identify some of the imperfections in quadrature hybrid up

and down converters, including the effect of phase jitter due to LO phase noise, and to

analyse their effect on implementation loss for a range of M±QAM and M±PSK modulation

schemes, namely 8±QAM, 16±QAM, 32±QAM, 64±QAM, QPSK, 8±PSK, 16±PSK,

32±PSK, and 64±PSK.

In Chapter 2 imperfections in quadrature hybrid circuits are identified. These effects are

incorporated in expressions describing the modulated carrier after up conversion and the

received baseband signal after down conversion. It was found that if the IF imperfections

can be assumed to be linear, then they could be described as part of the complex envelope of

the modulated signal. The significance of this is that it allows for the imperfections to be

studied using a complex baseband model. In addition to the imperfections being assumed

linear, the bandwidth of the modulated signal is assumed small compared to the carrier

frequency.
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A matrix model is developed in chapter 3 using the complex baseband expressions from

chapter 2. Transmitted complex baseband symbols are represented by 1 x 2 column vectors.

Imperfections in the quadrature hybrid frequency converters act to translate the position of

each symbol from its ideal position in the constellation. The amount of translation is

quantified by an error vector, which is the difference between the down converted symbol

position and the ideal symbol position in the constellation. The channel is assumed here to

be a static phase rotation plus AWGN. The AWGN is assumed to be zero mean with equal,

and uncorrelated I and Q channel noise variances. The down converter transforms the noise

components in the same way as it does the input signal vectors, and this is accounted for in

the analysis. Depending on the type of quadrature hybrid imperfection, the I and Q noise

components can have some degree of correlation introduced, unequal variances, and have

non zero means. A technique is presented for removing the correlation between the I and Q

noise components by the use of a further transform that is applied to the noise components

and the signal constellation. This allows the use of one dimensional Gaussian PDF's which

are well defined by computationally efficient numerical integration routines.

Expressions for the BER with quadrature hybrid imperfections of various M±QAM and

M±PSK modulation schemes are developed in chapter 4. These make use of the error vector

defined by the model presented in chapter 3 together with the difference in I and Q noise

variances that may occur as a result of the down converter transformation and the

transformation to remove the correlation between the I and Q channel noise components.

The probability of error for each symbol in the constellation is found and then the overall

BER is found by taking the average symbol error rate and dividing by the number of bits per

symbol.

Chapter 5 follows a similar format to chapter 4 except that the BER expressions are further

modified to take into account the effect of phase jitter.

All  of the BER and implementation loss results are presented in chapter 6. The chapter is

divided into three main parts. The first part uses four standard cases of combined

quadrature hybrid errors, and for each modulation scheme presents a set of BER curves plus

a set of constellation diagrams. These allow an inspection of the amount of translation of the

symbol positions against the amount of BER degradation, plus a comparison of the

performance of the different modulation schemes with each case of combined error. The

second part presented a series of implementation loss graphs, isolating the effect of one

imperfection while allowing different modulation schemes to be plotted on the same graph.

The third part presents implementation loss graphs against the number of symbols in the

QAM and PSK constellations. This allows for direct comparison of higher order
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modulation schemes with the possible extrapolation to even higher schemes, such as

256±QAM.

General conclusions and suggestions for future work are presented in chapter 7.

Mathematical derivations are given in the appendix.

1.6  Reasons for This Work

The work contained in this thesis is a logical extension of work carried out by the author as a

RF design engineer with the Institute for Telecommunications Research (ITR) at the

University of South Australia. The majority of the author's work as an engineer has been

with the design and development of IF subsystems that interface to various digital modems

and codecs developed by the ITR. These include a 720MHz direct quadrature hybrid down

converter for a multirate earth resources satellite modem with 105MBit/s capability (more

details given in Appendix F), and a 70MHz fully synthesised IF subsystem for a mobile

satellite modem, with quadrature frequency conversion being implemented using DSP

techniques.

Also being involved with system integration and testing the author has witnessed first hand

some of the effects on BER that IF imperfections can introduce. Having had the opportunity

to complete the work in this thesis, the author's system design skills have improved. This

has helped to correctly state the design specifications of an IF subsystem from conception,

leading to a linear frequency conversion process.

There is no claim made that this thesis contains everything on frequency conversion

analysis as there are many other causes of BER degradation in an IF subsystem, such as

component  nonlinearities, the effect of IF filter bandwidths, etc. However time and thesis

content only allowed for the study of quadrature hybrid errors and phase jitter effects.

1.7  Analytical Models and Simulation Models

A conscious decision was made from the start of this work to resist the temptation to

produce results by simulation methods alone. The satisfaction gained by taking the time to

derive and prove results analytically is well worth the effort. Having said that there are

cases where simulation is the only option. This could be when many effects in a

communications system are investigated at once, that would lead to an intractable
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analytical expression. This was not the case with any of the results presented in this thesis,

as they were all arrived at from analytical expressions. However it is possible to use the

complex baseband expressions for up conversion and down conversion as building blocks

in a large complex baseband simulation model. Some results for QPSK were generated by

simulation and were found to closely match the analytical results.

1.8  Summary of Original Contribution

The original contribution of the thesis is described below.

1.   Chapter 2 :

The development of expressions using complex envelope notation to describe quadrature

hybrid down converter imperfections was presented in [5]. This was extended to include up

converter imperfections as well.

2.   Chapter 3 :

A similar matrix model is presented in [6] but the correlation between I and Q channel noise

components due to a down converter transformation is neglected. This effect is taken into

account as well as an extra transformation in the analysis to make the noise components

uncorrelated again, to allow one dimensional integration of the I and Q noise PDF's.

3.   Chapter 4 :

The symbol error probability for a QAM decision region with four boundaries is alluded to

in [6] but not derived. A full derivation of symbol error probabilities for QAM decision

regions with two, three , and four boundaries is given. In addition to this, a full derivation is

given for the 32±QAM corner decision regions plus a full derivation of the symbol error

probability the i±th symbol in a M±PSK constellation.

4.   Chapter 6 :

Presentation of new results showing the effect of various quadrature hybrid imperfections

and LO phase jitter on 8±QAM, 16±QAM, 32±QAM, 64±QAM, QPSK, 8±PSK, 16±PSK,

32±PSK, and 64±PSK.
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2  Frequency Conversion Using Quadrature

    Hybrid Cir cuits

2.1  Intr oduction

In this chapter imperfections in the quadrature hybrid circuits used in frequency conversion

are described. Expressions are developed for the modulated signal, after up conversion and

after down conversion, that include the effects of the quadrature hybrid imperfections.

These imperfections become part of the complex envelope, along with the modulating

signal. This allows for the frequency conversion process to be represented by a complex

baseband model.

2.2  Imperfections in the Frequency Conversion Process

Analogue implementations of Quadrature hybrid circuits are imperfect and contribute to

distortion of the transmitted signal. There are four main sources of distortion, these are

quadrature phase error between the I and Q channels, amplitude imbalance between the I

and Q channels, carrier leakthrough, and DC offsets in the I and Q channels. These will each

be discussed in turn and will be incorporated into an analytical model of the frequency

conversion process.

2.2.1  Quadrature Phase Error Between the I and Q Channels

The phase shift introduced in real quadrature frequency converters is not always exactly

90o. There are four main sources of this error. The first is that the phase difference between

the LO signals that are used to multiply the I and Q channels may not be 90o. This is an error

that is independent of the I and Q signals. The second is that there is always some phase

difference introduced by the RF paths taken through signal splitters and combiners between

the I and Q channels. The third source of phase error is impedance mismatch between the

mixers and the 90o phase shift circuit and the amount of isolation between the two output

ports on the phase shift circuit [7]. Another source of phase error arises from differences in
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the phase responses of the I and Q channel transmit and receive filters. The last three

sources of error are frequency dependent and become worse for high data rate systems. Due

to the wide bandwidths involved this may result in frequency dependent errors occurring

across the band.

2.2.2  Amplitude imbalance between the I and Q Channels

Amplitude imbalance between the I and Q channels has two main sources. The first is from

amplitude imbalances between the input and output ports of RF splitters and combiners and

differences in conversion loss between the output ports of I and Q channel mixers. The

second is from amplifier and filter gain differences in the I and Q channels before the mixer

in up converters and after the mixer in down converters. Amplitude imbalance causes

distortion of the constellation.

2.2.3  Carrier Leakthrough

Real mixers are far from ideal in that there are a great many spurious products that arise

from intermodulation terms and leakthrough of the local oscillator (LO) and Radio

Frequency (RF) signals out of the IF output port of the mixer. The leakthrough of the LO

signal is a particular problem in that it lies in the middle of the wanted pass band of the

modulated signal and cannot be removed by filtering. One of the problems is the

interference effect that the LO radiation could have on other receivers. In narrow band data

systems the LO radiated power could be comparable or greater than the actual modulated

power. The problem can occur in up converters and in direct conversion down converters in

cases where reverse isolation of the receiver LO is poor. Another problem is the effect on

the received signal constellation. DC components are created out of the down converter

mixer from both self mixing of the receiver LO and the  transmitter LO mixing with the

receiver LO.

2.2.4  DC Offsets in the I and Q Channels

DC offsets are a problem in receivers that are directly coupled, in low data rate systems. DC

offsets can occur in the I and Q channels starting with the down converter mixers through
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direct coupled amplifiers and active filters. Individual DC offsets contributed by each of

these components will accumulate at the output of the down converter.

2.3  Characterisation of a Modulated Carrier

A block diagram showing frequency conversion with an up converter and down converter

is given in Fig 2.1.

Figure 2.1 ± Digital Communications System with SSB Frequency Conversion
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In the case of digital modulation the digital baseband modulator puts the input signal into

complex baseband form required for up conversion. The real component is on the I or `In

phase' channel while the imaginary component is on the Q or `Quadrature' channel. The

carrier signal is passed through a power splitter with a 90o phase shifter to produce two

orthogonal components due to the 90o phase shift. The products of the two mixing

processes are summed together at the output of the up converter. A carrier wave that has

been arbitrarily modulated can be represented by the following equivalent relationships

shown below [8, pp149±151].

ym(t) � r(t) cos�� ct � � � � (t)� (2.1)

ym(t) � yI (t) cos�� ct � � � � yQ(t) sin�� ct � � � (2.2)

Where yI and yQ are the I and Q baseband components of the modulating signal, �  is an

arbitrary phase offset of the carrier,  r(t) is the amplitude envelope of the modulating signal

as given by:
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r(t) � y2
I (t) � y2

Q(t)

(2.3)

and � (t) is the phase of the modulating signal as shown below.

� (t) � atan�yQ(t)

yI(t)
	

(2.4)

If  the carrier frequency is much greater than the modulating signal bandwidth then the

modulated carrier signal is narrowband and the functions of amplitude and phase are slowly

varying with respect to the carrier frequency. In this case complex envelope notation can be

used. The complex envelope, y~(t), is defined by the following equations,

y~(t) � r(t)ej � (t)
(2.5)

y~(t) � yI (t) � jyQ(t) (2.6)

with magnitude

r(t) � �y~~ (t)� (2.7)

and phase

� (t) � arg�y~(t)� (2.8)

Thus an arbitrarily modulated carrier may also by represented by

ym(t) � Re�y~(t)ej �� ct� � 	�
(2.9)

ym(t) � 1
2
�y~(t)e j �� ct� � 	 � y~*(t)e±j�� ct� � 	�

(2.10)

The received complex envelope, z~(t) is given by

z~(t) � zI (t) � jzQ(t) (2.11)

where zI and zQ are the I and Q baseband components of the modulating signal. In the case

of an ideal channel, an ideal frequency conversion process, and in the absence of noise,  the

complex envelope y~(t) is related to z~(t) by

y~(t) � z~(t)ej�
(2.12)
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where �  is a phase offset caused by the time delay in the channel and by the instantaneous

phase values of the up converter and down converter local oscillators.

From (2.9) it can be seen that all the information about the modulating signal is contained in

the equivalent low pass complex envelope. This allows for the analysis and simulation of

linear communication systems to be done at complex baseband. The effect of a frequency

conversion can be analysed in this way as well if the translation itself can be modelled at

baseband. The means to do this will be developed in the rest of this chapter.

2.4  Analysis of a System with Up and Down Converter Imperfections

The object of this analysis is to create a complex envelope representation of the up and

down conversion process including the effects of imperfections. From this an analytical

model can be developed and the effect on BER due to these effects can be observed.

2.4.1  Up Conversion

A model of a direct conversion up converter with imperfections described in Section 2.2 is

shown in figure 2.2.

Figure 2.2 ± Direct Conversion Up Converter with Imperfections

cosT

±900 � � TE

hIT(t)

hQT(t) � TQ

aIi

aQi

yI(t)

yQ(t)

ym(t)

� TI , � TI

� TQ , � TQ

sI(t)

sQ(t)

� TI

The digital modulator produces a series of 2 dimensional symbols ai using the I and Q

channels as shown below in (2.13) where aIi  and aQi belong to the set of real numbers. The

set of all ai forms a signal constellation[9, p356]. The shape of the constellation together
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with the values of aIi  and aQi are real numbers with values being dependant on the type of

modulation scheme.

ai � aIi � jaQi (2.13)

Pulse shaping for each transmitted symbol is performed by the transmit filters hTI(t) and

hTQ(t) on the I and Q channels respectively. The transmit filtering limits the spectral width

of the transmitted signal, and in conjunction with matched filters at the receiver produces

pulse shapes that satisfy the Nyquist criterion for zero intersymbol interference (ISI). The

outputs of the I and Q channel transmit filters as a function of time are given by (2.14) and

(2.15) where Ts is the symbol period.

sI(t) � �
i

aIi hTI(t � iTs)
(2.14)

sQ(t) � �
i

aQi hTQ(t � iTs)
(2.15)

The up converter has gain terms, � TI and � TQ, resulting in an amplitude imbalance between

the channels of � T as given below.

� T �
� TQ
� TI (2.16)

Two gain terms are used to facilitate the normalisation of the total power to a constant for

use in the analytical results that will follow in later chapters. The overall power from both

channels, � , is given by (2.17). The relationship between the channel gains and the amount

of imbalance is shown in  (2.18) and (2.19).

� 2
TI � � 2

TQ � � (2.17)

� TI � �
1 � � 2

T
�

(2.18)

� TQ � � T
�

1 � � 2
T

�
(2.19)
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A complex envelope representation of the modulated output signal, ym(t) from the up

converter in Figure 2.2 has been derived in Appendix A and is shown below:

ym(t) � Re�f~(t)ejT�
(2.20)

which is in the same form as (2.9), and where

f
~
(t) � fI(t) � jfQ(t) (2.21)

and

fI (t) � � TI SI (t) � � TQsin� TESQ(t) � � TI � TI cos� TI � � TQ � TQcos� TQ (2.22)

fQ(t) � � TQcos� TESQ(t) � � TI � TI sin� TI � � TQ � TQsin� TQ (2.23)

Hence the linear up converter imperfections that occur at IF may be represented in an

equivalent baseband form.

2.4.2  Down Conversion

A model of a direct conversion down converter with imperfections is shown in figure 2.3.

Figure 2.3 ± Direct Conversion Down Converter with Imperfections

cosR

±900 � � RE

hRQ(t)

hRI(t)� RI

rQ

r I

xQ(t)

xI(t)

xm(t)

� RQ , � RQ

� RI , � RI

� RQ

The input to the down converter, xm(t), corresponds , in the absence of channel

imperfections, to the output from the up converter, ym(t)   represented  by (2.20). The input
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signal is split into two inputs for the I and Q channels of the down converter. The I channel

input signal is mixed with the receiver LO cosR with  R  being given by:

R � 	 Rt � � R (2.24)

	 R � 2� fR (2.25)

where fR is the down converter LO frequency. As with the up converter, the I and Q

channels of the down converter have gain terms, � RI and � RQ, the ratio of these

representing amplitude imbalance between the channels. The amplitude imbalance, � R, is

related to � RI and � RQ as shown below.

� R �
� RQ
� RI (2.26)

The overall power from both channels is given by:

� 2
RI � � 2

RQ � � (2.27)

The relationship between the channel gains and the amount of imbalance is shown below.

� RI � �
1 � � 2

R
�

(2.28)

� RQ � � R
�

1 � � 2
R

�
(2.29)

A complex envelope expression for the output signal from the down converter in figure 2.3

has been derived in Appendix A and is shown below.

� Re�� RI f
~
(t)

2
e j (�	 t� �� )� � j Im�� RQ e� j� RE f

~
(t)

2
e j (�	 t� �� )�

� Re�� RI � RI
2

e j � RI� � j Im�� RQ � RQ

2
e j �� RQ� � RE�� � � DCI � j � DCQ

r~(t) � r I (t) � � DCI � j(rQ(t) � � DCQ)

(2.30)

The first two terms relate to the amplitude and phase imbalance between the two channels.

Both of these have the same phasor ej(�	 t� �� ) and are centred baseband provided that

�	 � 0. The third and fourth terms represent the effect of carrier leakthrough on both
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channels and can also be simulated  at baseband. The last two terms represent DC offset

terms on the I and Q channels. Note that when �� � 0, � RI � � RQ � 0, � RI � � RQ, and

� TE � 0, this represents an ideal down converter, and (2.30) becomes equivalent to (2.12).

The complex baseband signal may be simplified further, assuming � � � 0 and � � � 0.

The real part, or I channel output is given by:

r I(t) � � DCI � � RI fI(t) � � RI � RI cos� RI � � DCI (2.31)

and the imaginary part, or Q channel output is given by:

rQ(t) � � DCQ � � RQ� fQ(t) cos� RE � fI(t) sin� RE�

� � RQ � RQ sin�� RQ � � RE� � � DCQ (2.32)

2.5  Conclusions

It has been shown that some of the imperfections in quadrature up and down converters that

occur at radio frequencies may be analysed by considering an equivalent complex baseband

model. Quadrature phase and amplitude errors plus carrier feedthrough have been included

in the analysis which results in generalised linear expressions for the transmitted and

received signals. These will be used in a matrix form in subsequent chapters to develop

BER expressions for specific signal constellations.



18

3  Linear Transformation of Transmitted

    Symbols Due to Frequency Conversion

3.1  Intr oduction

The complex baseband model developed in Chapter 2 takes into account the linear

distortions introduced in a practical frequency conversion process. In this chapter, a matrix

representation of the baseband model will be used to describe the impairment process.

Noise on the received signal will also be considered in the analysis of the down converter.

The transformation process will show the difference in euclidean distance between each

received and transmitted signal as an error vector. This will be incorporated into BER

expressions that will be developed in Chapters 4 and 5 for various M±QAM and M±PSK

modulation schemes.

3.2  The Received Signal Constellation

For ideal signal transmission, the received signal constellation is of the same form as the

transmitted one. For signal transmission with imperfect up and down converters the

received signal constellation is distorted by the various imperfections in the up and down

converters, for example, as shown by figure 3.1. It can be seen that each transmitted symbol

undergoes a transformation, or mapping onto the received signal constellation.

Figure 3.1 ± Distortion of the Received Signal Constellation

(a) Original

Ideal Signal
(c) Received

I

Q

I

Q

I

Q

(b) Transmitted

� �
Up Conversion Down Conversion
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The i±th transmitted symbol (before up conversion) may be represented by the 1 x 2 column

vector si seen in Figure 3.1(b) and is given by:

si � �sIi
sQi
�

(3.1)

The i±th received symbol (after down conversion)  may be represented by the 1 x 2 column

vector r i  seen in Figure 3.1(c) and is shown below.

r i � � r Ii
r Qi
�

(3.2)

The difference between each transmitted and received symbol position as seen in Figure 3.1

defines an error vector. If it can be assumed that the random process associated with the

channel itself is stationary then it can be inferred that each symbol is acted upon by the same

translation rule. The error vector may be represented in terms of rectangular components in

the same form as the signal vector si as shown below.

ei � �eIi
eQi
�

(3.3)

This contains information about the translation of the signal constellation and is given by:

ei � r i � si (3.4)

The error vector is shown for a symbol in a constellation in figure 3.2.

Figure 3.2 ± The Error Vector Translating the Transmitted Symbol
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Symbol
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eI e

eQ

I

Q
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Equations developed in sections 2.4.1 and 2.4.2 that describe the imperfections in the up

and down converters in a baseband complex envelope format describe a linear

transformation of the up and down converter imperfections on the signal constellation. This

can be conveniently written in matrix form. A model of the communication system used by

the analysis is shown in Figure 3.3.

Figure 3.3 ± Model Used for the Analysis

�

Channel
Rotation

Down
Converter

Up 
Converter

Noise

R
si r iyi xiU[´] � A D[´] � B

ni

In this model all the complex values used in previous analyses are represented as 1 x 2

column vectors. The up converter produces an affine transformation of the symbol si,

which is given by:

� : si � yi ; y i � Usi � A (3.5)

The 2 x 2 matrix U and the 2 x 1 column vector A are formed from equations (2.22) and

(2.23).

U � ���
� TI

0

� � TQsin� TE

� TQcos� TE
�	
 (3.6)

A � �
�
�

� TI � TI cos� TI � � TQ � TQcos� TQ

� TQ � TQsin� TQ � � TI � TI sin� TI
�
	

 (3.7)

A channel rotation transformation models the effect of phase differences between the up

converter and down converter local oscillators and is given by (3.8).
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xi � Ryi (3.8)

R is the general rotation matrix and is shown below.

R � �cos�
sin�

±sin�
cos� � (3.9)

The affine transformation by the down converter on the received signal is described by:

� : x i � r i ; r i � Dxi � B (3.10)

The vector r i  represents the received 2 dimensional symbol and is given by (3.2). The D

matrix and the  B column vector are formed from equations (2.31) and (2.32) and are given

below.

D � � � RI
� � RQsin� RE

0
� RQcos� RE

�
(3.11)

B � ��	
� RI � RIcos� RI � � DCI

� RQ � RQsin(� RQ � � RE) � � DCQ
�
� (3.12)

It is assumed that there is no frequency or phase offset in the receiver LO. Phase offset can

be given by R if required. From substituting (3.5) and (3.8) into  equation (3.10), r i is given

by:

r i � Fsi � G (3.13)

Where

F � DRU (3.14)

and

G � DRA � B (3.15)

Substituting (3.13) into (3.4) gives the following form of the error vector for the i±th

symbol.

ei � (F � I)si � G (3.16)
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3.3  Transformation of the Input Noise by the Down Converter

The input noise to the down converter is given by n. This is also a 2 x 1 column vector

representing the I and Q channel noise components and is shown below.

n � �nI(t)
nQ(t)�

(3.17)

where nI and nQ are random variables associated with the I and Q channel noise

components. The general bivariate Gaussian Probability Distribution Function ( PDF ) is

given by [8, p32] :

pn�nI, nQ� � 1
2�� I � Q 1 � � 2	 exp



�

�

� �nI� mI
� I

�2
� 2� �nI� mI

� I
��nQ� mQ

� Q
� � �nQ� mQ

� Q
�2

2�1 � � 2� 





� (3.18)

 for I and Q channel  variances � 2
I  and � 2

Q, means mI and  mQ, and correlation coefficient � .

This can be expressed in terms of the covariance matrix C :

pn(n) � 1
2� det(C)	 exp�� 1

2
(n � m)TC±1(n � m)�

(3.19)

where m is given by:

m � �mI
mQ

�
(3.20)

The matrix C is the covariance matrix for the PDF and is shown below.

C � 

�
�

� 2
I

�� I� Q

�� I� Q

� 2
Q




� (3.21)

The affine transformation � , by the down converter on the input noise vector n produces

z:

� : n � z ; z � Dn � B (3.22)
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The transformation  �  has an inverse � , defined by:

� : z � n ; n � D±1(z � B) (3.23)

After the transformation � , the PDF for the random variable z is given by:

pz(z) � pn(� (z))�J� (z)� (3.24)

where J� (z) is the jacobian of the transformation �  and is given by:

J� (z) � 1
det(D) (3.25)

After substituting for �  in (3.19), (3.24) becomes:

pz(z) � 1
2� det(C)� det(D)

exp�� 1
2

	D±1(z � B) � m
T
C±1	D±1(z � B) � m
�

� 1
2� det(C)� det(D)

exp�� 1
2

(z � (Dm � B))T	D±1
T
C±1D±1(z � (Dm � B))�

� 1
2� det(W)� exp�� 1

2
(z � mz)

TW±1(z � mz)�
(3.26)

where W is the covariance matrix of pz(z) given by:

W±1 � 	DT
±1
C±1D±1 � W � DCDT

(3.27)

and mz is the mean of pz(z) given by:

mz � Dm � B (3.28)

given that

det	DT
 � det(D) (3.29)

and

det(W) � det(D) det(C) det(D) (3.30)

It can be seen then that the transformation �  has an effect on the covariance matrix and the

mean of pz(z). If the input noise to the down converter is assumed to be Gaussian

distributed, uncorrelated with zero mean (mI � mI � � � 0) and equal variances
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( � � � I � � Q) then the covariance matrix is equal to � 2 I  where I  is the identity matrix.

This leads to the relationship given below:

p�nI, nQ� � p�nI
� p�nQ� (3.31)

where

p�nI
� � 1

2�� �
exp�� 1

2
�nI

� �
2�

(3.32)

p�nQ� � 1
2�� �

exp�
	



� 1
2
�nQ

� �
2

�
�
� (3.33)

as would be expected for statistically independent random variables. The transformation

can introduce some correlation between the I and Q channel noise components.

By substituting for D and � 2 I  for the uncorrelated covariance matrix C in (3.27), the

transformed covariance matrix W is shown below.

W � �
	



� 2 � 2
RI

� � 2 � RI � RQsin� RE

� � 2 � RI � RQsin� RE

� 2 � 2
RQ

�
�
� (3.34)

It can be seen that the down converter transforms the input noise components to make them

correlated. At the same time the I and Q channel noise variances are scaled by the channel

gains � RI and � RQ, which are ultimately related to the degree of amplitude imbalance

between the I and Q channels, as shown below.

� 2
I � � 2

RI � 2
(3.35)

� 2
Q � � 2

RQ � 2
(3.36)

The correlation coefficient is related to the amount of quadrature phase error between the I

and Q channels, as given by:

� � ±sin�� RE
� (3.37)
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There is a mean mz resulting from the transformation � . Since the input noise variables

had a zero mean, then this is equal to B. This is seen after considering (3.28). The vector B is

formed from (A.13) and (A.18) and so mz is given by:

mz � �
�

�

� RI � RIcos�� RI
� � � DCI

� RQ � RQsin�� RQ � � RE� � � DCQ
�
	


 (3.38)

The mean mz can be seen to be related to the amount of carrier feedthrough at IF in the

down converter and also DC offset on the I and Q channels.

3.4  Diagonalization of the Noise Covariance Matrix

As seen in Section 3.3, if the I and Q channel noise components are uncorrelated (ie having

a diagonal noise covariance matrix), they can be treated as two independent Gaussian noise

processes, simplifying analysis. However after down conversion with amplitude and phase

imbalance the I and Q noise components can become correlated.

There is a further transformation that can be done on the down converted noise vector to

produce orthogonal 2 dimensional components. This requires a transformation of the noise

that will convert the covariance matrix W to a diagonal matrix Q. As shown in Proakis [8,

p33], this can be achieved using a linear transformation of the form Y = AX where A is a

nonsingular matrix.

Consider a covariance matrix W to be made diagonal. The required transformation can be

determined by selecting a transform matrix Y to be an orthogonal matrix such that

YT � Y±1. This will have its columns equal to the eigenvectors of W and the resulting

covariance matrix Q will  be diagonal with diagonal elements equal to the eigenvalues of W.

The relationship between the eigenvalues and eigenvectors of a square matrix A is shown in

(3.39) for an eigenvalue �  an an eigenvector v.

Av � � v (3.39)

The eigenvalue is a solution of equation (3.40) and the eigenvector is a solution of (3.41).

det(� I � A ) � 0 (3.40)

(� I � A )v � 0 (3.41)
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The covariance matrix W is symmetric by definition. This means that real eigenvalues will

always exist and that there will always be 2 orthogonal eigenvectors to make up the

transform matrix Y [10, Chapt 4].  This is shown below for the resulting diagonal matrix Q.

Q � YWY T (3.42)

This may be also be viewed geometrically by considering the quadratic form,

(z � mz)
TW±1(z � mz) from the  PDF in (3.26).

Now given that the covariance matrix W is defined as:

W±1 � �w11
w21

w12
w22

�
(3.43)

and the 2 dimensional vector is given by:

(z � mz) � �zI
zQ
�

(3.44)

then the quadratic form is represented by:

(z � mz)
TW±1(z � mz) � w11 z2

I � �w21 � w12
�zI zQ � w22 z2

Q (3.45)

The transformation �  by the Y matrix on the noise random variable z resulting in a random

variable z	 with a mean m	z and a diagonal covariance matrix Q. The transformation is

given by:

� : z � z	 ; z	 � Yz (3.46)

The diagonal matrix Q eliminates the cross terms in the quadratic form and the resulting

equation shown below can be recognised as the equation of an ellipse with major and minor

axes along the zI	 . and zQ	 axes.

(z	 � m	z)
TQ±1(z	 � m	z) � q11 z	2

I � q22 z	2
Q (3.47)

The difference between equations (3.45) and (3.47) is equivalent to a rotation of the zI and

zQ axes. This can be seen by considering the general quadratic equation given below and

applying some concepts from analytic geometry.

Ax2 � Bxy� Cy2 � Dx � Ey� F � 0 (3.48)
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This can be considered similar to (3.45) if D = E = F = 0. The cross product term may be

eliminated by referring the equation to a new set of axes, x' and y' by a rotation through an

angle �  according to:

x � x� cos(� ) � y� sin(� ) (3.49)

y � x� sin(� ) � y� cos(� ) (3.50)

A new quadratic equation in terms of x' and y' is given by [11, p540]:

A�x�2 � B�x�y� � C�y�2 � 0 (3.51)

where the new coefficient B' is:

B� � Bcos(2� ) � (C � A) sin(2� ) (3.52)

The cross product term in (3.51) will disappear if B' is set to zero. If this is substituted in

(3.52) the rotation angle may be found, after rearranging, as shown below:

� � 1
2

tan±1� B
A � C

�
(3.53)

Now consider the contours of equal probability for a bivariate Gaussian PDF. These can be

described by equations for an ellipse. The transform matrix Y is in effect a rotation matrix

of the same form as (3.9). The rotation angle can be found in terms of the covariance matrix

coefficients in (3.45) and is shown below.

� � 1
2

tan±1	



�

2�� I � Q

�� 2
I � � 2

Q
�	
�


 (3.54)

Three dimensional surface plots and contour plots of a zero mean bivariate Gaussian PDF

are shown in the next few pages and can be used to describe the transformation �  on the

noise by the down converter and the decorrelation of the noise PDF by � . Figure 3.4 shows

an uncorrelated PDF with equal I and Q channel variances. This is  typical of input noise n,

to the down converter with independent I and Q components. The contour plot for the

uncorrelated PDF in figure 3.4 forms a series of concentric circles.



28

Figure 3.4 ± PDF at the down converter input
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The PDF of the noise after down conversion may be represented by figure 3.5.
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Figure 3.5 ± PDF after down conversion
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The transformation  �  introduces some correlation on the PDF. The contour plot is a series

of elliptical contours with the major axis rotated with respect to the I axis of the signal

constellation.
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Figure 3.6 shows the PDF after the transformation � .

Figure 3.6 ± PDF after decorrelation transformation
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The contour plot shows the same series of elliptical contours but now the major axis in this

case lies along the I axis. The transform has effectively rotated the I and Q axes coordinate

system by the angle � , given by (3.54). The PDF is now uncorrelated but still has unequal I

and Q variances.

The transformation�  is also applied to all symbols in the received signal constellation.

However this does not have a net effect as the I and Q axes are transformed by �  as well. As

�  is a rotational transformation the I and Q axes remain orthogonal and as such the decision

regions associated with the signal constellation remain unaffected. Thus the error vectors

for each symbol are not changed relative to both the received symbol position and the I and

Q axes. This is shown in figure 3.7 for an arbitrary 4 symbol constellation.

Figure 3.7 ± Transformation to Decorrelate the noise PDF

I'

Q'

I''

Q''

I

Q

� �

� �

Symbol constellation at the input to

the down converter with uncorrelated

AWGN

Symbol constellation after down

conversion. The AWGN I and Q

components are now correlated by

the down converter transformation�

Symbol constellation after the trans-

formation     to decorrelate the I and Q

noise components

�
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3.5  Calibration of the Noise Variance for BER Analysis

The transformation �  by the down converter on the I and Q channel noise variables and the

transformation �  to make the I and Q noise variables uncorrelated, act as well to change the

variances, and hence the noise power. For BER analysis involving Signal to Noise Ratio

(SNR), the change in noise power on the I and Q channels needs to be taken into account.

Consider I and Q channel noise at the input to the down converter. As discussed in Section

3.3, the I and Q components are statistically independent, with zero mean, and have equal I

and Q variances given by:

� 2
I � � 2

Q � � 2
(3.55)

� 2
I � � 2

Q � 2� 2
(3.56)

where

� 2 �
N0
2 (3.57)

The covariance matrix C of the Gaussian PDF is given by:

C � � 2 I (3.58)

where I  is the identity matrix. After the transformation �  by the down converter the

covariance matrix W is given by (3.34). The I and Q variances are changed by the amount of

amplitude imbalance as seen by (3.35) and (3.36). After the I and Q channel noise

components are made independent by the transformation �  the covariance matrix Q is

given by:

Q � � 2�
�
�

� 2
I

0

0

� 2
Q
�
�
	 (3.59)

with the � 2
I  and � 2

Q being equal to the eigenvalues of W. Note that the sum of the I and Q

channel noise variances, or the total noise power remains the same, such that:

� 2�� 2
I � � 2

Q
� � 2� 2

(3.60)
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and so the variances of the transformed noise variables are directly related to the input noise

variance. The factors � 2
I  and � 2

Q will be used in Chapters 4 and 5 as part of the development

of BER expressions.

3.6  Conclusions

The complex baseband model developed in Chapter 2 was developed further to derive an

expression for the difference in Euclidean distance between the received and the

transmitted symbol positions as a result of the frequency conversion process. This is shown

in the form of an error vector with I and Q components.

Also considered was the transformation by the down converter on AWGN. If the input

noise is assumed to have statistically independent I and Q components, then the down

converter can  introduce some correlation between them. A transformation was given that

can be used to make the I and Q components independent again, but with different I and Q

component variances. This is also applied to the signal set and the I and Q axes but because

the transformation is rotational, the signal set, I and Q axes, and constellation decision

regions remain unaffected.

Both the error vector and the decorrelation transformation are used in the BER expressions

that are developed in Chapters 4 and 5. The error vector is used in determining the distance

between the symbol position and the nearest decision region in the signal constellation. The

decorrelation transformation is used because the I and Q components are considered

separately. A bivariate Gaussian distribution with independent I and Q channel components

can be represented by two separate I and Q distributions as given by (3.31). The I and Q

component variances are taken from the transformed covariance matrix Q.

BER expressions may be derived using the bivariate distribution but the result may have to

be integrated numerically. Using 1 dimensional PDF's is computationally more efficient

using well known numerical functions.
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4  Analysis of M±QAM and M±PSK Modulation

Schemes with Quadrature Hybrid Imperfections

4.1  Intr oduction

The effects of imperfect up and down conversion for M±QAM and M±PSK modulation

schemes are discussed in this chapter. Each symbol is subject to various transformations

and the addition of noise impressed upon it as discussed in Chapter 3. The analysis

techniques presented are used to develop expressions for the bit error rate (BER) as a

function of SNR and the error vector for each symbol.

4.2  QAM Signal Constellations

As its name suggests QAM consists of two amplitude modulation schemes combined in

quadrature onto a common carrier. The baseband constellations for these are usually square

or rectangular. Some typical QAM constellations are shown in figure 4.1[8, p.228].

Figure 4.1 ± Typical QAM Constellations

16±QAM

32±QAM

64±QAM

8±QAM
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4.3  QAM Decision Regions

The demodulator has to decide which symbol it has received and this leads to the definition

of decision regions. This is defined as a region in the constellation space surrounding the

expected position of a symbol a, such that if the received symbol falls in that region then it is

demodulated as symbol a. If the received symbol is wrongly demodulated as symbol a then

there is a symbol error. It can be shown that the optimum decision region boundary for 2

equally likely symbols is shown as in figure 4.2:

Figure 4.2 ± Decision Region Boundary between Two Equally likely Symbols

s1 s2

Decision 
Region
Boundary

d d

where the optimal decision boundary is the perpendicular bisector of the join between the

two symbols s1 and s2 [12, p181]. The decision regions for rectangular QAM constellations

are rectangular themselves with 2, 3, or 4 decision region boundaries depending on their

position in the constellation. These will be referred to as type I, type II, and type III regions

respectively as shown in Figure 4.3 for a 16±QAM constellation. 

Figure 4.3 ± QAM Decision Regions

Type I Type IIA

Type III Type IIB
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The exception to the rectangular decision regions is seen in figure 4.1 for the 32±QAM

constellation. Two symbols are located at each corner of the constellation and the optimum

decision boundary is inclined at 450 to the I and Q axes. A magnified view of this is shown

in figure 4.4

Figure 4.4 ± 32±QAM Corner Decision Regions

Type IVA

Type IVB

It is clear that this decision boundary is defined by an equation that is dependant on both

variables in the I and Q coordinate system. This is in contrast to the decision boundaries

associated with the rectangular regions which are defined by one of the variables and are

independent of the other. These decision regions will be referred to as Type IVA and type

IVB regions as shown in figure 4.4.

4.4  Symbol Error Probabilities for QAM Decision regions

Each type of region has a different probability of a symbol error error associated with it.

Symbol error probability expressions are given below for the i±th symbol in the

constellation, taking into account the effect of the error vector ei given by (3.3) and the

SNR. These are shown after taking the union bound approximation [8, p251]. A full

derivation is given in Appendix B. The type I decision region is shown in figure 4.5.

The first figure shows how the received symbol is transformed from its ideal position by the

error vector. The second figure shows the I and Q components of the Euclidean distance

between the received symbol position and the decision region boundary.
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Figure 4.5 ± Type I Decision region

eIi

eQi

A

A
nQ � ±A(1 � eIi)

nI � ±A�1 � eQi
�

nI

nQ

The probability of error for the i±th symbol in a type I region is given by :

PI(E) i � Q� A
� I�

(1 � eIi)� � Q� A
� Q�

�1 � eQi
��

(4.1)

where the Q±function Q(x) is given by:

Q(x) � 1
2�	
�

�

x

exp�� 1
2

z2� dz
(4.2)

and where  � I and � Q were defined in Section 3.5.
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The type II decision regions are shown in figure 4.6

Figure 4.6 ± Type II Decision region

nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

nI � A(1 � eIi)
nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

nQ � A�1 � eQi
�

Type IIA Type IIB

nI

nQ nQ

nI

The first figure shows a type IIA region, which has two decision boundaries perpendicular

to the I axis. The probability of error for the i±th symbol in a Type IIA region is given by:

PIIA(E) i � Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)� (4.3)

The second figure shows a type IIB region which has two decision boundaries

perpendicular to the Q axis. The probability of error for the i±th symbol in a Type IIB region

is given by:

PIIB(E) i � Q� A
� I�

(1 � eIi)� � Q� A
� Q�

�1 � eQi
�� � Q� A

� Q�
�1 � eQi

��
(4.4)
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The type III decision region is shown in figure 4.7.

Figure 4.7 ± Type III Decision region

nI

nQ

nI � ±A(1 � eIi)

nQ � ±A	1 � eQi



nQ � A	1 � eQi



nI � A(1 � eIi)

The probability of error for the i±th symbol in a Type III region is shown below.

PIII(E) i � Q	 A
� Q�

	1 � eQi


 � Q	 A

� I�
(1 � eIi)
 � Q	 A

� I�
(1 � eIi)
 � Q	 A

� Q�
	1 � eQi




(4.5)

The Type IVA region is shown in figure 4.8. The probability of error for the i±th symbol in a

Type IVA region is shown below.

P(E) i � Q�(1 � eIi)
A

� I�
� � Q�	1 � eQi


 A
� Q� � � Q�(1 � eIi)

A
� I�

�

� Q�	1 � eQi

 A
� Q� cos�arctan	 � I

� Q

� � (1 � eIi)

A
� I�

cos�arctan	 � I
� Q

��

(4.6)

Note that for a Type IVB region the probability of a symbol error can be given by (4.6) but

with I and Q subscripts interchanged.
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Figure 4.8 ± Type IV Decision Region

nI

nQ

nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

nI � nQ
Translated
Symbol
Position

�mIi, mQi
�

The overall BER expression for M±ary QAM schemes may then be determined from the

decision region error probabilities. The probability of error for each symbol is taken into

account when assessing the probability of error for the constellation as will be shown later.

4.5  M±PSK Signal Constellations

PSK is a form of digital modulation in which the baseband symbols map onto a number of

discrete phases of a carrier signal. Some typical PSK constellations are shown in figure 4.9

[8, p.260].

For a signal constellation with M symbols the phase values, � i, that are impressed onto the

carrier are shown below.

� i �
�
M

�2i � 1� , i � 1, 2, .......,M (4.7)
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Figure 4.9 ± Typical PSK Constellations

QPSK 8±PSK 16±PSK

4.6  Symbol Error Probability for PSK Decision Regions

Unlike QAM the optimum decision regions for the PSK constellations shown above form

sectors of a circle about each symbol in the constellation and so there is only one type of

decision region. The general PSK decision region is shown in figure 4.10

Figure 4.10 ± PSK Decision Region for the i±th Symbol

� 1

� 4

� 2

nQ � nI tan(� 1)

nQ

nI

Received Symbol Position
�mIi, mQi

�

eIi

eQi

� 3

nQ � nI tan(� 4)
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where the angles are given by:

� 1 � 2�
M

(i � 1) (4.8)

� 2 � �
M

(2i � 1) (4.9)

� 3 � �
M

(2i � 1) � e� i (4.10)

� 4 � 2� i
M (4.11)

The probability of error for the i±th PSK symbol is given by:

P(E) i � 1 � 1
M

exp�±1
2

	a2 � b2
�

[1 � Q(acos� � bsin� )] d�� 1
2��

�
L2

L1

exp�� 1
2

(asin� � bcos� )2�(acos� � bsin� )

(4.12)

where

L1 � arctan�	 � I
� Q

 tan�2�

M
(i � 1)��

(4.13)

L2 � arctan�	 � I
� Q

 tan�2� i

M
��

(4.14)

a � A
� I�

eAi cos� �
M

(2i � 1) � e� i� (4.15)

b � A
� Q� eAi sin� �

M
(2i � 1) � e� i�

(4.16)

eAi � 	cos	� 2

 � eIi


2
� 	sin	� 2


 � eQi

2�

(4.17)
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e� i � arctan��

sin	� 2


 � eQi

cos	� 2

 � eIi

���
� � 2

(4.18)

A full derivation is given in Appendix D. An exponential function approximation to the

Q±function in the expression given above was used to enable the integration to be

evaluated. This forms an upper bound to the  Q±function [13, p83] and is shown in

Appendix D to give < 10% error for Q±function values of < 0.001. The approximate

expression of the probability of error for the i±th PSK symbol is given by:

P(E)i � Q�bcos�L1
� � asin�L1

�� � Q�asin�L2
� � bcos�L2

��
(4.19)

Note that for the ideal case 	e� i � 0, eAi � � I � � Q � 1
 equation (4.19) becomes:

P(E) � 2Q�A
� sin� �

M
��

(4.20)

which is in the same form as published elsewhere [8, p.265][9, p.452].

4.6.1  A Note about the Rotational Invariance of the Noise PDF

Further explanation is needed here to explain why the PSK integration region had to be in

an arbitrary position around the circle. When deriving the symbol error probability for the

ideal case, the integration can be simplified by rotating the decision region so that either the

symbol position lies along the I or Q axis [14, p.82], or that one of the decision region

boundaries lies along the I or Q axis [14, p.78]. It is valid to do this because the I  and  Q

noise components are statistically independent, and with equal I and Q variances. A contour

plot of the bivariate PDF is circular in shape, and is rotationally invariant.

However in this case it is not possible to do this. From figure 3.7 the contour plots of the

bivariate PDF are elliptical with the major and minor axes aligned along the I and Q axes.

For an M±PSK decision region the orientation of the elliptical PDF changes with respect to

the position of the region in the constellation as you move around the circle from symbol to

symbol. Hence the bivariate PDF of the I and Q noise components is not rotationally

invariant.
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4.7  BER Expressions for M±QAM and M±PSK

Here the BER for various QAM constellations is determined with the effects of nonideal

frequency conversion accounted for. The relationship between the Q±function argument

used in the symbol error probability expressions and the SNR is given by [9, p367±368]:

A
� �

2� Eb

� 2
a N0

�
(4.21)

where �  is the number of bits per symbol, Eb is the energy per bit, N0 is the noise power

spectral density, related to the noise variance by:

� 2 �
N0
2 (4.22)

 and � 2
a is the average symbol variance given by:

� 2
a � 1

M
�
M

i� 1

a2
Ii � a2

Qi�
(4.23)

for the set baseband symbols  represented by aIi � jaQi where baseband QAM symbols are

part of the set defined by:

aIi , aQi � { � 1, � 3, ......} (4.24)

and where baseband PSK symbols are such that � 2
a is equal to unity. The use of ideal

matched filtering is also assumed [9, p368].

An expression for BER, PB(E), is derived by adding the symbol error probabilities for

every symbol and dividing by the number of symbols in the constellation. The expression

for BER is given as:

PB(E) � 1
� M

�
M

i� 1

P(E)i
(4.25)

where P(E)i is the probability of error for the i±th symbol in the constellation and will be

equal to one of the expressions given in section 4.4 in the case of M±QAM, or equal to

equation (4.19) for M±PSK.  This also assumes that Gray coding is used so that only single

bit symbol errors occur.
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4.7.1  Special Considerations for the Summation of Symbol Error Contributions

To compute the overall BER using equation (4.25) the error contribution of every symbol in

the constellation must be computed. As the overall translation of each symbol position can

be made up of linear transformations plus offset translations, it is impossible to take

advantage of symmetry between symbols in different quadrants of the constellation.

An error vector with I and Q components is computed for every symbol in the constellation

using equation (3.16). In the case of QAM decision regions the I and Q components of this

are used to alter the limits of integration of the I and Q noise PDF's. Care has to be taken

when considering the integration limits for symbols in the 2nd, 3rd and 4th quadrants to

ensure that the polarity of the I and Q coordinate space is accounted for. For each symbol in

the constellation there are up to four possible limits of integration that are affected by the I

or Q component of the error vector, depending on the type of decision region. These are

summarised below for all four quadrants.

1st Quadrant :

�1 � eIi
�

�1 � eIi
�

�1 � eQi�

�1 � eQi�

2nd Quadrant :

� �� 1 � eIi
�

� �� 1 � eIi
�

�1 � eQi�

�1 � eQi�

3rd Quadrant :

� �� 1 � eIi
�

� �� 1 � eIi
�

� �� 1 � eQi�

� �� 1 � eQi�

4th Quadrant :

�1 � eIi
�

�1 � eIi
�

� �� 1 � eQi�

� �� 1 � eQi�
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In the case of PSK decision regions an error vector with I and Q components is computed

for every symbol in the constellation. This is used in equation (4.18) to determine a phase

error component e� i for every symbol. The arctan function is used in (4.18) and this has a

range y given by:

±�
2

� y � �
2 (4.26)

which only covers the 1st and 4th quadrants of the constellation. For symbols in the 2nd

quadrant the arctan function would give an angle in the 4th quadrant, and for symbols in the

3rd quadrant the arctan function would give the equivalent angle in the 1st quadrant. A

factor of �  radians is used for 2nd quadrant and 3rd quadrant symbols so that the correct

value of phase error component is given. This is summarised below.

1st Quadrant :

e� i � arctan��	
sin�� 2

� � eQi

cos�� 2
� � eIi

�
�
� � 2

2nd Quadrant :

e� i � arctan��	
sin�� 2

� � eQi

cos�� 2
� � eIi

�
�
� � � � 2

3rd Quadrant :

e� i � arctan��	
sin�� 2

� � eQi

cos�� 2
� � eIi

�
�
� � 2

4th Quadrant :

e� i � arctan��	
sin�� 2

� � eQi

cos�� 2
� � eIi

�
�
� � � � 2

4.8  Conclusions

Analytical expressions for the BER of M±QAM and M±PSK, taking into account the

effects of nonideal quadrature hybrid up and down converters were developed. This was
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done by building on the analysis performed in Chapters 2 and 3. These expressions will be

modified further in Chapter 5 to accommodate the effects of phase jitter variance. The

results will be presented in Chapter 6.
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5  Analysis of M±QAM and M±PSK Modulation

    Schemes with Local Oscillator Phase Noise

5.1  Intr oduction

Degradation of BER performance due to phase noise is an important issue in coherent

communication systems. The effects of phase noise may be eliminated through good

engineering design of LO sources in the system. However good frequency synthesiser and

oscillator designs may come at the expense of increased complexity and cost if the phase

noise requirements for LO sources are over specified. The purpose of this chapter is to

describe and analyse the effects of BER degradation caused by phase noise for a number of

M±PSK and M±QAM schemes. This will give the system designer an indication of the

required phase noise performance of LO sources within the system. Where reference is

made to a Carrier Recovery Loop (CRL) in this chapter, the type of loop will not be

specified. It will be assumed that the CRL is able to remove phase jitter within the loop

bandwidth and that the bandwidth is small compared to the data rate so that phase estimates

derived by the CRL are constant over the symbol period.

5.2  Phase Noise and Frequency Stability

Phase noise is related to the broader term of frequency stability, which is the degree to which

a signal  source produces the same frequency value throughout a specified interval of time.

Frequency stability can be qualified as long term or short term. Long term stability is caused

by frequency fluctuations that occur over intervals of greater than a few seconds. This is

also referred to as frequency drift and can be related to the aging of components used in the

oscillator design. Short term stability may have both deterministic and random

components. These are frequency fluctuations occurring over intervals of less than a

second. This can be power supply fluctuations or mechanical vibration and will give

deterministic frequency components in the spectrum of the oscillator output. The LO

contains various sources of noise. These contribute the random components of short term

frequency stability. All of the random components contribute to the phase noise of a

frequency source. These short term, random components can be characterised using

statistical methods.
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5.3  Time Domain Representation of Phase Noise

The output of a frequency source may be given by:

V(t) � A(t) sin[� (t)] (5.1)

where V(t) is the instantaneous output voltage as a function of time, A(t) is an amplitude

modulation function, and � (t) is the total phase of the signal with the instantaneous

frequency, f (t) given below.

f (t) � 1
2�

d� (t)
dt (5.2)

An ideal oscillator has a constant amplitude function A(t) � V0 and a constant

instantaneous frequency f (t) � f0. All nonideal signals have unwanted random

fluctuations in amplitude, frequency and phase to varying degrees, and may be represented

by:

A(t) � V0 � � (t) (5.3)

f (t) � f0 � 1
2�

d� (t)
dt (5.4)

where � (t) represents random instantaneous amplitude fluctuations and � (t) represents the

random phase noise process. Both the amplitude and phase fluctuations can be thought of as

low modulation index amplitude and phase modulation components which can consist of

infinitely many modulating signals varying slowly compared to the signal source. In many

frequency sources the random amplitude modulating component is made to be negligible

and so will not be discussed further in detail [15, p.70].

The frequency and phase representations have some equivalence due to the integral

relationship between the two quantities but are both used because of different phase noise

measuring techniques [16, Chapt 11].
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5.4  Frequency Domain Representation of Phase Noise

Phase noise is represented by the random phase fluctuations. These appear in the frequency

domain as phase modulation sidebands centred on the signal frequency. This is shown in

figure 5.1.

Figure 5.1 ± Ideal and Nonideal Oscillator Spectral Densities

fo fo

Ideal Signal Nonideal Signal

The form of the power spectral density function is arrived at by considering a carrier signal

with a frequencyf0 that is frequency or phase modulated by a modulating signal � (t). This

is given by (5.1) and (5.3) with � (t) � 0 and � (t) given by:

� (t) � 2� � f (t) dt

� 2� f0t � � (t)
(5.5)

If the modulating signal is a sinusoid with a peak phase deviation  � p, as shown below.

� (t) � � p sin�2� fmt � (5.6)

Then after substituting for (5.5) and (5.6), (5.1) becomes:

V(t) � Vo sin�2� f0t � � p sin(2� fmt)�

� Vo�sin	2� f0t
 cos�� p sin(2� fmt)� � cos	2� f0t
 sin�� p sin(2� fmt)�� (5.7)

If � p � 1, this can be simplified to [15, p.71]:
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V(t) � Vo�sin�2� f0t
 � � p sin(2� fmt) cos�2� f0t
	

� Vo
sin�2� f0t
 �
� p

2
�sin�2� �f0 � fm
t	 � sin�2� �f0 � fm
t	
�

(5.8)

This shows that for a small peak phase deviation approximately all the phase modulation

power from a single sinusoidal modulating signal is contained in one sideband above and

below the carrier frequency. The ratio of phase modulation power in a single sideband to the

carrier power is given by:

P� SSB

Pc
�

� 2
p

4

�
� 2

rms
2 (5.9)

where � rms is the RMS level of the modulating signal in (5.6). The above result is important

as it gives a simple relationship for the ratio of phase modulation power to carrier power for

a single modulating signal. This may be extended to phase noise which consists of many

modulating signals to derive the phase noise power spectral density function by

representing the ratio of SSB phase noise power to carrier power in a 1Hz bandwidth. The

total power, or variance contributed by a random noise process with a PSD function S(f), is

given by:

� 2 � �
�

0

S(f) df

(5.10)

Note that the convention used here is to define the PSD for positive frequencies only. This is

referred to as a one sided PSD. This Contrasts with the use of a two sided PSD defined to

include negative frequencies as well. Inconsistent use in analysis can result in errors by a

factor of two. One sided PSD will be used throughout this chapter. The PSD for AWGN,

Sn(f), is a constant valued function of frequency as shown below.

Sn(f) � N0 Watts� Hz (5.11)
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The total AWGN variance in a bandwidth B centred at a frequency f1 is shown below after

substituting (5.11) into (5.10).

� 2 � �
f1�

B
2

f1�
B
2

Sn(f) df

� N0B Watts (5.12)

The AWGN variance � 2
n has units of power. However when the AWGN power is considered

relative to the carrier power C, then the resulting variance considered as a function of f, has

the units of rads2.

� 2
n � �

f1�
B
2

f1�
B
2

�N0
C
	

f

df rads2

(5.13)

This is also known as the phase jitter variance. The phase noise PSD, S� (fa),  defined as the

mean squared power in a 1Hz bandwidth in both phase sidebands at an offset � fa from the

carrier, is given by:

S� (fa) �
�� 2

rms(fa)
B rads2� Hz (5.14)

where �� 2
rms(fa) is the RMS phase deviation, measured in a bandwidth B. Another measure

that is used is the SSB spectral density function, � (f), which is defined as the power in one

phase modulation side band per Hz of bandwidth with respect to the carrier power. This is

essentially the same relationship as that given in (5.9) but gives the power ratio as a function

of the offset frequency fa from the carrier.

� (fa) �
� 2

p

4

�
� 2

rms
2

� (fa) � 1
2

S� (fa) (5.15)
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Note that the approximation is valid only if the peak phase deviation � 1 . The factor of

two is required as S� (fa) is defined as a double sideband (DSB) function and � (f) is defined

as a single sideband (SSB) function.

The function � (f) is commonly used to specify the ratio of phase noise power to carrier

power as it can be easily measured in practice using a spectrum analyser. Many spectrum

analysers allow for direct noise measurement in a 1Hz bandwidth. The measures of phase

noise power spectral density shown above are usually presented in logarithmic units as

power in dB below the carrier power per 1Hz of bandwidth, or dBc/Hz.

5.5  The CRL Phase Estimate Error Variance

In a coherent communications system demodulation is performed by correlating the phase

of the received signal with the phase of a reference signal which is adjusted under feedback

by a Carrier Recovery Loop (CRL). The phase noise of the LO signals is transferred to the

modulated signal by the frequency conversion process. This, combined with AWGN,

causes the phase estimate of the CRL to change. There is a finite amount of error between

the phase of the received signal and the CRL phase estimate in the form of phase jitter. As

the phase jitter is caused by random processes, the amount of phase error is quantified by

taking the variance of the phase estimate error. As the amount of phase noise and AWGN

increases, so too does the phase error variance. The effect on the demodulation process can

be seen using the received signal constellation. The random phase jitter causes each point in

the signal constellation to have a radial component of movement. This is shown in figure

5.2.

Figure 5.2 ± Coherence Phase Error on a Received Constellation

�

The random phase jitter can move the symbols close to or over the decision threshold and

add to the BER caused by AWGN alone. The CRL will behave as a lowpass filter for

thermal noise and as a high pass filter for phase noise components.
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The total phase jitter variance � 2
�  is made up of a thermal noise component � 2

n and a phase

noise component, � 2
�  as shown below.

� 2
� � � 2

n � � 2
� (5.16)

Assuming a representation of the equivalent low pass frequency response for the CRL,

H(j2� f),  then � 2
n may be found by integration as:

� 2
n � L�

�

0

N0
C |H(j2� f)|

2 df

(5.17)

A loss factor L needs to be included in (5.18), which takes into account the type of CRL.

There will be some increase in the variance of the phase estimate on top of the SNR. An

example of this is the well published loss factor is known as the ̀ Squaring Loss'  associated

with the Squaring Loop CRL used for BPSK demodulation [8, p.311]. If the loop noise

bandwidth, BL is known, then � 2
n can be found by:

� 2
n � �No

C
�LBL

(5.18)

If a representation of the equivalent high pass transfer function in the frequency domain,

1 � H(j2� f). exists for the CRL,  then � 2
�  may be found by integration as:

� 2
� � 2�

fs

0

� (f) | 1 � H(j2� f) |
2 df

(5.19)

The symbol rate fs is usually taken to be the upper limit of integration [17, p.255]. However

in many systems the phase estimates are derived in the receiver at a point after the  received

data has been Nyquist filtered. If this is the case then the upper limit could be taken as:

Upper Limit �
fs
2

(1 � � ) (5.20)

where �  is the excess bandwidth factor for the Nyquist filter. A more accurate

representation is given below:
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� 2
� � 2�

�

0

� (f) | 1 � H(j2� f) |
2� HN(j2� f) �2 df

(5.21)

where HN(j2� f) is the Nyquist frequency response.

5.6  Phase Noise Numerical Integration Technique

When applying quantitative analysis to the phase noise effects described in the previous

sections integration involving the SSB phase noise PSD function has to be done over a

certain frequency bandwidth. The phase jitter variance is related to the integral of the SSB

phase noise power spectral density function over a certain frequency range offset from the

carrier as shown below. From (5.15);

� 2
� � 2�

fb

fa

� (f) df
(5.22)

Often the exact function � (f) is not known and some approximation is used along with a

numerical integration technique to compute the phase noise variance over a certain

bandwidth. The easiest way to perform this integral is to assume that the PSD function is

made up of a series of power law segments. This is done by either reading a finite number of

points from a spectrum analyser or by using a simple phase noise mask that lies above the

SSB response seen on the spectrum analyser. A phase noise mask will usually only consist

of 4 or 5 discrete points. A data file obtained under GPIB control of a spectrum analyser plot

may consist of several hundred points. Each point contains the (x, y) coordinates (f,dBc)

from the phase noise PSD plot and in either case the method used to obtain the variance

value is the same.

The power law model is often used to represent the phase noise PSD. It is given by (5.23).

The general equation for a straight line is realised by taking logs of this to obtain equation

(5.24) where x is the gradient and C is related to the y±axis intercept point.

S(f) � Cf x
(5.23)
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log[ S(f) ] � x log[ f ] � log[ C ] (5.24)

The constants x and C can be found from any pair of consecutive points, �fk, , dBck	 and

� fk� 1, dBck� 1
	, from the phase noise PSD, and are given by:

x �

dBcn� 1

10 ± dBcn

10

log�fn� 1

fn

�
(5.25)

C � 10� (5.26)

� �
dBcn
10

� x log[fn] (5.27)

In general the phase noise variance is found using equation (5.22). The factor of two is used

to convert the SSB variance to a DSB. If the exact function of � (f) is known then the

integration is performed between the limits of interest. If the SSB phase noise plot is made

up of a finite number of points then a variance value may be calculated for each pair of

points. This is seen in equation (5.28) after substituting (5.23) into (5.22).

� 2
� k � 2�

fk� 1

fk

Cf x df

�
2C

x � 1
� f x� 1

k� 1 ± f x� 1
k

	 , x � ±1

� 2C log�fk� 1
fk
� , x � ±1

(5.28)

The total variance is given by the sum of these individual variances. This is shown in

equation (5.29) for a p ± point data file containing (x, y) coordinates for a SSB phase noise

PSD plot.
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� 2
� � 	

p� 1

k� 1

� 2
� k

(5.29)

The integration is carried out over the expected noise bandwidth of the carrier recovery

loop. The PSD values corresponding to these frequency limits can be found by

interpolation between pair of points that lie to either side of the frequency limit value using

equations (5.24), (5.25), and (5.26). If there are many points in the data file then the closest

to the limit can be chosen and the total variance is then the sum of all the individual

variances between these two points.

5.7  BER Expression in Terms of SNR and Phase Jitter Variance

The general expression for BER, PB(E) in terms of SNR and phase jitter variance is shown

below [18, p. 269]:

PB (E) � �
�

±�

PB
�E � � � p(� ) d�

(5.30)

where E is the SNR, �  is the random variable representing the phase error estimate of the

CRL with a PDF of p(� ), and  PB
�E � � � is the conditional probability of a bit error on � .

BER expressions developed later for QAM and PSK modulation schemes will be based on

this general equation. The main difference for each modulation scheme will be the form of

PB
�E � � �. This may be determined using analysis techniques from previous chapters. The

error vector can be used as a function of �  because the phase estimate is assumed static

across each symbol period. The choice of PDF for p(� ) is not as immediately obvious.

However the Tikhonov PDF and Gaussian PDF have been widely used in phase locked loop

(PLL) and CRL analysis. Each will be discussed in turn.

5.7.1  The Tikhonov PDF

The Tikhonov PDF is given by:

p(� ) �
exp[� cos(� )]

2� I0(� )
±� � � � �

(5.31)
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where �  is the SNR inside the loop bandwidth and I0(� ) is the zeroth order modified Bessel

function.  The Tikhonov PDF arose from PLL analysis with AWGN and describes the phase

error output of a first order PLL with a zero detuning, ie. the loop is frequency locked. Many

carrier recovery schemes are analysed as second order loops and the Tikhonov distribution

is a good approximation if the loop SNR is high enough  [19, p. 111].  The general

expression for the variance � 2
�  of a zero mean random variable �  with a PDF p(� ) is given

by [8, p.17]:

� 2
� � �

�

±�

� 2p(� ) d�

(5.32)

Substituting the Tikhonov distribution for p(� ) in (5.32) results in an intractable integral.

However the exponential function in (5.31) may be represented as a Fourier series as shown

below [19, p.92].

exp[� cos(� )] � I0(� ) � 2 �
�

n� 1

In(� ) cos(n� )
(5.33)

After substituting (5.33) and (5.31) into (5.32) and solving the integral, the variance of the

phase estimate is found as a function of the CRL SNR[19, p.92].

� 2
� � 1

2� I0(� )
�
�

±�

� 2�
	



I0(� ) � 2 �
�

n� 1

In(� ) cos(n� )�
�
�

d�

� 2
� � � 2

3
� 4 �

�

n� 1

(� 1)nIn(� )
n2I0(� )

(5.34)

A widely used approximation for (5.34) used for high values of CRL SNR is given by [8,

p310]:

� 2
� � 1

� (5.35)

Figure 5.3  shows exact and approximate expressions for the CRL SNR using (5.34) and

(5.35). 
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Figure 5.3 ± Relationship between Phase Jitter Variance and CRL SNR

� 2
�

�rads2�

Phase Jitter

Variance

CRL SNR  (dB)

Exact

Approximate

Figure 5.4 shows that the percentage error between the exact expression for the phase jitter

variance. The approximation is within 5% for SNR values greater than 10dB and less than

1% for CRL SNR values of greater than 20dB.

Figure 5.4 ± % Error between the Exact and Approximate Phase Jitter Variance

CRL SNR (dB)

% Error

The Tikhonov PDF appeared in a number of papers from the 1960's and 1970's that dealt

with the effect of noisy phase references on lower order digital modulation schemes, such

as BPSK [20, 21, 22]. These papers largely ignored the effects of phase noise but

concentrated on AWGN as the primary cause of phase jitter. As a result it is hard to see

where the phase noise component of the total phase jitter may be accommodated in the

Tikhonov PDF. From the approximation given in (5.35), the total phase jitter variance is

related to the CRL SNR. This is reasonable to expect for AWGN because the CRL behaves
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as a lowpass filter. However the CRL acts as a high pass filter on the phase noise component

of phase jitter and so the amount of phase noise jitter should be independent of SNR inside

the CRL bandwidth.

5.7.2  Gaussian Approximation to the Tikhonov PDF

For high CRL SNR values the zeroth order Bessel function can be given by:

I0(� ) �
exp(� )

2� �� (5.36)

where �  is the CRL SNR. For high values of � , the phase variance may become low enough

for the following approximation:

cos� � 1 � � 2

2 (5.37)

where �  is the CRL phase error estimate. After substituting (5.36) and (5.37) into (5.31),

the resulting PDF approximates to a Gaussian PDF for high values of CRL SNR.

p�� � �

exp�� �
� � 2

2
�

2�
exp(� )

2� ��

� 1
2�� � P

exp�
�
�

±1
2
� �

� P
�2

�
	

 (5.38)

The Gaussian approximation to the Tikhonov PDF is justified in many references for high

values of loop SNR but there is often little quantitative justification of what a high value of

loop SNR is apart from some mention of `under SNR conditions that are always met in

practice' [23]. It is worth trying to quantify this as the numerical integration of the Gaussian

PDF when used in (5.30) can be made computationally more efficient than when a

Tikhonov PDF is used[23]. A plot of the percentage error versus CRL SNR between the

exact form of the Bessel function and the approximation from (5.36) is given in Figure 5.5.
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Figure 5.5 ± % Error for the Bessel Function Approximation

Loop SNR (dB)

% Error

This shows that for loop SNR values approaching 20dB and greater, the approximation

gives less than 1% error.  A plot of the percentage error versus �  for the exact and

approximate Cosine function in (5.37) is given in Figure 5.6.

Figure 5.6 ± % Error for the Cosine Function Approximation

% Error

� (Degrees)

It can be seen that less than 1% error results for phase angles approaching 40o. From

equation (5.35), a loop SNR of 20dB equates to a RMS integrated phase noise jitter

variance of 0.1 radians or 5.7o. Higher loop SNR values result in jitter values lower than

this. For a Gaussian distribution the integrated jitter in degrees is the value of standard

deviation �  for the distribution and 99.7% of the area of the PDF is contained within � 3�

of the zero mean value[24, p.677] which is just over 17o for a SNR of 20dB. This shows that

loop SNR values of 20dB or greater do allow the use of the Gaussian PDF approximation.



62

Another justification for the Gaussian PDF is the central limit theorem [8, p.44] in which it

is known that the PDF of the sum of many independent PDFs tends towards a Gaussian

PDF. A large number of PDFs is the result of several phase noise contributions in a LO [15,

p.71]. This number grows when the contribution of every LO in a communications system

is considered.

5.7.3  Conditional Probability of Err or for M±QAM

In this section the conditional probability of a bit error, PB
�E � � 	, is derived for QAM

schemes. The phase error estimate is assumed to be slowly varying with respect to the

symbol rate and is taken to be constant across the symbol period. The rotational

transformation �  for the i±th symbol in the constellation is given by:

� : s � r ; r i � Rsi (5.39)

where si is the transmitted symbol given by (3.1), r i  is the received symbol given by (3.2),

and R is the rotation matrix:

R � �cos�
sin�

±sin�
cos� � (5.40)

The transformation �  of the received symbol from the nominal point in the constellation is

represented by an error vector e with orthogonal components that lie along the I and Q axes.

This is shown in Figure 5.7.

The error vector and components are given below as a function of the phase estimate error.

ei � Rsi � si (5.41)

eI(� )i � sIi(cos� � 1) � sQi sin� (5.42)

eQ(� )i � sQi(cos� � 1) � sIi sin� (5.43)
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Figure 5.7 ± A M±QAM symbol with a Phase Estimate Error

�

eI(� )
eQ(� ) s

r

An error vector is determined for every received symbol in the constellation. The general

expression for the conditional probability of a bit error for M±ary QAM schemes with �

bits/symbol is given by:

PB
�E� � � � 1

� M
�
M

i� 1

P� E�� �
i

(5.44)

where P� E � � �
i is the conditional probability of a symbol error for the i±th symbol. These

can be derived from expressions for P� E �
i given in Appendix B by substituting � I(� )i for

eIi, and � Q(� )i for eQi, where:

� I(� )i � eIi � eI(� )i (5.45)

� Q(� )i � eQi � eQ(� )i (5.46)

This will give a probability of error conditional on �  and will also include the effects of

quadrature hybrid imperfections.
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5.7.4  Conditional probability of Err or for M±PSK

In this section the conditional probability of error, PB
�E � � �  is derived for M±PSK.   This is

shown in Figure 5.8.

Figure 5.8 ± A M±PSK Symbol with a Phase Estimate Error

� i

f1(nI)

f2(nI)

nQ

nI

�

s

r

Again the rotational transform �  is used to represent the phase error. In polar coordinates

this can be shown directly as � . The conditional probability of error is given by (5.44). As

with QAM schemes the conditional error probabilities can be derived from the expression

for P� E �
i  given in Appendix D by substituting � (� )i for e� i where:

� (� )i � e� i � � (5.47)

which will  give a probability of error conditional on �  and will also include the effects of

quadrature hybrid imperfections.

The expression for BPSK can be derived from this as well remembering that only the I

channel is demodulated. This is a special case of Figure 5.8 in that the decision region walls

are 180 degrees apart and so effectively form a single line. This is shown in Figure 5.9.

The conditional bit error probability for BPSK is given below.

P�E�� � � Q�
�
�

2Eb
N0

� cos� �
	

 (5.48)
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Figure 5.9 ± Phase Estimate Error for a BPSK Symbol

�

Acos�

A

5.8  Conclusions

Phase noise was described and a method to determine phase noise effects from circuit

measurements was discussed. The validity of a number of commonly used approximations

was tested. For the Gaussian approximation for the Tikhonov PDF, it was found that CRL

SNR values greater than 20dB produced negligible error.

Analytical expressions for the BER of M±QAM and M±PSK, taking into account the

effects of both nonideal quadrature hybrid frequency conversion and phase jitter were

developed . The results will be presented in Chapter 6.
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6  BER and Implementation Loss Results

6.1  Intr oduction

The results presented in this chapter are derived from analytical closed form expressions

developed in the previous chapters. The aim of the results is to quantify the effects of

quadrature hybrid errors, that can occur as part of the frequency conversion process, on

various M±QAM and M±PSK modulation schemes. The quadrature hybrid errors are in the

form of parameters such as quadrature phase error and amplitude imbalance on the up

converter and the down converter, DC offset on the down converter, phase offset between

the up converter and down converter LO's (Local Oscillators). The effect of phase jitter on

the received signal is also investigated. There are three main parts to this chapter, with each

part quantifying the effect on the modulation schemes in a different way.

The first part presents graphs of BER curves against Eb� N0 for each modulation scheme

showing the BER for ideal frequency conversion and the BER for 4 standard cases of

combined quadrature hybrid errors. Also shown is a set of constellation diagrams, one for

each standard case, showing how the combined errors act to translate each received symbol

position relative to its ideal position in the constellation.

The second part presents a set of implementation loss graphs, taken for a BER of 10±6,

against each of the parameters described above. This allows different modulation schemes

to be compared directly on the same graph. Also the effect of each parameter is isolated as

all of the other parameters are made to be ideal.

The third part presents a set of implementation loss graphs as in the second part. However

the graphs are plotted against log2 M, where each modulation scheme contains M symbols.

Each graph is plotted for a specific value of each of the parameters described above and

each graph has a curve for M±PSK and M±QAM. These graphs allow for a general

comparison between the sensitivity of QAM and PSK modulation schemes against each

error parameter, particularly the relative performance of higher order modulation schemes.

This chapter presents a systemmatically generated set of results for nine modulation

schemes, each with seven parameter variations. This forms a very comprehensive set of

results, covering most typical system scenarios, and extending those previously published.
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6.2  BER Graphs for Combined Error Parameters

BER graphs and constellation diagrams are presented in the following pages for 8±QAM,

16±QAM, 32±QAM, 64±QAM, QPSK, 8±PSK, 16±PSK, 32±PSK, and 64±PSK. From

these the effects on each scheme by the four cases of combined error can be assessed. The

four standard cases of combined error parameters are shown below.

Up Converter Down Converter
Quadrature

Error
(Deg)

Amplitude Im-
balance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude Im-
balance

(dB)

Carrier 
Suppression

(dBc)
Case

0.5 0.1 30.0 0.5 0.1 30.0 `a'

0.5 0.1 Infinite 0.5 0.1 Infinite `b'

1.0 0.3 Infinite 1.0 0.3 Infinite `c'

3.0 0.5 Infinite 3.0 0.5 Infinite `d'

Table 6.1 ± Combined Error Parameter Values used in the BER results

The parameter values for the combined effects were chosen to give an idea of how well the

quadrature hybrid circuits would have to be designed to use them with higher order PSK

and QAM  schemes. Case ̀ b' has parameters which are probably better than that which may

be achieved with the best possible analogue design. Case ̀ a' is the same as ̀ b' but without

ideal, or infinite carrier suppression. Case `c' has parameters which are achievable from a

good design and case `d' would be typical of an average design.
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Figure 6.1 ± BER for 8±QAM with Combined Errors

a) b)

c) d)

a)

c)

d)

b)

Ideal

Modulation

Type

Up Converter Down Converter
Type Quadrature

Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)
Figure

8±QAM 0.5 0.1 30.0 0.5 0.1 30.0 6.1 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.1 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.1 c

3.0 0.5 Infinite 3.0 0.5 Infinite 6.1 d

Table 6.2 ± Parameter Values for the 8±QAM BER Curves
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Figure 6.2 ± BER for 16±QAM with Combined Errors

a) b)

d)c)

c)

d)

b)
a)

Ideal

Modulation

Type

Up Converter Down Converter
Type Quadrature

Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)
Figure

16±QAM 0.5 0.1 30.0 0.5 0.1 30.0 6.2 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.2 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.2 c

3.0 0.5 Infinite 3.0 0.5 Infinite 6.2 d

Table 6.3 ± Parameter Values for the 16±QAM BER Curves
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Figure 6.3 ± BER for 32±QAM with Combined Errors

a) b)

d)c)

c)

d)

b)

a)

Ideal

Modulation

Type

Up Converter Down Converter
Type Quadrature

Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)
Figure

32±QAM 0.5 0.1 30.0 0.5 0.1 30.0 6.3 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.3 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.3 c

3.0 0.5 Infinite 3.0 0.5 Infinite 6.3 d

Table 6.4 ± Parameter Values for the 32±QAM BER Curves
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Figure 6.4 ± BER for 64±QAM with Combined Errors

a)

d)

b)

c)

a)

d)

b)

c)
Ideal

Modulation

Type

Up Converter Down Converter
Type Quadrature

Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)
Figure

64±QAM 0.5 0.1 30.0 0.5 0.1 30.0 6.4 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.4 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.4 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.4 d

Table 6.5 ± Parameter values for the 64±QAM BER Curves
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Figure 6.5 ± BER for QPSK with Combined Errors

a) b)

c) d)

d)
Ideal

Modulation
type

Up Converter Down Converter
type

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)

Quadrature
Error
(Deg)

Amplitude
Imbalance

(dB)

Carrier 
Suppression

(dBc)
Figure

QPSK 0.5 0.1 30.0 0.5 0.1 30.0 6.5 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.5 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.5 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.5 d

Table 6.6 ± Parameter Values for the QPSK BER Curves
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Figure 6.6 ± BER for 8±PSK with Combined Errors

a) b)

c) d)

a)

c)

d)

b)

Ideal
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Figure

8±PSK 0.5 0.1 30.0 0.5 0.1 30.0 6.6 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.6 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.6 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.6 d

Table 6.7 ± Parameter Values for the 8±PSK BER Curves
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Figure 6.7 ± BER for 16±PSK with Combined Errors
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16±PSK 0.5 0.1 30.0 0.5 0.1 30.0 6.7 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.7 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.7 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.7 d

Table 6.8 ± Parameter Values for the 16±PSK BER Curves
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Figure 6.8 ± BER for 32±PSK with Combined Errors
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32±PSK 0.5 0.1 30.0 0.5 0.1 30.0 6.8 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.8 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.8 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.8 d

Table 6.9 ± Parameter Values for the 32±PSK BER Curves
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Figure 6.9 ± BER for 64±PSK with Combined Errors
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Figure

64±PSK 0.5 0.1 30.0 0.5 0.1 30.0 6.9 a

0.5 0.1 Infinite 0.5 0.1 Infinite 6.9 b

1.0 0.3 Infinite 1.0 0.3 Infinite 6.9 c

3.0 0.5 Infinite 2.0 0.5 Infinite 6.9 d

Table 6.10 ± Parameter Values for the 64±PSK BER Curves
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6.2.1  BER Results Discussion

It was found overall that the higher order modulation schemes had the worst BER

performance for all four cases, particularly 32±PSK and 64±PSK which could not be used

in a communications system with up converters and down converters having the

specifications set by cases `a', `c', and `d'. Inspection of the accompanying 32±PSK and

64±PSK constellation diagrams for these cases show that many symbols were translated to

be very close to the decision region boundary, and in some cases into the neighbouring

decision region. These symbols would always be in error unless added noise components

could translate them to the correct region. The higher order QAM schemes performed

better with case ̀ d' producing significant BER degradation on 16±QAM and 32±QAM. A

64±QAM communications system would not be recommended with up converters and

down converters being specified to case `d'.

It can be observed from the 16±QAM, 32±QAM, and 64±QAM constellation diagrams that

the error vectors are more pronounced for symbols that lie along the outermost edges of the

constellation.  From this it would seem that these symbols would dominate the overall BER.

A consistent result across all the modulation schemes was the order of BER degradation

caused by the four cases of combined error parameters. The order in terms of increasing

BER degradation was found to be case `b', followed by `a', `c', and `d'. This is not an

unusual result since case `b' is the same as case `a', but without the extra effect of finite

carrier suppression. Also, case ̀ d' should be worse than case ̀ c' due to the larger values of

quadrature phase error and amplitude imbalance. There is no corresponding argument to

suggest why case `c' should be worse than `a'. Case `c' has higher levels of quadrature

phase and amplitude imbalance, but the effect of case ̀ a' is dominated by the finite level of

carrier suppression.

The BER performance of cases ̀ a' and ̀ c' was almost identical for all the PSK modulation

schemes. In the case of the QAM schemes case `c' showed increasingly more BER

degradation than case `a' as the order of the modulation scheme increased. It could be

deduced from this that QAM schemes are more intolerant to finite carrier suppression, and

hence DC offset effects than are PSK modulation schemes.

It can be seen from figures 6.2 to 6.4 that a very good design is required for the quadrature

hybrid circuits if 16±QAM and higher order QAM schemes are to be used. The best results

are from case `b', which shows less than a 0.4dB loss at a BER of 10±10 for 16±QAM but

almost double that for 64±QAM.
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The BER results would seem to show that unless some Implementation Loss is to be

allowed then an analogue implementation of the quadrature hybrid circuit would be

becoming  unsuitable for 64±QAM with higher order QAM schemes being impossible to

realise without significant loss.

Also it can be seen from figures 6.5 to 6.9 that a very good design is required for the

quadrature hybrid circuits if 8±PSK and higher order PSK modulation schemes are to be

used. The best results are from case `b', which shows less than a 0.4dB loss at a BER of

10±10 for QPSK and 8±PSK but is 1.8dB for 32±PSK and approaching 4dB for 64±PSK.

6.3  Implementation Loss Graphs

Graphs of implementation loss against error parameter are presented in the following pages

for various PSK and QAM schemes. The error parameters investigated are quadrature

phase error and amplitude imbalance on the up converter and the down converter, DC offset

on the down converter, phase offset between the up converter and down converter LO's

(Local Oscillators). The effect of phase jitter on the received signal is also investigated.

In the case of amplitude imbalance and quadrature phase error, different results were

observed for up converter and down converter.  These are distinguished by ̀ _UC' to signify

an up converter parameter and `_DC' to signify a down converter parameter. This is taken

one step further in the case of amplitude imbalance for 8±QAM as different results were

observed depending if the amplitude gain was greater on the I or Q channel. In this case the

convention used is `_UCN' and `_DCN' to signify that the amplitude imbalance in dB is

negative with respect to the Q channel.

In all cases the implementation loss is for a BER of 10±6.
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Figure 6.10 ± Implementation Loss vs Amplitude Imbalance for M±PSK and M±QAM
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Figure 6.11 ± Implementation Loss vs Amplitude Imbalance for 8±QAM
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Figure 6.12 ± Implementation Loss vs Quadrature Phase Error
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Figure 6.13 ± Implementation Loss vs DC Offset
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Figure 6.14 ± Implementation Loss vs Carrier Phase Offset
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Figure 6.15 ± Implementation Loss vs Phase Jitter Variance
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Figure 6.16 ± Implementation Loss vs Phase Jitter Variance for BPSK and QPSK
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6.3.1  General Performance of Modulation Schemes with Implementation Loss

As with the BER results, the implementation loss curves show that the higher order

modulation schemes are more sensitive to the error parameters. The discussion in this

section will serve to identify the modulation schemes that have less than 1dB of

implementation loss for value of error parameter that is achievable by practical designs.

Discussion focussing on possible causes for some of the results will come in later sections.

Where reference is made to a `worst case performance' it means that there was an

appreciable difference between the up converter and down converter implementation loss

for a particular error parameter and the worst case result will be quoted for the sake of

brevity.
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6.3.1.1  Amplitude Imbalance

Of the QAM schemes 16±QAM shows the best overall performance with less than 1dB

implementation loss for amplitude imbalances of around 1dB. The performance of 8±QAM

is not quite as good and there is a variation dependant on wether the I or Q channel has the

greater gain. 32±QAM needs less than 0.75dB imbalance, and 64±QAM needs less than 0.4

dB imbalance to achieve less than 1dB implementation loss.

QPSK was relatively intolerant to amplitude imbalance, requiring more than 2.25dB on the

up converter for a loss of more than 1dB. There was no implementation loss for an

imbalance in the down converter for QPSK. There was a large variation in the performance

of 8±PSK depending on wether the imbalance was in the up converter or the down

converter. At the worst case the amplitude imbalance would have to be better than 0.6dB to

achieve a loss of less than 1dB and the higher order PSK schemes would need better than

0.3dB imbalance.

6.3.1.2  Quadrature Phase Error

The worst case performance 8±QAM and 16±QAM are similar and were comparatively

intolerant of quadrature phase error. 16±QAM had a 1dB loss at around 3.6o with 64±QAM

achieving the same for around 1.2o.

QPSK was the scheme most intolerant to quadrature phase errors with a loss of 1dB at less

than 9.5o. The same loss was achieved with 8±PSK for less than 4.5o, 16±PSK was similar

in performance to 64±QAM with the higher order PSK schemes needing better than 10.

6.3.1.3  DC Offset

Less than 7.5% DC offset was required to achieve less than 1dB of loss for 8±QAM. The

QAM schemes were evenly spaced apart with 16±QAM needing less than 6%, 32±QAM

less than 4% and 64±QAM less than 3%.

The modulation scheme that showed the most tolerance to DC offset was QPSK with over

16% required for a 1dB loss. The performance of 8±PSK was in between that of 8±QAM

and 16±QAM at around 7%. Less than 3.5% was required by 16±PSK, with 32±PSK and

64±PSK requiring less than 2% and 1% respectively.
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6.3.1.4  Carrier Phase Offset

Less than 3.6o for 8±QAM, 3o for 16±QAM,  2.2o for 32±QAM, and less than 1.7o were

needed to achieve less than 1dB of loss.

Around 7.5o  of carrier phase offset was needed by QPSK to give 1dB of loss. The

performance of 8±PSK was similar to 16±QAM, 16±PSK was similar to 32±QAM, and the

higher order PSK schemes could not tolerate more than 1o.

6.3.1.5  Phase Jitter

The performance of 8±QAM and 16±QAM were similar with less than 2.2o of phase jitter

required for 16±QAM. Less than 1.5o is required for 32±QAM and 64±QAM needs less

than 1.1o.

For the sake of completeness, BPSK was included here for comparison to illustrate the large

difference in performance between BPSK and QPSK, and between QPSK and 8±PSK. Less

than 14o is required for BPSK,  5o for QPSK, and 2.6o for 8±PSK. The performance of

16±PSK against phase jitter is marginally worse than 64±QAM, with the higher order PSK

schemes requiring less than 1o of phase jitter to achieve less than 1dB of loss.

6.3.2  General Trends in the Quadrature and Amplitude Imbalance Results

There were differences in the results for quadrature and amplitude imbalance on the up

converter and down converter. This is summarised in table 6.11.

Error Parameter Implementation Loss Greater
on Up Converter

Implementation Loss Greater
on Down Converter

Amplitude Imbalance 16±QAM, 32±QAM,
64±QAM, QPSK

8±QAM, 8±PSK, 16±PSK,
32±PSK, 64±PSK

Quadrature Phase Error 16±QAM, 32±QAM,
64±QAM, QPSK, 8±PSK

8±QAM, 16±PSK, 32±PSK,
64±PSK

Table 6.11 ± Implementation Loss Summary for Quadrature and Amplitude Imbalance
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The general trend for the quadrature and amplitude imbalance parameters is that the QAM

schemes have more implementation loss for up converter error parameters while the PSK

modulation schemes have greater implementation loss for down converter error

parameters. However there are some exceptions to the general trend that require further

discussion.

Of the QAM schemes 8±QAM was the only one that showed a higher level of

implementation loss for quadrature phase error on the down converter. Of the PSK schemes

QPSK and 8±PSK went against the trend for PSK schemes having a higher level of

implementation loss for quadrature phase error on the up converter.

6.3.2.1  QPSK Amplitude Imbalance

There was no insertion loss observed for QPSK with down converter amplitude imbalance.

The QPSK decision regions are identical to type I QAM decision regions, and hence the

performance of QPSK would be identical to 4±QAM if ideal filtering is assumed.

Amplitude imbalance in the down converter does not introduce any correlation between the

I and Q noise components. Correlation is affected by quadrature phase error, as seen by

(3.37). However the I and Q noise variances are scaled by the same amount as the I and Q

components of the symbols after down conversion as shown in figure 6.17.

Figure 6.17 ± Amplitude Imbalance in a QPSK constellation

Signal plus noise

It can be seen that although the Q channel Euclidean distance to the decision boundary is

decreased, the Q channel noise variance is decreased as well. Correspondingly the I channel

Euclidean distance has increased along with an increase in the I channel noise variance.

However this is not necessarily true for higher order PSK decision regions and for QAM

decision regions with more than two finite boundaries.
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6.3.2.2  8±QAM Amplitude Imbalance

An example of this is seen in figure 6.18 for a 8±QAM constellation.

Figure 6.18 ± 8±QAM with Amplitude Imbalance in a 8±QAM constellation

Down Converter 
Amplitude Imbalance

Up Converter 
Amplitude Imbalance

I Channel Gain > Q Channel Gain

Q Channel Gain > I Channel Gain

For the up converter an increased error rate results from having a symbol translated closer

to a decision region, and this happens due to power normalisation being used in the analysis

to keep the noise power constant. The implementation loss is greater when the I channel

gain is greater because there is more decision region boundaries that cross the I axis.

In the case of the down converter the same effect is seen on the symbol positions. However

now the I and Q channel noise variances have been scaled by the amount of imbalance. It

can be seen that there is a I channel Euclidean distance component which has decreased.

Note that unlike the case of QPSK, the type I regions at the corner of the 8±QAM

constellation do have an effect on the symbol error  probabilities. This is because the corner

symbols are further from the centre of the constellation than in the case of QPSK and as

such the I channel magnitude of the error vector components are larger than the

corresponding change in the I channel noise variance.
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In the case of 8±QAM with a down converter I channel gain being more than the Q channel

gain, the corner symbols would have a decreased error probability because the I channel

error component has increased the distance to the decision boundary, which is larger than

the increased I channel variance. However the type II regions have an increased error

probability because of the decreased I channel Euclidean distance to the boundary and the

increased I channel noise variance. This is shown in the results for 8±QAM as the

implementation loss is greater when the I channel gain is greater than the Q channel gain.

6.4  Implementation Loss Graphs to Compare PSK and QAM Schemes

In this section implementation loss graphs are presented on the following pages for a

particular value of error parameter and are plotted against log2 M for QAM and PSK

modulation schemes with M symbols. This allows the best overall comparison between

PSK and QAM schemes with extrapolation of the curves to predict the behaviour of higher

order schemes being possible as well.
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Figure 6.19 ± Implementation Loss for an Amplitude Imbalance of 0.5dB
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Figure 6.20 ± Implementation Loss for a Quadrature Phase Error of
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Figure 6.21 ± Implementation Loss for DC Offset and Carrier Phase Offset
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6.4.1  Overall Comparison of PSK QAM Sensitivity to Error Parameters

A consistent result for all of the error parameters is that 32±PSK and 64±PSK are far more

sensitive to implementation loss compared to the rest of the modulation schemes. In all

cases the PSK schemes show higher levels of implementation loss compared to QAM

schemes with the same number of symbols.

There is appreciable difference for the PSK schemes between the up converter and down

converter amplitude imbalance where the down converter amplitude imbalance causes

much higher implementation loss values. By comparison the QAM schemes generally have

worse performance with up converter amplitude imbalance but the difference is not as

dramatic.

The performance of 8±PSK is very similar to 16±QAM except for down converter

amplitude imbalance where 8±PSK is appreciably worse. Likewise the performance of

16±PSK and 64±QAM is similar except for amplitude imbalance and for quadrature phase

errors in the up converter where the performance of 64±QAM is worse.

6.5  Comparison with Other Published Results

The only source of results for quadrature hybrid imperfections was a paper by Cavers [6].

The results were presented as graphs of average symbol error rate against Eb� N0  for

16±QAM. The quadrature hybrid imperfections were all on the down converter. There was

a separate graph for 3% amplitude imbalance, 3o quadrature phase error, 3% DC offset, and

a graph for the combined errors. The results obtained with the model developed in this

thesis for 16±QAM showed almost perfect agreement for the same sets of imperfections.

This is to be expected since the mathematical models and the method used are virtually

identical. The main difference is that Cavers does not appear to take into account the non

zero correlation coefficient that can result after transformation of the noise by the down

converter. It may well be valid to do this for small amounts of quadrature phase error and

amplitude imbalance, as the correlation coefficient may only reach a negligible value, and

show a small amount of correlation between the I and Q channel noise components. In any

case the two sets of results seem to agree very closely.

There were a number of papers that gave results for the effect of phase reference jitter on

BPSK and QPSK, but only one was found that gave implementation loss results for a range

of higher order QAM and PSK modulation schemes. This was a paper by Kucar and Feher
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[25]. The method adopted in this paper is greatly simplified compared to the method

adopted in this thesis. Standard error rate expressions for M±QAM and M±PSK as given in

Proakis [8] are used. The amount of phase noise jitter variance is converted to a signal to

phase noise ratio by the relationship given in equation (5.35). The overall SNR that is used

in the error rate expressions is taken as the sum of the AWGN and phase noise contributions,

with the signal to phase noise ratio being made a variable. Every modulation scheme

analysed in this thesis except for 8±QAM and 32±QAM is represented in the paper. A

comparison of the results is given in table 6.12.

Modulation
Scheme

Implementation Loss = 1dB Implementation Loss = 2dB
Scheme Kucar Wojtiuk Kucar Wojtiuk

Signal to
Phase Noise
Ratio (dB)

Phase Jitter
(Deg.)

Phase Jitter
(Deg.)

Signal to
Phase Noise
Ratio (dB)

Phase Jitter
(Deg.)

Phase Jitter
(Deg.)

16±QAM 28.08 2.26 2.1 25.77 2.95 2.6

64±QAM 34.2 1.12 1.1 31.92 1.45 1.3

BPSK 16.92 8.17 13.96 15.38 9.75 15.34

QPSK 20.77 5.24 5.00 18.46 6.84 6.38

8±PSK 27.31 2.47 2.26 25.00 3.22 3.04

16±PSK 31.54 1.52 1.13 30.00 1.81 1.5

32±PSK 38.85 0.65 0.56 35.77 0.93 0.76

64±PSK 45.38 0.31 0.26 41.54 0.48 0.37

Table 6.12 ± Comparison Using Kucar's Implementation Loss Results for Phase Jitter

There is generally a good agreement between the two sets of results suggesting a validation

of the simplified approach taken by Kucar. It should be noted though that the method

followed in this thesis is more versatile as it is possible to present combined results of

quadrature hybrid imperfections plus phase jitter. The one exception to the general

agreement between results is the case of BPSK. However the results generated for BPSK in

this thesis use a well known expression for the conditional probability of error used as far

back as the paper by Lindsey in 1966 [20].

6.6  Conclusions

The results presented in this chapter have served to quantify some of the effects of nonideal

frequency conversion on various PSK and QAM modulation schemes. The results
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generally show that low order schemes such as QPSK can be used in a communications

system with up converters and down converters built to physically realisable performance

specifications without appreciable BER degradation. The design specifications start to

become tighter for 8±PSK and 16±QAM if negligible implementation loss is required. It is

quite likely that a practical frequency converter designs for 64±QAM and higher QAM

schemes system would start to introduce significant errors. Analog frequency converter

specifications for 32±PSK and higher PSK schemes would seem to be not physically

realisable unless some implementation loss could be accepted.

For high order modulation schemes these results present a good case for the use of digital

radio architectures that have the analog / digital interface already at an intermediate

frequency, with the quadrature hybrid frequency conversion to baseband being done

digitally.

Where possible the results have been compared with those published elsewhere, and have

been found for the most part to be in good agreement. It is believed that the results presented

here are the most comprehensive and accurate such set published at the time of submission

of this thesis.
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7  Conclusions

7.1  Concluding Remarks

The work described in this thesis has involved the investigation and analysis of several IF

imperfections in a frequency conversion subsystem, and the effect of these on the BER

performance of M±QAM and M±PSK modulation schemes.

Chapter 2 described imperfections that can occur in the analog implementation of

quadrature hybrid circuits, namely quadrature phase error, amplitude imbalance, carrier

leakthrough, DC offset, and static phase offset between the up converter and down

converter local oscillators (LO's). It was found that if the imperfections are assumed to be

linear and the modulating bandwidth is small compared to the IF, complex envelope

notation can be used to incorporate the IF imperfections into the same expression that

describes the complex baseband modulating signal. Expressions were presented separately

for up converter and down converter imperfections.

The expressions developed in chapter 2 laid the foundation for the development of a linear

model in chapter 3. This represents the quadrature hybrid imperfections as matrix

operations that act to translate the position of each symbol in the constellation. The

difference in Euclidean distance between the ideal symbol position and the translated

symbol position after up conversion and down conversion frequency is called the error

vector. This is calculated for each symbol in the constellation, and can be represented by I

channel and Q channel components. As well as translation of the modulating symbols, the

down converter acts to translate the I and Q noise components, which are assumed to be

statistically independent, zero mean, and equal variance random variables, described by a

bivariate Gaussian PDF. It was found that quadrature phase error causes correlation

between the I and Q channel noise components, amplitude imbalance affected the I and Q

noise variances and DC offset and carrier leakthrough could affect the mean position of the

I and Q noise components. A further transformation  was presented in the analysis to

remove the correlation in the bivariate PDF and allow the I and Q noise components to be

considered by separate one dimensional Gaussian PDF's.

BER expressions were developed in chapter 4 for 8±QAM, 16±QAM, 32±QAM,

64±QAM, QPSK, 8±PSK, 16±PSK, 32±PSK, and 64±PSK. These incorporated the effects

of quadrature hybrid imperfections by using the error developed in chapter 3. Expressions
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for the symbol error rate of every symbol in the constellation were derived for every

modulation scheme. The BER for each modulation scheme was determined by finding the

average symbol rate and dividing by the number of bits per symbol.

Local oscillator phase noise was described in chapter 5. Both phase noise and additive white

Gaussian noise (AWGN) contribute to an error variance, or phase jitter in the phase

estimate of the demodulator carrier recovery loop (CRL). This decreases the level of phase

coherence that is required for successful demodulation of M±QAM and M±PSK and results

in an implementation loss. As in chapter 4 BER expressions were derived to show the effect

of phase jitter. The expressions themselves were similar in that the symbol error

probabilities were determined for every symbol. However the symbol error probability

became a probability of error conditional on the phase estimate random variable. A

Gaussian distribution was used for the phase estimate random variable and reasons were

given for this choice. The Tikhonov distribution was also mentioned as many earlier

publications had used it in their analysis. The Gaussian distribution was found to be a good

approximation to the Tikhonov distributions if the signal to noise ratio in the CRL was

20dB or greater.

All  BER and implementation loss results are contained in chapter 6. These results were

derived from the BER expressions developed in chapters 4 and 5, and were generated using

Mathematica. The results were compared where possible with similar results published

elsewhere [6, 25, 20] with good agreement between them.

It should be noted that the convention throughout this thesis was to derive results by

analysis. Where the analysis resulted in an expression that was either intractable or that was

considered to be computationally intensive by numerical methods, a substitution was used

used to reduce the expression to a tractable form. This was usually backed up by extra work

to validate the substitution. Where the integration of decision regions is concerned

expressions where simplified with a view to making use of the Q±function, as it is a well

defined, efficient numerical routine. When this was used the error rate equation was always

shown as an approximation. In all cases the exact expression is shown as well. To evaluate

the exact expression involves a numerical integration of the bivariate Gaussian distribution.

This was done for low order schemes such as QPSK for comparison purposes and was

found to be in good agreement
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7.2  Assumptions Made in Using the Analytical Model

Two of the underlying assumptions behind this work is that the quadrature hybrid

imperfections are linear and that the modulation signal bandwidth is small compared to the

carrier frequency [5]. This allowed for both complex baseband expressions to be developed

and for the use of matrix methods to describe a static translation of each transmitted symbol

position.

Another assumption is that ideal matched filtering has been employed with perfect symbol

timing recovery. This simplifies the analysis in that there is no intersymbol interference and

signals may be treated as constants in the analysis.

For all of the phase noise analysis it was assumed that the only effect of the carrier recovery

loop in the presence of noise was to introduce a jitter variance on the phase estimate, and

hence the phase of the receiver local oscillator. The effects of cycle slips, frequency offsets,

and acquisition range, among others were neglected.

7.3  Suggestions for Further Work

A more complicated model would have to be developed for the case of wide bandwidth

transmission. This is not so much the case that the modulating bandwidth is close to the IF

but that quadrature hybrid imperfections such as quadrature phase error etc. have values

that can vary across the modulating signal bandwidth. For example it is possible for systems

of 100MHz, or greater bandwidths that the quadrature errors can vary by as much as � 5o

and greater, as shown in Appendix F.

There are many other potential causes of implementation loss in frequency conversion

stages that were not tackled in this work. Potential areas for investigation are the effect of

filter group delay and bandwidth, and amplifier nonlinearities,  on higher order modulation

schemes.

A proposed extension of this would be to devise a simulation model that would be able to

handle the combined effects of all of these imperfections with a view to providing a

thorough system design.

All  of the results were obtained assuming a static AWGN channel. Further work could

analyse the effects of a time varying and/or fading channel. This could be incorporated into

an overall system simulation model.
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A further extension to this may be to derive a simulation model of LO phase noise. This

would be beneficial to include in CRL simulations. For this work all of the modulation

schemes are uncoded. Future work with simulation models could involve comparison of

different coding schemes as well.

Finally it should be noted that at the start of this work it was originally proposed to not only

analyse the effects of quadrature hybrid errors, but devise some form of adaptive

compensation using baseband DSP techniques to overcome them, as described in the paper

by Cavers [6]. However this was not pursued further, mainly due to the author's experience

with DSP based modems in which the quadrature frequency conversion is done in the

digital domain. This does seem to be the way of the future, and as processing rates increase,

frequency conversion in the digital domain will be able to be done with higher data rates. It

would seem that baseband adaptive compensation techniques may not always be the best

solution in the future, as the extra processing overhead required for adaptive compensation

may be similar to that required to implement a digital frequency conversion scheme.
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APPENDIX A : Complex Envelope

Representation of a Modulated Signal After

Frequency Conversion

A.1  Up Conversion

A model of a direct conversion up converter with imperfections described in Section 2.2 is

shown in figure A.1.

Figure A.1 ± Direct Conversion Up Converter with Imperfections

cosT

±900 � � TE

hIT(t)

hQT(t) � TQ

aIi

aQi

yI(t)

yQ(t)

ym(t)

� TI , � TI

� TQ , � TQ

sI(t)

sQ(t)

� TI

The I channel baseband signal is mixed with the LO signal cosT where T is given by:

T � � Tt � � T (A.1)

� T � 2� fT (A.2)

where fT is the up converter LO frequency.  The mixer has a carrier leakthrough component

that is attenuated by � TI  and has a random phase component,� TI added to the LO. The

output of the mixer is shown below.

yI (t) � � TI sI (t) cosT � � TI � TI cos�T � � TI
�

� (� TI sI (t) � � TI � TI cos� TI ) cosT � � TI � TI sin� TI sinT (A.3)
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The Q channel baseband signal is mixed with a quadrature shifted LO ±sin(T � � TE)

where � TE represents the the quadrature phase error. The carrier leakthrough component

is attenuated by � TQ and has a random phase component � TQ. The random phase

component takes into account the 90o phase shift plus the quadrature phase shift error and

so can be written in terms of the cosine function. The output of the mixer is scaled by the

amplitude imbalance factor � TQ. The output of the mixer is shown by:

yQ(t) � ± � TQsQ(t) sin �T � � TE
� � � TQ � TQcos�T � � TQ�

� ± �� TQsin� TE sQ(t) � � TQ � TQcos� TQ� cosT

� �� TQcos� TE sQ(t) � � TQ � TQsin� TQ� sinT
(A.4)

The I and Q signals are combined together to form the modulated signal ym(t) at the up

converted frequency. This is represented by:

ym(t) � yI (t) � yQ(t)

� �� TI sI (t) � � TQsin � TE sQ(t) � � TI � TI cos� TI � � TQ � TQcos� TQ] cosT

� �� TQcos� TE sQ(t) � � TQ � TQsin� TQ � � TI � TI sin� TI� sinT
(A.5)

Equation (A.5) can be recast into (A.6), a form identical to (2.2).

ym(t) � fI (t) cosT � fQ(t) sinT (A.6)

where

fI (t) � � TI SI (t) � � TQsin� TESQ(t) � � TI � TI cos� TI � � TQ � TQcos� TQ (A.7)

and

fQ(t) � � TQcos� TESQ(t) � � TI � TI sin� TI � � TQ � TQsin� TQ (A.8)
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It follows from (2.9) that the modulated output signal can also be represented as shown

below.

ym(t) � Re�f~(t)ejT�
(A.9)

f
~
(t) � fI(t) � jfQ(t) (A.10)

Equation (A.9) gives the complex envelope representation of the up converted modulated

signal. Equation (A.10) gives the baseband complex envelope. Substituting (A.7) and

(A.8) into (A.10) gives the baseband complex envelope taking into account imperfections

that occur at the transmission frequency.

A.2  Down Conversion

A model of a direct conversion down converter with imperfections is shown in figure A.2.

Figure A.2 ± Direct Conversion Down Converter with Imperfections

cosR

±900 � � RE

hRQ(t)

hRI(t)� RI

rQ

r I

xQ(t)

xI(t)

xm(t)

� RQ , � RQ

� RI , � RI

� RQ

The I channel input signal consists of  xm(t)  plus a leakthrough component of the receiver

LO attenuated by � RI with a random phase of � RI. The output of the I channel mixer is given

by:
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xI (t) � � RI �xm(t) � � RI cos�R� � RI
	� cosR

� � RI �fI(t) cosTcosR� fQ(t) sinTcosR� � RI cos�R� � RI
	 cosR�

�
� RI fI (t)

2
�cos(T � R) � cos(T � R)� �

� RI fQ(t)

2
[sin(T � R) � sin(T � R)]

�
� RI � RI

2
�cos�2R� � RI

	 � cos� RI� (A.11)

The I channel receiver filter removes any unwanted high frequency components. The

output of the filter is given by:

� Re�� RI f
~
(t)

2
ej �TR� R	� � Re�� RI � RI

2
ej � RI�

r I (t) �
� RI fI(t)

2
cos(T � R) �

� RI fQ(t)

2
sin(T � R) �

� RI � RI
2

cos� RI

(A.12)

Equivalently

r I(t) � Re�� RI f
~
(t)

2
ej(� � t� � � )� � Re�� RI � RI

2
ej� RI�

(A.13)

where

� � � � T � � R (A.14)

� � � � T � � R (A.15)

The Q channel input signal is mixed with a quadrature phase shifted version of the LO

� sin�TR � � TE) where � TE  represents the the quadrature phase error. The input to the

mixer consists of xm(t) plus a leakthrough component of the receiver LO attenuated by � RQ

and a random phase of � RQ. The random phase component takes into account the 90o phase

shift plus the quadrature phase shift error and so can be written in terms of the cosine

function. The output of the mixer is shown below.
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xQ (t) � � RQ �xm(t) � � RQcos�R� � RQ	��±sin�R� � RE
	�

� � RQfI (t) cosTsin�� R� � RE
	 � � RQ fQ (t) sinT sin�� R � � RE

	

� � RQ � RQcos�R� � RQ	 sin�� R � � RE
	

�
� RQfI (t)

2
�sin�T � R� � RE

	 � sin�T � R� � RE
	�

�
� RQ fQ(t)

2
�cos�T � R� � RE

	 � cos�T � R� � RE
	�

�
� RQ� RQ

2
�sin�� RQ � � RE	 � sin�2R� � RQ � � RE	� (A.16)

The Q channel receiver filter removes any unwanted high frequency components. The

output of the filter is given by:

� Im�
�
� RQf

~
(t)

2
ej �� � t� � � � � RE

	��

� Im�� RQ � RQ

2
e j �� RQ� � RE	�

rQ(t) �
� RQ fI (t)

2
sin�T � R� � RE

	 �
� RQ fQ(t)

2
cos�T � R� � RE

	

�
� RQ � RQ

2
sin�� RQ � � RE	

� Im�� RQ f
~
(t)

2
e� j � RE ej (� � t� � � )� � Im�� RQ � RQ

2
ej �� RQ� � RE	�

(A.17)

The I and Q channels are combined to give the complex baseband signal plus DC offset

terms on each channel and this is shown below.

� Re�� RI f
~
(t)

2
e j (� � t� � � )� � j Im�� RQ e� j� RE f

~
(t)

2
e j (� � t� � � )�

� Re�� RI � RI
2

e j � RI� � j Im�� RQ � RQ

2
e j �� RQ� � RE	� � � DCI � j � DCQ

r~(t) � r I (t) � � DCI � j(rQ(t) � � DCQ)

(A.18)
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APPENDIX B : Symbol Error Probability for

QAM Decision Regions

Each region is discussed below assuming that the additive noise has a  Gaussian PDF, is

uncorrelated between the I and Q channels, is zero mean and has equal I and Q variances.

Consider a QAM symbol with additive noise components nI and nQ in a type I region as

shown in figure B.1.

Figure B.1 ± Type I Decision region

nI

nQ

nI � ±A

nQ � ±A

The constellation  space for the following analysis will be such that any point can be defined

as having Cartesian coordinates �nI, nQ�. The two decision region boundaries are defined

by straight lines with equations shown below.

nI � ±A (B.1)

nQ � ±A (B.2)
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The probability of no error, PI

E� ,for the type A region is shown below.

PI

E� � P

nI � � A� � 
nQ � � A��

� P
nI � � A� P
nQ � � A�

� �P
nI � � A�	2 (B.3)

since nI  and nQ  are equivalently distributed. The probability associated with

P
nI � � A� is found by integrating the PDF of nI, p
nI
� which is of the same form as

shown in (3.32). This is given by:

P
nI � ±A� � 1
2�� �

� �

� A

exp�� 1
2

nI

� �
2	 dnI

� 1
2��
�

�

� A
�

exp
� 1
2

x2� dx

(B.4)

Using the symmetry of the Gaussian distribution, this can be expressed as:

P
nI � ±A� � 1 � Q
A
� � (B.5)

where the Q±function Q(x), is defined by:

Q(x) � 1
2��
�

�

x

exp
� 1
2

z2� dz
(B.6)

Substituting (B.4) into (B.3) gives the probability of no error in terms of the Q±function and

this is shown below.

PI

E� � �1 � Q
A

� �	 �1 � Q
A
� �	

� �1 � Q
A
� �	

2

� 1 � 2Q
A
� � � Q2
A

� � (B.7)
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The resulting probability of error, PI(E), is given by:

� 2Q�A
� �	1 � 1

2
Q�A

� �


PI(E) � 2Q�A
� � � Q2�A

� �

� 2Q�A
� � (B.8)

where the approximation holds provided Q�A
� � � 1.

An alternative way of analysing the error probability is to recognize the well known

equation from probability theory shown below[12, p.138]:

P[A � B] � P[A] � P[B] � P[A � B]

� P[A] � P[B] � P[A] P[B] (B.9)

where the term on the LHS can represent the total probability of error of the I and Q

channels.

The probability of error for the type I region can be represented by:

PI(E) � P��nI � � A� � �nQ � � A�� � P��nI � � A� � �nQ � � A��

� P�nI � � A� � P�nQ � � A� � �nI � � A� �nQ � � A�

� Q�A
� � � Q�A

� � � Q�A
� � Q�A

� �

� 2Q�A
� � � Q2�A

� �

� 2Q�A
� � (B.10)

where again the approximation holds provided Q�A
� � � 1.

The term involving the square of the Q±function comes from the probability of both the I

and Q decisions being in error and so the approximation is equivalent to taking the union

bound [8, p251].
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The approximation is validated because as the SNR increases, the probability of only the I

or Q decision being in error is much greater than the probability of both decisions being

erroneous. Also the symbol error probabilities for a communications system are usually

much less than 1%. In many systems the required error rate is in the region of 10±6 or less.

B.1  Type I Region

The general type A region is shown in figure B.2:

Figure B.2 ± Type I Decision region

nI

nQ

AeIi

AeQi

nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

Ideal Symbol Position

Transformed Symbol Position

nQ

nI

nI � ±A

nQ � ±A

Transformed 
Symbol Position

for the i±th symbol that has been transformed by the frequency conversion process as

discussed in Chapters 2 and 3, and with an error vector ei, given by (3.3). The probability of

error for the i±th symbol in the type I region is given by:

PI(E) i � Q� A
� I�

(1 � eIi)� � Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)�Q� A

� Q�
�1 � eQi

��

� Q� A
� I�

(1 � eIi)� � Q� A
� Q�

�1 � eQi
��

(B.11)
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B.2  Type II Region

The general type II region is shown in figure B.3 for a symbol that has been translated by the

error vector ei.

Figure B.3 ± Type II Decision region

nI

nQ

nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

nI � A(1 � eIi)

The probability of error for the type II region is shown below:

PII(E) i � Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)�

� Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)�

� Q� A
� Q�

�1 � eQi
���Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)��

(B.12)

Note that it is possible to have the region rotated 90 degrees so that there are two decision

region boundaries on the Q axis and one on the I axis. In this case the error probability is

given by:
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PII(E) i � Q� A
� I�

(1 � eIi)� � Q� A
� Q�

�1 � eQi
�� � Q� A

� Q�
�1 � eQi

��

� Q� A
� Q� (1 � eIi)� � Q� A

� Q�
�1 � eQi

�� � Q� A
� Q�

�1 � eQi
��

� Q� A
� I�

(1 � eIi)��Q� A
� Q�

�1 � eQi
�� � Q� A

� Q�
�1 � eQi

���

(B.13)

The error probabilities for these regions will be referred to as type IIA and type IIB with

error probabilities, PIIA(E)i and PIIB(E)i respectively.

B.3  Type III Region

The general type III region is shown in figure B.4 for a symbol that has been translated by

the error vector ei.

Figure B.4 ± Type III Decision region
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�
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 The probability of error for the type III region is shown below.

PIII(E) i � Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)�

� Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)� � Q� A

� I�
(1 � eIi)� � Q� A

� Q�
�1 � eQi

��

� Q� A
� Q�

�1 � eQi
�� � Q� A

� I�
(1 � eIi)��Q� A

� Q�
�1 � eQi

�� � Q� A
� Q�

�1 � eQi
���

� Q� A
� I�

(1 � eIi)��Q� A
� Q�

�1 � eQi
�� � Q� A

� Q�
�1 � eQi

���

(B.14)

B.4  Type IV Region

The general Type IVA region is shown in figure B.5 for a symbol that has been translated by

the error vector ei.

Figure B.5 ± Type IV Decision Region

nI

nQ

nI � ±A(1 � eIi)

nQ � ±A�1 � eQi
�

nI � nQ
Translated
Symbol
Position

�mIi, mQi
�

Region I Region II



115

The decision region boundary inclined at 450 to the I and Q axes is defined by an equation of

a line which is dependant on two variables. This is different to other QAM decision

boundaries which are defined by line equations of one variable only. This means that the I

and Q components of the Euclidean distance between the symbol position and the decision

boundary are in terms of two variables as well.

As with the other decision regions the probability of a symbol error is determined by

integrating the Gaussian PDF over the decision region in question. In this case the

integration is simplified by dividing the region further into Region I and Region II as shown

above. The origin is placed at the boundary and the mean positions mIi and mQi are given

by:

mIi � � A�1 � eIi
� (B.15)

mQi � A�1 � eQi� (B.16)

An expression for the symbol error probability is shown in the following pages and is

shown in (B.17).
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P(E) i � 1 � 1
2�� I� Q� 2

�
�

0

�
0

±2A

exp	±1
2
��nI � mIi

� I�
�2

� �nQ � mQi

� Q� �
2�
 dnI dnQ

� 1
2�� I� Q� 2

�
�

0

�
nQ

0

exp	±1
2
��nI � mIi

� I�
�2

� �nQ � mQi

� Q� �
2�
 dnI dnQ

Region I Substitution:

n

I �

nI � mIi
� I�

� dn

I �

dnI
� I�

, n

Q �

nQ � mQi

� Q� � dn

Q �

dnQ

� Q�

Region II Substitution:

n


I �

nI
� I�

� dn


I �

dnI
� I�

, n


Q �

nQ

� Q� � dn


Q �

dnQ

� Q�

P(E) i � 1 � 1
2�

�
�

±
mQ
� Q�

�
�

mI
� I�

�
2A� mI

� I�

exp�� 1
2

�n
 2
I � n
 2

Q
�� dn


I dn

Q

� 1
2�
�
�

0

�
� Q
� I

n


Q

0

exp	±1
2
��n



I �
mIi
� I�

�2

� �n


Q �

mQi

� Q� �
2�
 dn



I dn


Q

P(E) i � 1 � �1 � Q�mQi

� Q� ���Q�mIi
� I�

� � Q�2A � mIi
� I�

��

� 1
2�
�
�

0

�
� Q
� I

n


Q

0

exp	±1
2
��n



I �
mIi
� I�

�2

� �n


Q �

mQi

� Q� �
2�
 dn



I dn


Q
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a �
mIi

� I�
, b �

mQi

� Q� , c �
2A � mIi

� I�

let

and take the polar substitution

n


I � r cos� , n



Q � r sin� , dn


I dn



Q � r dr d�

P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)]

� 1
2�
�
�

0

�
arctan� � I

� Q
�

0

r exp	±1
2
�(r cos� � a)2 � (r sin� � b)2�
 dr d�

� 1 � [1 � Q(b)][Q(a) � Q(c)]

�
�

0

r exp	±1
2

[r � (acos� � bsin� )]2
 dr

� 1
2�

�
arctan� � I

� Q
�

0

exp	±1
2

[asin� � bcos� ]2
 d�

Apply the substitution

r 
 � r � (acos� � bsin� ) � dr
 � dr

P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)]

�
� �acos� � bsin� �

�

�r 
 � (acos� � bsin� )� exp�� r 
2

2
� dr


� 1
2�

�
arctan� � I

� Q
�

0

exp	±1
2

[asin� � bcos� ]2
 d�
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P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)]

� 1
2�

�
arctan� � I

� Q
	

0

exp
±1
2

[asin� � bcos� ]2� (asin� � bcos� ) d�

� 1
2�

�
arctan� � I

� Q
	

0

exp
±1
2

[asin� � bcos� ]2� d� �
� �acos� � bsin� 


�

r � exp�� r �2

2

 dr�

�
� �acos� � bsin� 


�

exp�� r �2

2

 dr�

� 1 � [1 � Q(b)][Q(a) � Q(c)] � 1
2�

�
arctan� � I

� Q
	

0

exp
±1
2

�a2 � b2
� d�

� 1
2��

�
arctan� � I

� Q
	

0

exp
±1
2

[asin� � bcos� ]2� (asin� � bcos� ) [1 � Q(asin� � bcos� )]d�

� 1 � [1 � Q(b)][Q(a) � Q(c)] � 1
2�

exp
±1
2

�a2 � b2
� arctan� � I
� Q
	

� 1
2��

�
arctan� � I

� Q
	

0

exp
±1
2

[asin� � bcos� ]2� (asin� � bcos� ) [1 � Q(asin� � bcos� )]d�

(B.17)

The complicated BER expression shown above is difficult to evaluate numerically and

impossible to simplify further due to the integral variable � , appearing as an argument in

the Q±function. An upper bound to the Q±function [13, p83] can be used to further simplify

the integrand in (B.17). This is shown below:

Q(x) � 1
x 2�� exp�� x2

2
	 , x � 0

(B.18)



119

A plot of the Q±function and the approximation in (B.18) is shown in figure B.6.

Figure B.6 ± Plot of the Q±function and the exponential approximation function
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A plot of the % error between the Q±function and the approximation is shown in figure B.7.

Figure B.7 ± % Error for the exponential approximation function
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The approximation has < 10% error for x > 3. The value of the Q±function is < 0.001 for x <

3 and so the approximation would be suitable at practical values of BER. After substituting

the approximation given in (B.18), (B.17) becomes:

P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)] � 1
2�

exp	±1
2

�a2 � b2�
 arctan� � I
� Q
�

� 1
2�


�
arctan� � I

� Q
�

0

exp	±1
2

[asin� � bcos� ]2
 (asin� � bcos� ) d�

� 1
2�

�
arctan� � I

� Q
�

0

exp	±1
2
�(asin� � bcos� )2 � (asin� � bcos� )2�
 d�

� 1 � [1 � Q(b)][Q(a) � Q(c)]

� 1
2�


�
arctan� � I

� Q
�

0

exp	±1
2

[asin� � bcos� ]2
 (asin� � bcos� ) d�

Apply the substitution

u � asin� � bcos� � du � (asin� � bcos� ) d�

P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)] � 1
2�


�
L

� b

exp�� u2

2
� du

L � asin�arctan� � I
� Q
�� � bcos�arctan� � I

� Q
��

where

P(E) i � 1 � [1 � Q(b)][Q(a) � Q(c)] � 1 � Q(b) � Q(L)
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P(E)i � Q(b) � Q(L) � Q(a) � Q(c) � Q(a)Q(b) � Q(b)Q(c)

� Q(b) � Q(L) � Q(a) � Q(c)

� Q(� a) � Q(b) � Q(c) � Q(� L) (B.19)

where

� a � �1 � eIi
� A
� I� (B.20)

b � �1 � eQi� A
� Q� (B.21)

c � �1 � eIi
� A
� I� (B.22)

� L � � asin�arctan� � I
� Q
�� � bcos�arctan� � I

� Q
��

(B.23)

Note that for Region IVB in figure 4.4 the probability of a symbol error can be given by

(B.19) but with a, b, and c given by:

� a � �1 � eQi� A
� Q� (B.24)

b � �1 � eIi
� A
� I� (B.25)

c � �1 � eQi� A
� Q� (B.26)
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APPENDIX C : BER Expressions for M±ary

QAM

The BER is found by finding the probability of error for each symbol, summing these

together and dividing by the number of symbols in the constellation and the number of bits

per symbol. This is shown in the BER expressions using the approximated symbol error

where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and � I and � Q  are factors used to represent the values of the the I and Q channel noise

variances with respect to unity. These factors are actually equal to the eigenvalues of the

noise covariance matrix after transformation by the down converter as discussed in Chapter

3.

C.1  8±QAM

The 8±QAM constellation is shown in figure C.1.

Figure C.1 ± 8±QAM Constellation

The complex baseband symbols are represented by aIi � jaQi where:

aIi � { � 1, � 3} (C.1)

and

aQi � { � 1} (C.2)
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There are 4 type I decision regions and 4 type IIA decision regions. For the 8±QAM

constellation discussed here, �  = 3 and � 2
a = 6. The BER is given by:

PB(E) � 1
24



4

i� 1

�Q�(1 � eIi)
Eb

� I No
	 � � Q��1 � eQi

� Eb

� Q No
	 ��

� 1
24



8

i� 5

�Q�(1 � eIi)
Eb

� I No
	 � � Q�(1 � eIi)

Eb

� I No
	 � � Q��1 � eQi

� Eb

� Q No
	 ��

(C.3)

where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and assuming that symbols numbered from 1 to 4 are type I and 5 to 8 are type IIA.

For the ideal case of zero error vectors and equal I and Q channel noise variances the

probability of error is given by (C.4).

PB(E) � 8
24

Q� Eb

No

	 � � 12
24

Q� Eb

No

	 �

� 5
6

Q� Eb

No

	 �
(C.4)

C.2  16±QAM

The 16±QAM constellation is shown in figure C.2.

Figure C.2 ± 16±QAM Constellation
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The complex baseband symbols are represented by aIi � jaQi where

aIi and aQi � { � 1, � 3} . There are 4 type I decision regions, 4 type IIA, 4 type IIB

decision regions, and 4 type III decision regions. For the 16±QAM constellation discussed

here, �  = 4 and � 2
a = 10. The BER is given by:

PB(E) � 1
64

�
4

i� 1


�
�

Q	(1 � eIi)
4Eb

5� I No

� 
 � Q		1 � eQi

 4Eb

5� Q No
� 

��

� 1
64

�
8

i� 5


�
�

Q	(1 � eIi)
4Eb

5� I No

� 
 � Q	(1 � eIi)
4Eb

5� I No

� 
 � Q		1 � eQi

 4Eb

5� QNo
� 

��

� 1
64

�
12

i� 9


�
�

Q	(1 � eIi)
4Eb

5� I No

� 
 � Q		1 � eQi

 4Eb

5� QNo
� 
 � Q		1 � eQi


 4Eb

5� QNo
� 

��

� 1
64

�
16

i� 13

�Q	(1 � eIi)
4Eb

5� INo

� 
 � Q		1 � eQi

 4Eb

5� QNo
� 
 � Q		1 � eQi


 4Eb

5� QNo
� 


� Q	(1 � eIi)
4Eb

5� I No

� 
�
 (C.5)

 

where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and assuming that symbols numbered from 1 to 4 are type I, 5 to 8 are type IIA, 9 to 12 are

type IIB, and 13 to 16 are type III. For the ideal case of zero error vectors and equal I and Q

channel noise variances the probability of error is given below.

PB(E) � 8
64

Q	 4Eb

5No

� 
 � 12
64

Q	 4Eb

5No

� 
 � 8
64

Q	 4Eb

5No

� 
 � 12
64

Q	 4Eb

5No

� 


� 3
4

Q	 4Eb

5No

� 

(C.6)
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C.3  32±QAM

The 32±QAM constellation is shown in figure C.3.

Figure C.3 ± 32±QAM Constellation

The complex baseband symbols are represented by aIi � jaQi where

aIi and aQi � { � 1, � 3, � 5} .  There are 4 type IVA, 4 type IVB decision regions, 4

type IIA, 4 type IIB decision regions, and 16 type III decision regions. For the 32±QAM

constellation discussed here, �  = 5 and � 2
a = 20. The BER is given by:
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� 1
160

�
12

i� 9

�Q	(1 � eIi)
Eb

2� INo
� 
 � Q	(1 � eIi)

Eb

2� INo
� 
 � Q		1 � eQi
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2� QNo
� 
�
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160

�
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Eb
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� 
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�
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160

�
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�Q	(1 � eIi)
Eb

2� INo
� 
 � Q		1 � eQi


 Eb

2� QNo
� 
 � Q		1 � eQi


 Eb

2� QNo
� 


� Q	(1 � eIi)
Eb

2� INo
� 
�

PB(E) � 1
160

�
4
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�
�

Q	(1 � eIi)
Eb

2� I No
� 
 � Q		1 � eQi
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� 
 � Q	(1 � eIi)
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2� IN0
� sin�arctan	 � I
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2� QN0
� cos�arctan	 � I
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���

� 1
160

�
8

i� 5

�Q		1 � eQi

 Eb

2� QNo
� 
 � Q	(1 � eIi)

Eb

2� I No

� 
 � Q		1 � eQi

 Eb

2� QNo
� 


� Q�	1 � eQi
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2� QN0
� sin�arctan	 � I

� Q

� � (1 � eIi)

Eb

2� IN0
� cos�arctan	 � I

� Q

���

                                                                                                                            (C.7)

where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and assuming that symbols numbered from 1 to 4 are type IVA, 5 to 8 are type IVB,  9 to 12

are type IIA, 13 to 16 are type IIB, and 17 to 32 are type III.

For the ideal case of zero error vectors and equal I and Q channel noise variances the

probability of error is given below.

PB(E) � 24
160

Q	 Eb

2No

� 
 � 24
160

Q	 Eb

2No

� 
 � 64
160

Q	 Eb

2No

� 


� 7
10

Q	 Eb

2No

� 

(C.8)
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C.4  64±QAM

The 64±QAM constellation is shown in figure C.4.

Figure C.4 ± 64±QAM Constellation

The complex baseband symbols are represented by aIi � jaQi where

aIi and aQi � { � 1, � 3, � 5, � 7} .  There are 4 type I decision regions, 12 type IIA,

12 type IIB decision regions, and 36 type III decision regions. For the 64±QAM

constellation discussed here, �  = 6 and � 2
a = 42. The BER is given by:
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PB(E) � 1
384



4

i� 1
�
�



Q�(1 � eIi)
2Eb

7� I No

	 � � Q��1 � eQi
� 2Eb

7� QNo
	 ����

� 1
384



16

i� 5

�Q�(1 � eIi)
2Eb

7� INo
	 � � Q�(1 � eIi)

2Eb

7� INo
	 � � Q��1 � eQi

� 2Eb

7� QNo
	 ��

� 1
384



28

i� 17

�Q�(1 � eIi)
2Eb

7� INo
	 � � Q��1 � eQi

� 2Eb

7� QNo
	 � � Q��1 � eQi

� 2Eb

7� QNo
	 ��

� 1
384
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i� 29

�Q�(1 � eIi)
2Eb

7� INo
	 � � Q��1 � eQi

� 2Eb

7� QNo
	 � � Q��1 � eQi

� 2Eb

7� QNo
	 �
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2Eb
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	 ��

                                                                                                                           (C.9)

 where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and assuming that symbols numbered from 1 to 4 are type I, 5 to 16 are type IIA, 17 to 28 are

type IIB, and 29 to 64 are type III. For the ideal case of zero error vectors and equal I and Q

channel noise variances the probability of error is given below.

PB(E) � 8
384

Q� 2Eb

7No

	 � � 36
384

Q� 2Eb

7No

	 � � 36
384

Q� 2Eb

7No

	 � � 144
384

Q� 2Eb

7No

	 �

� 7
12

Q� 2Eb

7No

	 �
(C.10)
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APPENDIX D : Symbol Error Probability for the

PSK Decision Region

Unlike QAM the optimum decision regions for the PSK constellations shown above form

sectors of a circle about each symbol in the constellation and so there is only one type of

decision region. The general PSK decision region is shown in figure D.1

Figure D.1 ± PSK Decision Region for the i±th Symbol

� 1

� 4

� 2

nQ � nI tan(� 1)

nQ

nI

Received Symbol Position
�mIi, mQi

�

eIi

eQi

� 3

nQ � nI tan(� 4)

where the angles are given by:

� 1 � 2�
M

(i � 1) (D.1)

� 2 � �
M

(2i � 1) (D.2)

� 3 � �
M

(2i � 1) � e� i (D.3)
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� 4 � 2� i
M (D.4)

The received symbol position is shown for the i±th symbol in the constellation. It is

assumed that this symbol has undergone a translation by an error vector. The I and Q noise

variables nI and nQ are used to form a coordinate space for the analysis. Each has a

Gaussian PDF, with the means of the I and Q distributions being at the received symbol

position, �mIi, mQi�, given by:

mIi � AeAi cos� �
M

(2i � 1) � e� i� (D.5)

mQi � AeAi sin� �
M

(2i � 1) � e� i� (D.6)

where eAi  and e� i are given by:

eAi � �cos�� 2
� � eIi�

2
� �sin�� 2

� � eQi�
2�

(D.7)

e� i � arctan�� 3
� � arctan�� 2

�
(D.8)

The probability of a symbol error within a decision region is one minus the area of the circle

sector taken up by the decision region. This is derived in the following pages and is shown

in (D.9). The following analysis assumes that the Gaussian distributed noise covariance

matrix has been diagonalised and the I and Q noise variances have a relationship as defined

in Section  3.5.
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P(E) i � 1 � 1
2� � I� Q� 2

�
�

0

�
nI tan�� 4�

nI tan�� 1�

exp	� 1
2
��nI � mI

� I�
�2

� �nQ � mQ

� Q� �
2�
 dnQ dnI

n

I �

nI
� I�

� dn

I �

dnI
� I�

, n

Q �

nQ

� Q� � dn

Q �

dnQ

� Q�

Apply the substitution

Take the polar transformation

n

I � r cos� , n


Q � r sin� , dn

I dn


Q � r dr d�

P(E) i � 1 � 1
2�
�
�

0

�
L2

L1

r exp	� 1
2
�(r cos� � a)2 � (r sin� � b)2�
 d� dr

where

a �
mI
� I�

,

P(E) i � 1 � 1
2�
�
�

0

�
n


I� � I
� Q
� tan�� 4�

n

I� � I

� Q
� tan�� 1�

exp	� 1
2
��n


I �
mI
� I�

�2

� �n

Q �

mQ

� Q� �
2�
 dn


Q dn

I

� 1 � 1
2�
�
�

0

�
L2

L1

r exp	� 1
2

�r2 � 2r(acos� � bsin� ) � a2 � b2�
 d� dr

b �
mQ

� Q� ,

P(E) i � 1 � 1
2�
�
�

0

�
L2

L1

r exp	� 1
2

[r � (acos� � bsin� )] 2 � 1
2

[asin� � bcos� ]2
 d� dr

� 1 � 1
2�
�
�

0

r exp	� 1
2

[r � (acos� � bsin� )]2
dr �
L2

L1

exp	� 1
2

[asin� � bcos� ]2
 d�

After completing the square

L1 � arctan�� � I
� Q
� tan(� 1)� , L2 � arctan�� � I

� Q
� tan(� 4)�
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�
�

±�acos� � bsin� 	

r � exp�� r �2

2
	 dr�

[1 � Q(acos� � bsin� )] d�

P(E) i � 1 � 1
2�

�
L2

L1

exp�� 1
2

(asin� � bcos� )2� d�

�
�

±�acos� � bsin� 	

�r � � (acos� � bsin� )� exp�� r �2

2
	 dr�

r � � r � (acos� � bsin� ) , dr� � dr

Apply the substitution

� 1 � 1
2�

�
L2

L1

exp�� 1
2

(asin� � bcos� )2� d�

� 1
2�

�
L2

L1

exp�� 1
2

(asin� � bcos� )2�(acos� � bsin� ) d� �
�

±�acos� � bsin� 	

exp�� r �2

2
	 dr�

� 1 � 1
2�

�
L2

L1

exp�� 1
2

(asin� � bcos� )2 � 1
2

(acos� � bsin� )2� d�

� 1
2�


�
L2

L1

exp�� 1
2

(asin� � bcos� )2�(acos� � bsin� )

� 1 � 1
2�

�
L2

L1

exp�±1
2

�a2 � b2	� d�

[1 � Q(acos� � bsin� )] d�� 1
2�


�
L2

L1

exp�� 1
2

(asin� � bcos� )2�(acos� � bsin� )
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P(E) i � 1 � 1
M

exp�±1
2

�a2 � b2
	

[1 � Q(acos� � bsin� )] d�� 1
2��

�
L2

L1

exp�� 1
2

(asin� � bcos� )2	(acos� � bsin� )

(D.9)

The integral shown above is intractable due to the integral variable � , appearing as an

argument in the Q±function. However an upper bound to the Q±function [13, p83] can be

used to further simplify the integrand in (D.9). This is shown below:

Q(x) � 1
x 2�� exp�� x2

2
	 , x � 0

(D.10)

A plot of the Q±function and the approximation in (D.10) is shown in figure B.6 and a plot

of the % error between the Q±function and the approximation is shown in figure B.7.

The approximation has < 10% error for x > 3. The value of the Q±function is < 0.001 for x <

3 and so the approximation would be suitable at practical values of BER. After substituting

the approximation given in (D.10), (D.9) becomes:

P(E) i � 1 � 1
M

exp�±1
2

�a2 � b2
	

� 1
2��

�
L2

L1

exp�� 1
2

(asin� � bcos� )2	(acos� � bsin� ) d�

� 1
2�

�
L2

L1

exp
� 1
2
�(asin� � bcos� )2 � (asin� � bcos� )2	� d�

� 1 � 1
M

exp�±1
2

�a2 � b2
	

� 1
2��

�
L2

L1

exp�� 1
2

(asin� � bcos� )2	(acos� � bsin� ) d�

� 1
2�

�
L2

L1

exp�±1
2

�a2 � b2
	 d�
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Apply the substitution

u � asin� � bcos� � du � acos� � bsin�

P(E) i � 1 � 1
M

exp�±1
2

�a2 � b2�� � 1
M

exp�±1
2

�a2 � b2��� 1
2�


�
L4

L3

exp�±u2

2
� du

where

L3 � asin[L1] � bcos[L1]

L4 � asin[L2] � bcos[L2]

� 1 � { Q[L3] � Q[L4]}

� 1 � Q[L3] � Q[L4]

� Q[� L3] � Q[L4]

and so

P(E) i � Q{ bcos[L1] � asin[L1]} � Q{ asin[L2] � bcos[L2]} (D.11)

where

a � A
� I�

eAi cos� �
M

(2i � 1) � e� i� (D.12)

b � A
� Q� eAi sin� �

M
(2i � 1) � e� i� (D.13)

L1 � arctan	� � I
� Q
� tan�2�

M
(i � 1)�


(D.14)

L2 � arctan	� � I
� Q
� tan�2� i

M
�


(D.15)
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Note that for the ideal case 	e� i � 0, eAi � � I � � Q � 1
 equation (D.11) becomes:

P(E) i � Q�A
� �sin� �

M
(2i � 1)� cos�2�

M
(i � 1)� � cos� �

M
(2i � 1)� sin�2�

M
(i � 1)���

� Q�A
� �cos� �

M
(2i � 1)�sin�2� i

M
� � sin� �

M
(2i � 1)�cos�2� i

M
���

� 2Q�A
� sin� �

M
��

(D.16)

which is in the same form as published elsewhere [8, p.265][9, p.452].
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APPENDIX E : BER Expressions for M±ary PSK

The BER is found by finding the probability of error for each symbol, summing these

together and dividing by the number of symbols in the constellation and the number of bits

per symbol. This is shown in the BER expressions using the approximated symbol error

where eIi and eQi  are the error vector components for the i±th symbol in the constellation

and � I and � Q  are factors used to represent the values of the the I and Q channel noise

variances with respect to unity. These factors are equal to the eigenvalues of the noise

covariance matrix after transformation by the down converter as discussed in Chapter 3.

The general expression for the probability of a PSK symbol error is given by:

P(E) i � Q{ bcos[L1] � asin[L1]} � Q{ asin[L2] � bcos[L2]} (E.1)

and the BER is given by:

PB(E) � 1
� M

�
M

i� 1

P(E) i
(E.2)

for a constellation of M symbols and �  bits per symbol. Expressions for a, b, L1 and L2 are

given below for QPSK, 8±PSK, 16±PSK, 32±PSK, and 64±PSK.

E.1  QPSK

QPSK has M = 4 symbols with �  = 2.

a �
4Eb

� IN0
� eAi cos��

4
(2i � 1) � e� i�

(E.3)

b �
4Eb

� QN0
� eAi sin��

4
(2i � 1) � e� i�

(E.4)

L1 � arctan�	 � I
� Q

 tan��

2
(i � 1)��

(E.5)

L2 � arctan�	 � I
� Q

 tan�� i

2
��

(E.6)

For the case of ideal transmission the BER is given by:

PB(E) � 1
4

Q� 2Eb

No
� �

(E.7)
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E.2  8±PSK

8±PSK has M = 8 symbols with �  = 3.

a �
6Eb

� IN0
� eAi cos��

8
(2i � 1) � e� i�

(E.8)

b �
6Eb

� QN0
� eAi sin��

8
(2i � 1) � e� i�

(E.9)

L1 � arctan�	 � I
� Q

 tan��

4
(i � 1)��

(E.10)

L2 � arctan�	 � I
� Q

 tan�� i

4
��

(E.11)

For the case of ideal transmission the BER is given by:

PB(E) � 1
12

Q� 6Eb

No
� sin	�

8

�

(E.12)

E.3  16±PSK

16±PSK has M = 16 symbols with �  = 4.

a �
8Eb

� IN0
� eAi cos� �

16
(2i � 1) � e� i�

(E.13)

b �
8Eb

� QN0
� eAi sin� �

16
(2i � 1) � e� i�

(E.14)

L1 � arctan�	 � I
� Q

 tan��

8
(i � 1)��

(E.15)

L2 � arctan�	 � I
� Q

 tan�� i

8
��

(E.16)

 For the case of ideal transmission the bit error probability is given by:

PB(E) � 1
32

Q� 8Eb

No
� sin	 �

16

�

(E.17)
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E.4  32±PSK

32±PSK has M = 32 symbols with �  = 5.

a �
10Eb

� IN0
� eAi cos� �

32
(2i � 1) � e� i�

(E.18)

b �
10Eb

� QN0
� eAi sin� �

32
(2i � 1) � e� i�

(E.19)

L1 � arctan�	 � I
� Q

 tan� �

16
(i � 1)��

(E.20)

L2 � arctan�	 � I
� Q

 tan�� i

16
��

(E.21)

For the case of ideal transmission the bit error probability is given by:

PB(E) � 1
80

Q� 10Eb

No
� sin	 �

32

�

(E.22)

E.5  64±PSK

64±PSK has M = 64 symbols with �  = 6.

a �
12Eb

� IN0
� eAi cos� �

64
(2i � 1) � e� i�

(E.23)

b �
12Eb

� QN0
� eAi sin� �

64
(2i � 1) � e� i�

(E.24)

L1 � arctan�	 � I
� Q

 tan� �

32
(i � 1)��

(E.25)

L2 � arctan�	 � I
� Q

 tan�� i

32
��

(E.26)
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For the case of ideal transmission the bit error probability is given by:

PB(E) � 1
192

Q� 12Eb

No
� sin� �

64
��

(E.27)
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APPENDIX F: Multi±Rate Earth Resources

Satellite Demodulator

Here is a brief description of hardware designed within the ITR at the University of South

Australia. A high speed digital demodulator was developed which included a a direct

conversion down converter from a 720MHz IF input. The down converter included a

quadrature hybrid circuit of the type discussed in this thesis. Measurements of the

quadrature and amplitude imbalance are included here to give an idea of the imperfections

that are present in a practical system.

F.1  General Description

The Multi±Rate Earth Resources Satellite Demodulator can be configured to accept signals

from the following earth resources satellites.

� ERS±1 at 52.5Msym/s QPSK

� ERS±1 at 8.75MSym/s BPSK

� JERS±1 at 30.0MSym/s QPSK

� SPOT at 24.6MSym/s QPSK

� LANDSAT 6 at 84.9MSym/s BPSK

System control is via a PC, which hosts an easy to use interactive menu driven user

interface. This also provides a real time indication of signal strength, signal quality,

demodulator performance and frequency offset. The software features a built in fault

isolation tool which ensures a minimal fault down time. Provision is made for remote

control and monitoring via IEEE±488 or RS232 interfaces.

The hardware features the use of DSP throughout with a novel approach to accurate clock

and carrier phase recovery. The doppler track facility uses an advanced look ahead

algorithm which minimises signal acquisition time and data loss due to signal disturbances.

A more detailed overview of the demodulator can be found in [26].
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F.2  System Block Diagram

A block diagram for the system is shown below in Figure F.1.

Figure F.1 ± System Block Diagram
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F.3  Measured Quadrature Phase and Amplitude Imbalance

Plots of the down converter quadrature phase error and amplitude imbalance are given in

figures F.2 and F.3.  The quadrature phase is shown to vary by as much as � 4 degrees and

the ampltiude imbalance by as much as 2dB over a 50MHz I and Q baseband bandwidth.

These measurements were taken using a vector voltmeter to record the I and Q baseband

quadrature phase and amplitude frequency responses. The results show how the quadrature

phase error and the amplitude imbalance can vary over the baseband frequency bandwidth.

Note also in this case how the AGC level can affect the quadrature phase values and the

amplitude imbalance. This is thought to be due to a change in impedance of the PIN diode

attenuator through the gain control range.
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Figure F.2 ± Measured Quadrature Phase Error
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Figure F.3 ± Measured Quadrature Amplitude Imbalance
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F.4  Measured BER Performance

A plot of typical BER performance for the demodulator is given in figure F.4.   

Figure F.4 ± Measured BER

JERS±1
LANDSAT±6

It can be seen that the QPSK modulation from JERS±1 is almost 1dB worse at a BER of

10±6 than the BPSK modulation from LANDSAT±6. It is important to note that the

implementation loss is due to many factors other than imperfections in the quadrature

hybrid circuit of the down converter. However from the measured values of quadrature

phase and amplitude imbalance and the results from chapter 6 for QPSK, one can see that

for a quadrature phase error of � 4 degrees and an amplitude imbalance of up to 2dB, the

implementation loss would form a significant part of that seen in figure F.4.


