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Sum m ary

In order to increase the admissible information rates of indep enden t transmitters

sharing a common c hannel (the m ultiple access c hannel), information theory dictates

that sp ecially designed co deb o oks, in conjunction with join t deco ding, m ust b e used.

Join t deco ding ho w ev er, is usually prohibitiv ely complex, and the design of go o d

co des ev en harder than for single user c hannels. In this thesis, w e in v estigate sev eral

areas of m ultiple user information theory , with an emphasis on �nding e�cien t (lo w

complexit y) sc hemes for transmission on the m ultiple access c hannel. The con ten ts

of this thesis ma y b e summarised as follo ws.

The tec hnique of sup erp osition co ding is sho wn to ac hiev e the en tire capacit y region

of the class of blo c k async hronous discrete memoryle ss access c hannels. This result

allo ws the direct application of single user co ding theory to the m ultiple access c han-

nel. W e also presen t and discuss a particular rate splitting m ultiple access system;

unco ordinated time sharing. This system generalises the notion of time sharing co de-

b o oks for a m ultiple access c hannel, b y timesharing without the need for a global

clo c k.

W e prop ose and analyse the collision{frequency shift k ey ed system, whic h rather than

treating collisions as lost information, uses error con trol co ding to mak e e�ectiv e use

of collisions. W e pro v e that b y using an unstructured c hannel accessing sc heme, that

full use of the c hannel capacit y ma y b e made. The e�ect that noise and undetected

in terferers ha v e on the capacit y is determined.

W e prop ose a reduced complexit y m ultiuser deco der, the consensus deco der. This de-

co der structure iterativ ely shares information b et w een the v arious users of the c hannel

in order to impro v e p erformance. W e study via sim ulation the e�ectiv eness of this

deco der on the collision{frequency shift k ey ed system.

Finally w e address the problem of sequence design for co de division m ultiple access,

and in particular sho w that the use of randomly selected sequences incurs no loss in

capacit y .
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Chapter 1

In tro duction

Imagine a situation, in whic h at a liv ely part y , y ou wish to carry on a con v ersation

with some friends. Eac h friend has something in teresting to sa y to y ou, but all insist

on sp eaking sim ultaneously . Y ou ma y try to listen to just one p erson, and ignore all

others, but y ou �nd this di�cult, due to the o v erwhelming amoun t of noise made b y

the other sp eak ers. In addition, they ha v e to shout o v er the loud m usic and other

con v ersations in the bac kground. Ob viously , unless y ou imp ose some sort of structure

on the con v ersation, for example, allo w only one p erson to sp eak at a time, confusion

will prev ail, and y ou will understand no-one. Y ou wish to gather as m uc h information

as p ossible from eac h of y our friends. What should y ou do?

It is an analogous situation that confron ts the designer of man y t yp es of comm u-

nications net w orks, in whic h man y transmitters desire sim ultaneous comm unication

with a common receiv er. This scenario, kno wn as a m ultiple access c hannel, can b e

found in cellular mobile net w orks, and in satellite comm unications systems. W e shall

b e particularly in terested in mobile comm unic ations net w orks. Figure 1.1 sho ws a

simpli�ed sc hematic represen tation of the uplink (mobile (M) { base (B) c hannel) of

one cell in a mobile net w ork.

Demand for mobile and p ersonal comm unic ation services is increasing rapidly , whereas

the a v ailable frequency sp ectrum is a precious, �nite resource. In order to supp ort

increasing n um b ers of users, and increasing data rates, more e�cien t use m ust b e
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Figure 1.1: Uplink of mobile comm unic ations system.

made of this resource, where p ossible. It is therefore of fundamen tal imp ortance to

determine the ultimate theoretical limits of suc h systems, and to �nd strategies that

allo w these limits to b e ac hiev ed.

F or wide classes of m ultiple access c hannels, information theory pro vides an elegan t

theoretical basis for study . In particular, the c haracterisation of the maximal infor-

mation rates allo w able for these t yp es of c hannels is kno wn [1]. The determination of

this capacit y pro vides a b enc hmark, against whic h to measure the e�ciency of an y

practical system. Ho w ev er, as co ding theorists are quic k to p oin t out, information

theory pro vides minim al assistance in the quest for go o d co ding sc hemes, whereb y

the elusiv e goal of capacit y ma y b e approac hed. The problems faced b y designers of

single user co des for the last fort y y ears are only exacerbated when considering the

m ultiple access problem.

Before w e em bark on our theoretical treatmen t of some of the issues in this area, w e

shall discuss some of the bac kground. First w e shall describ e the basic c hallenges

pro vided b y the m ultiple access c hannel that w e shall seek to address in this disser-

tation. W e shall then review some w ell kno wn existing m ultiple access strategies.

F ollo wing this, w e shall mak e a simple argumen t for the necessit y of join t detection in

designing optimal receiv ers, and discuss the problems in tro duced b y suc h approac hes.
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1.1 Multiple Access Channel Problems

Finally , w e will discuss the relationship of this dissertation to these areas, in tro ducing

our main results and metho dologies, and the in ter-relationships b et w een the v arious

topics co v ered in this thesis. Precise dev elopmen t of concepts is deferred to the later

c hapters.

1.1 Multiple Access Channel Problems

Although w e ma y b e able to theoretically determine the maxim um rates at whic h

the users of a m ultiple access c hannel can transmit, it remains, as alw a ys to disco v er

v arious strategies that attempt to ac hiev e these rates. W e shall attempt to address

the follo wing t w o problems in this thesis: m ultiple access in terference, and transmitter

sync hronisation.

1.1.1 Multiple Access In terference

Multiple access in terference is the c haracteristic problem that m ust b e o v ercome in

a m ultiple access system. This in terference describ es the pro cess whereb y the use of

a common c hannel b y other transmitters adv ersely a�ects the desired signal. Either

there m ust b e some �xed structure imp osed up on the system, suc h that this situ-

ation do es not arise in the �rst place (allo cate an in terference free c hannel to eac h

user, whic h implies a certain degree of transmitter co op eration), or w e m ust devise

tec hniques whic h allo w the the receiv ed com bination of signals to b e someho w join tly

determined.

There are sev eral main philosophies p ertaining to the resolution of this in terference

problem, and these are the sub ject of Section 1.2. Multiple access information theory

implies that instead of treating this in terference as un w an ted noise, that it should b e

used as additional information to assist in the deco ding pro cess.
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1.2 Multiple Access Strategies

1.1.2 Sync hronisation

An additional ph ysical problem created b y the spatially distributed nature of the

users of a m ultiple access c hannel is sync hronism of transmission. The v arious users

ha v e di�eren t ph ysical path lengths to the receiv er, and cannot co ordinate the tim-

ing of their transmissions, sa v e via feedbac k from the cen tral receiv er (or some other

globally a v ailable clo c k). Fixed allo cation sc hemes suc h as time division m ultiple

access (to b e discussed in the follo wing section) �nd it di�cult enough to �nd the

coarse sync hronisation required to time share the c hannel. Multiple access informa-

tion theory generally assumes at least sym b ol sync hronism, and usually co dew ord

sync hronism. The e�ect that loss of co dew ord sync hronism has up on the c hannel

capacit y is kno wn. In man y systems, no loss in capacit y is su�ered. W e shall not

consider loss of sym b ol sync hronism in this thesis, as our metho dology remains an

information theoretic one. In Chapter 3 w e shall ho w ev er sho w practically ho w the

need for co dew ord sync hronism ma y b e remo v ed.

1.2 Multiple Access Strategies

There are t w o main philosophies concerning receiv er design for the m ultiple access

c hannel. One ma y c ho ose to treat all users except for the user of in terest as un w an ted

noise, and ignore their e�ect. This is the single user, or p oin t{to{p oin t philosoph y.

Alternativ ely , one ma y attempt to use the information from the other users to assist

in receiving the w an ted user. This is kno wn as join t, or m ultiuser detection.

1.2.1 Fixed allo cation

Subscrib ers to the single user philosoph y of receiv er design usually base their systems

on sc hemes attempting to \orthogonalise" the c hannel. By this w e mean reducing the

amoun t of m ultiple access in terference su�ered. This is usually attempted through

the imp osition of a rigid structure up on the transmissions, allo cating in either time or

4



1.2 Multiple Access Strategies

frequency , separate c hannels for eac h user. This structure requires increased complex-

it y to b e built in to the net w ork, as �xed c hannels m ust b e allo cated and main tained.

In this thesis ho w ev er, w e shall b e in terested in sc hemes that attempt to remo v e an y

suc h �xed allo cations, and solv e the m ultiple access problem b y in telligen t receiv er

design. Examples of �xed allo cation sc hemes include:

F requency Division Multiple Access. This metho d allo cates disjoin t sections of

the frequency sp ectrum to eac h user. In this w a y , the users do not in terfere,

pro vided that eac h user ensures that its transmissions are indeed con�ned to

the allo cated area. In Chapter 4 w e describ e and analyse a m ultiuser system

whic h exhibits large gains in capacit y o v er a comparable FDMA system.

Time Division Multiple Access. In con trast to FDMA, time division m ultiple ac-

cess allo ws eac h user to access the en tire a v ailable bandwidth, but at di�eren t

times. This requires strict sync hronism of the users to ensure that o v erlaps in

time do not o ccur. In addition, the short time frames used require high p eak

p o w er lev els, whic h ma y b e undesirable for tec hnological reasons.

Co de Division Multiple Access. In this sc heme, eac h user transmits using the

en tire a v ailable bandwidth, for all time. Ho w ev er eac h transmitter mo dulates

its data with a sp ecial pseudo random sequence, whic h allo ws the users' data

to b e distinguished at the receiv er. T ypically these sequences are c hosen to b e

orthogonal, to reduce the amoun t of m ultiple access in terference. In practice

this orthogonalit y is hard, if not imp ossible to main tain, due to lac k of precise

sync hronism. In con trast to TDMA and FDMA, whic h break up the sp ectrum

in to a �xed n um b er of c hannels, CDMA has a \soft" limit on the n um b er of

c hannels a v ailable. This b eha viour is ho w ev er limited b y the a v ailabilit y of large

sets of orthogonal sequences. The nature of the CDMA c hannel, in the presence

of m ultiple access in terference is particularly amenable to join t detection and

deco ding tec hniques. In Chapter 6 w e shall sho w that orthogonal sequences are

not required to maximise the capacit y , and in fact random sequences ma y b e

5



1.2 Multiple Access Strategies

used with asymptotically no loss in capacit y .

1.2.2 Join t T ec hniques

In con trast to the �xed allo cation sc hemes, join t detection and deco ding tec hniques

ma y b e used to increase the capacit y of a c hannel, in whic h all users use the en tire

bandwidth all the time. It is the analysis of suc h join t tec hniques that shall o ccup y

the ma jor part of this thesis.

By considering the principles of optim um (in a maxim um a-p osteriori sense) receiv er

design, the need for join t detection can b e seen without resorting to information the-

ory . In the b o ok b y W ozencraft and Jacobs [2], optim um receiv er design is describ ed

for v ector c hannels, whic h, as w e will see, includes m ultiple access c hannels. Consider

a c hannel, in whic h a signal v ector , s

i

= ( s

i 1

; s

i 2

; : : : ; s

iK

) is transmitted to represen t

the message m = m

i

, i = 1 ; : : : ; M . The s

i

ha v e join t probabilit y distribution p ( s ).

A t the output of the c hannel, a random v ector, r is observ ed, according to the tran-

sition probabilities p ( r j s ). The optim um receiv er is one whic h selects the ^m whic h

maximises the decision function

^m = arg max

m

i

p ( s

i

) p ( r j s

i

) : (1.1)

This mo del describ es a m ultiple access c hannel if the elemen ts of the v ector s are

selected b y the K individual users, and p ( s ) is a pro duct distribution,

p ( s = s

i

) =

K

Y

j =1

p ( s

ij

) ;

since the users cannot co op erate in their transmissions. The messages m

i

are no w the

set of transmitted messages from eac h user, m

i

= f m

i 1

; m

i 2

; : : : ; m

iK

g . F rom (1.1),

w e can see immedi ately that the optim um receiv er for a m ultiple access c hannel m ust

jointly detect all the users. A receiv er whic h attempts single user detection for user

j , b y treating other users as noise, p erforms the individual maximi sation,

^m

j

= arg max

m

ij

p ( s

ij

) p ( r j s

ij

) ; (1.2)
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whic h is optim um only if p ( s

i

j r ) =

Q

K

j =1

p ( s

ij

j r ), meaning that there is no in ter-

user in terference. Suc h a c hannel can b e treated as K individual single user c hannels,

and as suc h w e do not consider this a true m ultiple access c hannel.

This rather simplistic argumen t is only from a signal detection p oin t of view. In

Chapter 2, w e shall in tro duce the basic information theoretic concepts of the m ultiple

access c hannel. W e shall see that information theory promises an increased total

c hannel capacit y , under the assumption of join t deco ding.

Multiaccess Co de Design. The information theoretic results for the m ultiple ac-

cess c hannel indicate the existence of sets of co deb o oks, whic h ma y b e join tly

deco ded at the common receiv er, yielding rate increases o v er the single user

case.

The issue of co de design ho w ev er is a di�cult one. W e ha v e already seen that

the signal detection problem m ust b e approac hed join tly across the users. The

complexit y of this problem increases exp onen tially with the n um b er of users, as

the dimension of the join t distribution p ( s j r ) increases. T o mak e things w orse,

the complexit y of deco ding a randomly selected K user co de is exp onen tial, in

the co dew ord length, and in the n um b er of users.

This exp onen tially complex b eha viour has b een v ery successful in limiti ng the

progress made b y researc hers, in the area of man y user systems. In Chapter 2

an o v erview of the few existing co des for v arious simple m ultiple access c hannels

is giv en. Ho w ev er, w e shall see that these co des are far from satisfying.

In terference Cancellation. One direct w a y of dealing with m ultiple access in ter-

ference is to attempt estimation of this in terference, and subtract it from the re-

ceiv ed signal. This is kno wn as in terference cancellation. Cancellation sc hemes

are of in terest, in that their complexit y is only linear with the n um b er of users.

The main con tribution of Chapter 3 of this thesis is to sho w that an y set of

rates ac hiev able b y join t deco ding is also ac hiev able b y in terference cancella-

tion, yielding a ma jor complexit y reduction. With suc h a cancellation sc heme,
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1.3 Ov erview

the problem of designing join tly deco deable co des is a v oided, and the m uc h

b etter understo o d single user co ding tec hniques ma y b e applied.

1.3 Ov erview

The remaining p ortion of this dissertation is organised in the follo wing w a y .

Chapter 2 in tro duces in greater depth the m ultiple access c hannel and its prop erties.

The emphasis of this c hapter is the in tro duction of the fundamen tal concepts and

formal notation required in later c hapters. Additionally , a historical p ersp ectiv e is

established, and the no v el w ork of subsequen t c hapters is placed in con text of the

con temp orary literature. The information theory of the m ultiple access c hannel is in-

tro duced, and some examples are used to illustrate the theory . The e�ects of feedbac k

and async hronism are discussed and con trasted to single user results. V arious blo c k

and trellis co ding strategies and constructions are brie
y describ ed, to giv e a his-

torical p ersp ectiv e. Co de division m ultiple access is in tro duced, and an information

theoretic framew ork for this tec hnique is established. Finally , w e brie
y discuss the

area of collision resolution, whic h w e wish to con trast with the collision st yle system

dev elop ed in Chapter 4.

In Chapter 3 w e b egin the presen tation of the no v el con tributions of this thesis. The

tec hnique of rate splitting m ultiple access is sho wn to ac hiev e the en tire capacit y

region of the class of blo c k async hronous discrete memoryle ss access c hannels. This

result, whic h allo ws the direct application of single user co ding theory to the m ultiple

access c hannel, is the pro duct of fruitful collab orations with Bixio Rimoldi, W ash-

ington Univ ersit y St. Louis, and R • udiger Urbank e, A T&T Bell Lab oratories, New

Jersey . W e also presen t and discuss a particular rate splitting m ultiple access sys-

tem; unco ordinated time sharing. This system generalises the notion of time sharing

co deb o oks for a m ultiple access c hannel, b y timesharing without the need for a global

clo c k. An information theoretic approac h is used throughout the c hapter.

W e turn our atten tion to collision resolution based systems in Chapter 4. W e prop ose
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1.3 Ov erview

and analyse the collision{frequency shift k ey ed system whic h rather than treating col-

lisions as lost information, uses error con trol co ding to mak e e�ectiv e use of collisions.

W e pro v e that b y using an unstructured c hannel accessing sc heme, that full use of

the c hannel capacit y ma y b e made. The e�ect on capacit y of noise and undetected

in terferers is determined. The w ork in this c hapter, and in Chapter 5 is the result of

an enjo y able and exciting collab oration with Christian Sc hlegel, Univ ersit y of T exas

at San An tonio.

In Chapter 5, w e prop ose a reduced complexit y m ultiuser deco der, the consensus

deco der. This deco der structure iterativ ely shares information b et w een the v arious

users of the c hannel in order to impro v e p erformance. W e study via sim ulation the

e�ectiv eness of this deco der on the collision{frequency shift k ey ed system of Chapter 4.

Finally , in Chapter 6, w e address the problem of sequence design for co de division

m ultiple access, and in particular sho w that the use of randomly selected sequences

incurs no loss in capacit y . This is the result of information theoretic and analytical

studies, and pro vides an insigh t in to the nature of large scale co de division m ultiple

access systems. Collab oration with P aul Alexander, Univ ersit y of South Australia

w as most pro ductiv e in these researc hes.
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Chapter 2

Multiple Access Channels

The fo cus of this dissertation is the design and analysis of e�cien t comm unication

systems for the m ultiple access c hannel. This in tro ductory c hapter serv es the follo wing

purp oses:

� to in tro duce basic concepts up on whic h w e shall later dra w,

� to pro vide a historical p ersp ectiv e for the dev elopmen t of existing theories, and

� to indicate the relationship b et w een the researc h describ ed in this dissertation

and the con temp orary literature.

T o w ards these ends, w e shall in tro duce no no v el concepts here, but instead dra w

hea vily up on the existing b o dy of literature, in order to �rmly establish the setting for

the ensuing c hapters. In presen ting this material, w e shall follo w the classi�cations of

Gallager [3], who recognises three distinct, and somewhat disjoin t areas of m ultiaccess

researc h, namely , net w ork comm unication (information) theory , collision resolution

and spread sp ectrum tec hniques.



2.1 Net w ork Comm unication Theory

2.1 Net w ork Comm un ication Theory

A comm unicati on net w ork is a m ulti-term inal system, consisting of sources, sinks and

c hannels. Eac h source is connected to one or more sinks. This allo ws for arbitrary

net w ork top ologies. This is in con trast to a p oin t-to-p oin t system, whic h consists of

a single source connected to a single sink.

Although no complete theory of comm unicati on net w orks y et exists, sev eral sp ecial

t yp es of net w orks ha v e b een the sub ject of m uc h fruitful researc h. F or example,

the m ultiple access c hannel, the broadcast c hannel, the in terference c hannel, and the

rela y c hannel all ha v e a gro wing base in the literature. These c hannels ma y b e used as

basic building blo c ks for larger net w orks. F or a surv ey of net w ork information theory ,

see [3{5]. In addition the b o oks b y Csisz� ar and K• orner, [6], Blah ut [7] and Co v er and

Thomas [1] pro vide excellen t in tro ductory c hapters on m ultiple-term inal information

theory . Although w e shall b e concerned primarily with the m ultiple access c hannel,

w e shall brie
y describ e eac h of the aforemen tioned c hannels, in order to pro vide a

suitable con text for our w ork.

2.1.1 The Multiple Access Channel

The m ultiple access c hannel (MA C) arises naturally in man y comm unic ations systems,

in whic h man y sources wish to transmit to a common receiv er. In particular, this

c hannel mo dels the uplink of a mobile radio net w ork, or the situation in whic h man y

ground stations desire sim ultaneous comm unication with a common satellite. The

m ultiple access c hannel, or m ultiaccess c hannel is sho wn sc hematically in Figure 2.1.

In this situation, K sources, X

1

; X

2

; : : : ; X

K

are transmitting information to the

common receiv er. The receiv ed signal, Y ma y b e corrupted b y noise and m ultiple

access in terference (MAI). It is c hannels of this form that constitute the sub ject of

this dissertation.
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X

K

�

�

�

�

�

�

�*

.

.

.

X

2

X

X

X

X

X

X

Xz

X

1 H

H

H

H

H

H

Hj

Y

Figure 2.1: Multiple Access Channel

2.1.2 The Broadcast Channel

In the situation where one transmitter m ust send information sim ultaneously to sev-

eral receiv ers, w e ha v e the broadcast c hannel. Examples include the broadcasting

of television signals from a satellite or to w er, or the do wnlink of a mobile radio

net w ork. Figure 2.2 sho ws a single source, X , sending information to K receiv ers,

Y

1

; Y

2

; : : : ; Y

K

.

X

�

�
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�

�

�

�
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�
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�

�

�:

Y
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.

.

.

H
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H

H

H

H

H
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Y

K

Figure 2.2: Broadcast Channel

2.1.3 The In terference Channel

The in terference c hannel mo dels the situation in whic h t w o (or more) separate p oin t-

to-p oin t systems m utually in terfere, as sho wn in Figure 2.3. The receiv er Y

1

only

desires the information transmitted b y X

1

, but there exists an undesired c hannel
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b et w een X

2

and Y

1

, and vice-v ersa. Figure 2.3 sho ws a t w o-user \degraded" in terfer-

ence scenario, in whic h sender X

1

in terferes with X

2

, via a scale factor of a

12

and X

2

in terferes with X

1

, via a scaling of a

21

. Suc h a mo del could arise due to co-c hannel

in terference in a mobile radio net w ork.
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Figure 2.3: In terference Channel

2.1.4 The Rela y Channel

The rela y c hannel is a single user system, in whic h a supplemen tary path (or paths)

to the receiv er exists, for the purp oses of assisting reception. This supplemen tary

path is mo delled as an additional receiv er/sender pair, as sho wn in Figure 2.4

X

-�

�

�

�

�

�3 Q

Q

Q

Q

Qs

Y

1

X

1

Y

Figure 2.4: Rela y Channel

2.1.5 The Capacit y Region

One of the most imp ortan t information theoretic questions to b e answ ered ab out a

comm unicati on system concerns the maxim um information rate at whic h the v arious
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sources ma y transmit. By this w e mean the rate b elo w whic h there exists c hannel

co ding strategies suc h that, as the co dew ord length increases, the a v erage error rate

can b e made arbitrarily small. F or large classes of single user c hannels, this question

w as answ ered b y Shannon in his seminal 1948 treatise [8].

F or the m ultiple access c hannel, this question remained unansw ered un til 1971, when

Alsh w ede [9] and indep enden tly , Liao [10] determined the capacit y region. In our

pro cess of describing and c haracterising this region, w e shall further re�ne and clarify

our de�nition of the m ultiple access c hannel.

First some notation. F or a K user system, let K = f 1 ; 2 ; : : : ; K g b e the index set

of the users. F or an arbitrary subset S � K , w e shall de�ne a subscript S to denote

ob jects indexed b y the elemen ts of S . F or example, X

S

= X

k

; k 2 S are those users

indexed b y the elemen ts of S . Let R

k

b e the information rate of user k , and de�ne

R

S

= R

k

; k 2 S etc. Also let R ( S ) =

P

k 2S

R

k

.

De�nition 2.1 (Discr ete Memoryless Multiple A c c ess Channel)

A discrete memoryl ess m ultiple access c hannel (DMMA C) shall b e de�ned b y K

�nite input alphab ets, X

K

, a set of transition probabilities, p ( y j x

K

) , and an output

alphab et Y . W e shall refer to suc h a c hannel b y the triple ( X

K

; p ( y j x

K

) ; Y )

T ransmission shall tak e place as follo ws. Discrete time shall b e assumed. A t eac h

sym b ol in terv al, user k transmits a sym b ol x

k

, dra wn from X

k

according to some dis-

tribution p

k

( x

k

) . The receiv ed sym b ol, y 2 Y is observ ed according to the transition

probabilities p ( y j x

K

) .

A t this p oin t w e in tro duce some useful terminology due to W olf [11] concerning the

degree of co op eration allo w ed in the transmission and reception of information:

No co op eration. Eac h source indep enden tly transmits information, and the re-

ceiv ed signal is separately deco ded, i.e., the deco ding for eac h user treats ev ery

other user as un w an ted noise. This is what w e shall mean b y a p oin t-to-p oin t,

or single user link.
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P artial co op eration. Eac h source indep enden tly transmits information, and the

receiv er mak es full use of the receiv ed signal b y p erforming join t deco ding.

This will b e the case of most in terest in our study .

F ull co op eration. The sources ma y co op erate in transmissions, and join t deco ding

is used.

The form of the join t source distribution p ( x

K

) dep ends on the degree of co op eration

allo w ed b et w een the users. If no, or only partial, co op eration is allo w ed, the source

distribution is restricted to b e of the pro duct form,

p ( x

K

) =

K

Y

k =1

p

k

( x

k

) : (2.1)

Alternativ ely , if full co op eration is allo w ed, there is no suc h restriction. Suc h full

co op eration of sources allo ws the complete c hannel resource to b e used as if b y a

single \sup er-source", and can therefore form the basis for comparison.

In order to com bat m ultiple access in terference and noise, eac h source shall in tro duce

redundancy in the form of error-con trol co ding. W e de�ne a m ultiple access co de as

follo ws:

De�nition 2.2 (Multiple A c c ess Co de)

A co de for a m ultiple access c hannel consists of K enco ding functions, one for eac h

source. Since the sources are indep enden t, w e can describ e the m ultiple access co de

in terms of the individual co des for eac h user.

De�ne M

k

= d 2

nR

k

e , where R

k

is the information rate of user k (bits/sym b ol). Let

M

k

= f 1 ; 2 ; : : : ; M

k

g b e the set of p ossible messages that user k ma y wish to transmit.

The enco ding function X

k

for user k maps from this set of M

k

messages on to an n

dimensional v ector, whose elemen ts are dra wn from the source alphab et:

X

k

: M

k

! X

n

k

: (2.2)

Here w e use X

k

to denote the enco ding function, since it will alw a ys remain clear

from the con text, whether w e are referring to the user, or its enco ding function.
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The m ultiple access enco der X

K

therefore maps as follo ws

X

K

: M

1

� M

2

� � � � � M

K

! X

n

1

� X

n

2

� � � � � X

n

K

; (2.3)

where in this instance, � denotes the Cartesian pro duct. W e shall abbreviate this

mapping b y X

K

: M

K

! X

n

K

.

F or user k , let R

k

=

log

2

M

k

n

b e the co de rate, in bits p er sym b ol, and n the co dew ord

length. W e shall also refer to a m ultiple access co de b y the pair ( n; R

K

)

The deco ding function for the m ultiple access co de can no w b e de�ned as

Y : Y

n

! M

K

: (2.4)

A deco ding error is said to o ccur if the message set at the output of the deco der do es

not agree completely with the input message set. The error probabilit y conditioned

on a particular set of transmitted messages m

K

is therefore

P

e j m

K

= Pr ( Y ( Y

n

) 6= m

K

) (2.5)

Assuming equiprobable transmission of messages, the a v erage error probabilit y for a

m ultiple access co de is giv en b y

�

P

e

=

1

2

nR ( K )

X

m

K

2M

K

P

e j m

K

: (2.6)

De�nition 2.3 (A chievable R ate)

A particular set of rates R

K

is ac hiev able if there exists a sequence of ( n; R

K

) co des

suc h that as n ! 1 , w e ha v e

�

P

e

! 0 .

An ac hiev able rate region for a m ultiple access c hannel ( X

K

; p ( y j x

K

) ; Y ) is a set of

rate v ectors R

K

satisfying, for a particular pro duct distribution on the c hannel input

sym b ols, � ( x

K

) =

Q

k

p

k

( x

k

)

R [ � ( x

K

) ; p ( y j x

K

)] =

8

<

:

R

K

:

X

k 2K

R

k

� I ( X

S

; Y j X

S

c

)

9

=

;

; 8S � K ; (2.7)
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where I (; j ) is the conditional m utual information [1], and S

c

denotes the compleme n t

of S in K , de�ned as S

c

= K n S . The capacit y region is the m ultiaccess analog of

the capacit y for a single user c hannel. Ev ery p oin t con tained in the capacit y region is

ac hiev able for some source distribution, whereas an y p oin t outside the region is not

ac hiev able for an y source distribution. The capacit y region for a discrete memoryless

m ultiple access c hannel is the con v ex h ull of the union of all ac hiev able rate regions,

where the union is o v er the en tire family of pro duct distributions on the sources.

C [ p ( y j x

K

)] = con v ex h ull

8

<

:

[

� ( x

K

)

R [ � ( x

K

) ; p ( y j x

K

)]

9

=

;

: (2.8)

The capacit y region w as �rst determined b y Ahlsw ede [9] and Liao [10]. Slepian and

W olf pro vided the corresp onding co ding theorem for the case when a particular sort

of correlation b et w een sources is allo w ed [12]. More accessible pro ofs of the m ultiple

access c hannel co ding theorem ma y b e found in [5] (using the concept of join tly t ypical

sequences [1]) and in [3] (using random co ding argumen ts). F or a discussion of the

con v ex h ull

1

op eration, see Section 2.1.5.1. Hanly and Whiting p oin t out that the

ac hiev able rate region is in fact a b ounded p olymatroid [14]. Of particular in terest

throughout this dissertation is the sum rate constrain t, whic h w e shall hereafter refer

to as C

sum

,

C

sum

= max R ( K ) ; R

K

2 R [ � ( x

K

) ; p ( y j x

K

)] : (2.9)

This is the maxim um sum of rates at whic h the users ma y enjo y v anishing error

probabilit y . Note ho w ev er that the rates for the individual users ma y b e unequal.

There are sev eral c hannels whic h ha v e attracted a lot of atten tion in the literature.

The follo wing examples describ e some c hannels to whic h w e shall in later c hapters

refer.

Example 2.1 (Binary A dder Channel)

The K -user binary adder c hannel (BA C) is de�ned as follo ws. Eac h user trans-

1

The con v ex h ull (con v ex co v er) of a set of p oin ts, A , is de�ned in [13] as the set of p oin ts whic h

is the in tersection of all the con v ex sets that con tain A .
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mits using the same alphab et, X

k

2 f 0 ; 1 g . The output is giv en b y Y =

P

k

X

k

2

f 0 ; 1 ; : : : ; K g .

The capacit y region of the t w o user BA C [1] is giv en b y

f ( R

1

; R

2

) : 0 � R

1

< 1 ; 0 � R

2

< 1 ; 0 � R

1

+ R

2

< 1 : 5 g (2.10)

This p en tagon is sho wn in Figure 2.5. The sum rate constrain t, R

1

+ R

2

= 1 : 5 should

b e compared to the total co op eration case, whic h allo ws the maxim um p ossible en-

trop y of Y , whic h is log

2

3 � 1 : 58 . Also, w e can compare the partial co op eration sum

rate constrain t to the p oin t-to-p oin t sum rate constrain t of 1 , whic h ma y b e ac hiev ed

b y p erfect time sharing of the c hannel b et w een the t w o users. W e can therefore see

that the use of partial co op eration increases the allo w able rates of transmission.

F or the general case of K > 2 users, the capacit y region is giv en [15, 16] as

8

<

:

( R

1

; R

2

; : : : ; R

K

) : 0 � R ( S ) �

jS j

X

k =0

�

jS j

k

�

2

jS j

log

2

2

jS j

�

jS j

k

�

; S � K

9

=

;

(2.11)

A go o d appro ximation to the sum rate constrain t is giv en b y Chang and W olf [16, 17]

as

C

sum

�

1

2

log

2

� eK

2

bits : (2.12)

In fact the follo wing b ounds sho w the asymptotic tigh tness of this appro ximation [15]

1

2

log

2

� K

2

� max R ( K ) �

8

<

:

1

2

log

2

� eK

2

K ev en ;

1

2

log

2

� e ( K +1)

2

K o dd

(2.13)

Example 2.2 (Binary Multiplier Channel)

The t w o user binary m ultiplie r c hannel (BMC) p erforms the real m ultipli cation Y =

X

1

X

2

, where X

1

; X

2

2 f 0 ; 1 g . Hence Y 2 f 0 ; 1 g also. This places a restriction on the

maxim um sum rate, R

1

+ R

2

� 1 . The capacit y region is sho wn in Figure 2.6. In

this case, there is no rate adv an tage a v ailable through full co op eration.
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Figure 2.5: Capacit y region of the t w o user binary adder c hannel
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Figure 2.6: Capacit y region of the t w o user binary m ultipli er c hannel

Example 2.3 (Gaussian Multiple A c c ess Channel)

The Gaussian m ultiple access c hannel (GMA C) di�ers from those examined so far,

in that eac h user transmits from an in�nite alphab et, X

k

2 R , sub ject to an a v erage

p o w er constrain t E f X

2

k

g � P

k

. The c hannel output is giv en b y

Y =

K

X

k =1

X

k

+ z ; (2.14)

where z is a zero mean, v ariance �

2

, white Gaussian random v ariable, denoted z �

N (0 ; �

2

) .

The capacit y region of the Gaussian m ultiple access c hannel is found b y extending
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the original w orks of Ahlsw ede [9] and Liao [10], whic h w ere only for �nite alphab ets,

to the case of in�nite alphab ets. This w as done indep enden tly b y Co v er [18] and

Wyner [19]. The resulting capacit y region is de�ned b y the follo wing constrain ts

R ( S ) �

1

2

log

2

 

1 +

P ( S )

�

2

!

bits ; 8S � K : (2.15)

F rom this w e can see that although the users are p ermitted only partial co op eration,

the maxim um p ossible total rate is equal to that obtained b y a single user, of p o w er

P ( K ) , with exclusiv e access to the c hannel (full co op eration case). This implies that

no rate loss is su�ered due to the distributed nature of the v arious users. In addition,

the total rate is prop ortional to the logarithm of the signal-to-noise ratio, whic h is

un b ounded as the p o w er increases.

Example 2.4 (Col lision Channel without F e e db ack)

The collision c hannel without feedbac k w as prop osed b y Massey and Math ys [20].

This c hannel has a n um b er of distinct features, whic h mak es it an in teresting com-

parison to the c hannels already describ ed. In particular, it attempts to mo del random

accessing to the c hannel.

The c hannel is describ ed as follo ws. User k sends a pac k et of �xed duration T ,

with some probabilit y . Users' transmissions are not sync hronised in an y w a y , and

there exists no feedbac k path to the users, so they can nev er determine the degree of

async hronism, whereas the receiv er can. A t the receiv er, a collision is said to ha v e

o ccurred if t w o or more pac k ets o v erlap b y an y non-zero time duration. An y pac k et

in v olv ed in suc h a collision is destro y ed, and its information lost. In the absence of

a collision, pac k ets are assumed to b e receiv ed successfully , and all the information

con tained is retriev ed.

It is sho wn in [20] that the capacit y region, and zero-error

2

capacit y region coin-

cide, and this region further coincides with the corresp onding regions obtained if slot

2

By zero-error it is mean t that there exists a co ding sc heme suc h that

�

P

e

= 0. See [21].
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sync hronism is allo w ed. The outer b oundary of the capacit y region is giv en b y

R

k

� p

k

K

Y

j =1

j 6= k

(1 � p

j

) ; (2.16)

where p

j

� 0 and

P

K

j =1

p

j

= 1 . This region is not con v ex (see Section 2.1.5.1),

and in fact the con v exit y of its �rst orthan t complem en t w as pro v ed b y P ost in [22].

The symmetric capacit y (the maxim um sum rate ac hiev able with ev ery user at the

same rate) of this c hannel approac hes

1

e

for large systems, whic h is equal to the

maxim um throughput of slotted ALOHA for an in�nite n um b er of iden tical users [23].

In Chapter 4 w e shall study an alternativ e collision-t yp e m ultiple access c hannel, in

whic h w e do not assume complete information loss due to collisions.

2.1.5.1 The E�ect of Async hronism

The material to b e co v ered in Chapter 3 will deal in the most part with c hannels

that p ossess no greater lev el of sync hronism than at the sym b ol lev el. W e shall refer

to suc h c hannels as async hronous, or frame-async hronous. W e shall not consider an y

�ner async hronism, as it is at this p oin t that the c hannel ceases to b ecome discrete-

time as previously de�ned.

In discussing the e�ect of frame-async hronism, w e �rst need to b etter understand

the role of the con v ex h ull op eration in (2.8). This con v ex h ull op eration is due to

the idea of timesharing. Giv en that the t w o p oin ts, R

1

and R

2

are ac hiev able, then

ev ery p oin t on the line connecting R

1

and R

2

is also ac hiev able, simply b y using the

co deb o ok corresp onding to the the p oin t R

1

for �n sym b ols and that corresp onding

to R

2

for the remaining (1 � � ) n , 0 � � � 1. In general, w e can ac hiev e an y additional

p oin t that is the con v ex com bination of an y n um b er of ac hiev able p oin ts.

Carath � eo dry's theorem [13] states that ev ery p oin t in the con v ex closure of a con-

nected compact set A is con tained within at least one simplex

3

whic h tak es its v ertices

from A . This implies that ev ery p oin t within the capacit y region for a K user c hannel

3

A simplex in d -dimensional space is a p olytop e with d + 1 a�nely indep enden t v ertices, e.g. a

tetrahedron for 3-dimensional Euclidean space.
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ma y b e ac hiev ed b y timesharing b et w een at most K + 1 v ertices, requiring eac h user

to ha v e access to K + 1 co deb o oks. F or a go o d description of the con v exit y of the

MA C capacit y region, see [1, p.396-399]. F or a clari�cation of the standard con v ex-

it y argumen t used in the pro of of the con v erse of the m ulti-access co ding theorem,

see [24].

P olt yrev [25], and indep enden tly Hui and Hum blet [26, 27] sho w ed that the capacit y

region of the completely async hronous discrete memoryless m ultiple access c hannel is

obtained b y simply remo ving the con v ex h ull op eration from the standard expression.

Note that this do es not a�ect the v alue of the sum rate, or an y other constrain t. The

lac k of frame-sync hronism precludes time sharing in this case. This is in con trast

to [28, 29], where it is sho wn that for cases of mild frame-async hronism

4

the capacit y

regions are iden tical.

In Chapter 3 w e shall sho w that ev en in the absence of frame-sync hronism, that access

to at most 2 co deb o oks is all that is required for eac h user in order to ac hiev e an y

p oin t in the async hronous capacit y region.

In man y cases the union of the ac hiev able rate regions is con v ex, for example the

BA C, BMC and GMA C. In suc h cases, the totally async hronous capacit y region co-

incides with the sync hronous. F or examples of non-con v ex regions, see Example 2.4,

and the pap er b y Bierbaum and W allmeier [30]. Gubner and Hughes ha v e found

the capacit y region of the m ultiple access arbitrarily v arying c hannel sub ject to con-

strain ts [31], and ha v e sho wn that it is in general non-con v ex, giving an example of

a sync hronous c hannel with a non-con v ex capacit y region. The capacit y region p er

unit cost of the MA C sub ject to input constrain ts, found b y V erd � u [32] is also non-

con v ex. V erd � u has also found the capacit y region of the t w o user frame-async hronous

discrete m ultiple access c hannel with �nite memory , and has sho wn that the sum rate

constrain t ma y b e reduced, whic h is in con trast to the memoryl ess case. The e�ect

of sym b ol-async hronism on the Gaussian m ultiple access c hannel has b een studied

4

These pro ofs require that the co dew ord length n ! 1 , while the dela y b et w een co dew ord frames

remains b ounded.
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in [33, 34].

A large p ortion of this dissertation will b e dev oted to sho wing the ac hiev abilit y of

the en tire capacit y region of frame-async hronous discrete memoryle ss m ultiple access

c hannels, without the use of timesharing. This w as demonstrated, for the t w o user

Gaussian m ultiple access c hannel, b y Carleial [35], using the idea of sup erp osition

co ding, and later for the K -user GMA C b y Rimoldi and Urbank e, [36]. See Section

2.1.6.3 for an in tro duction to the concept of sup erp osition co ding.

2.1.5.2 The E�ect of F eedbac k

Although w e shall not consider c hannels with feedbac k in this dissertation, it is w orth

reviewing some of the w ork in this area, as it pro vides an insigh t in to certain di�er-

ences b et w een p oin t-to-p oin t systems and m ultiple access c hannels.

In 1956 Shannon pro v ed that the presence of a noiseless feedbac k link from the receiv er

to the source in a p oin t-to-p oin t system do es not increase capacit y [21]. In con trast,

the presence of a feedbac k link increases the capacit y region of a m ultiple access

c hannel. This phenomenon w as �rst noted b y Gaarder and W olf in 1975 [37], who

pro vided an example. Co v er and Leung [38] found an ac hiev able rate region for

the discrete memoryl ess MA C with feedbac k and for the Gaussian m ultiple access

c hannel. The former region w as sho wn to b e optimal for a class of c hannels b y Willems

in [39], while the latter region w as also found indep enden tly b y Carleial [40]. Carleial

also considered the case when the t w o users observ e di�eren t feedbac k signals [41].

Ozaro w [42] found the capacit y region of the t w o user Gaussian m ultiple access c hannel

with feedbac k, while Thomas [43] sho w ed that for a K user Gaussian m ultiple access

c hannel, the total capacit y can increase at most b y a factor 2.

2.1.6 Co ding for the Multiple Access Channel

While it is imp ortan t to kno w the ultimate limits of information rate on the m ultiple

access c hannel, for practical purp oses w e require c hannel co ding sc hemes to ac hiev e
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these rates. Co ding for the MA C has receiv ed m uc h atten tion, but, as w e shall see,

with little outstanding success. In addition to pro viding error detection/correction

capabilit y in the presence of noise, m ultiple access c hannel co des should also ha v e the

prop ert y that they separate the users' transmissions (reduce MAI). A co de that can

p erform this task without error is called uniquely deco deable.

De�nition 2.4 (Uniquely De c o de able)

A co de for the m ultiple access c hannel is uniquely deco deable (UDE) if, in the absence

of noise, the mapping M

K

! Y

n

is one-to-one.

Both blo c k and trellis UDE co des ha v e b een constructed for a v ariet y of m ultiple

access c hannels. In particular, m uc h e�ort has b een sp en t on the binary adder c hannel.

In the follo wing sections, w e shall summarise the curren tly a v ailable tec hniques. F or

a surv ey of c hannel co des up to 1980, one is directed to F arrell [44].

2.1.6.1 Blo c k Co des

F or a blo c k co de, w e shall denote the co deb o ok for user k b y C

k

, the n um b er of

co dew ords b y M

k

= j C

k

j , and the rate R

k

=

1

n

log

2

M

k

.

Muc h of the literature on blo c k co ding is for the binary adder c hannel, and as suc h, is

a useful basis for comparison of v arious sc hemes. Figure 2.7 summarises graphically

the b est rate pairs ac hiev ed to date. Un til 1985, the b est kno wn co de for the

2-BA C w as also one of the simplest. It assigns to user X

1

the co deb o ok C

1

= f 00 ; 11 g ,

and to user X

2

the w ords C

2

= f 00 ; 01 ; 10 g . The output w ords resulting from C

1

� C

2

are sho wn in T able 2.2. This co de w as �rst giv en in [45]. F or this co de, R

1

= 0 : 5,

and R

2

= 0 : 792. The sum rate R ( K ) = 1 : 29. This co de is represen ted b y p oin t 1

in Figure 2.7. F rom the table, one can v erify that all output co dew ords are distinct,

hence this is a UDE co de. Kasami and Lin w ere the �rst to consider co de construction

for the 2-BA C [45]. They considered co de constructions in whic h C

1

is tak en to b e a

linear blo c k co de [50], whic h con tains the all ones co dew ord 11 : : : 1. The mem b ers of

C

2

are then c hosen from the cosets of C

1

. One particular UDE construction that w as
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Figure 2.7: Rates ac hiev ed b y some existing co des for the BA C

giv en is to select the mem b ers of C

2

as the coset leaders of the cosets of C

1

whic h are

not equal to C

1

, their one's complem en ts and the all zeros co dew ord 00 : : : 0. Using

this tec hnique one can construct co des with rate v ector

R =

 

k

n

;

1

n

log

2

�

2

n � k +1

� 2

�

!

: (2.17)

They also pro vide b ounds on the n um b er of v ectors that can b e tak en from the

cosets of C

1

, and subsequen tly construct a rate R = (0 : 571 ; 0 : 558) co de from the

(7 ; 4) Hamming co de, whic h is p oin t 2 on the graph. Also in v estigated are co des for

the noisy c hannel. In [51], Kasami and Lin giv e b ounds on the ac hiev able rates for

certain blo c k co ding sc hemes for the noisy c hannel. In [52] they presen t a reduced

complexit y deco ding sc heme, whic h ho w ev er is still exp onen tially complex as the co de

length increases. V an Tilb org giv es a further upp er b ound on the sum rate for the 2-

BA C, where C

1

is linear [53]. Kasami et al. [54] ha v e used graph theoretic approac hes

to impro v e up on lo w er b ounds for the Kasami{Lin co des. They relate the co de design

problem to the indep enden t set problem of graph theory , and use the T u � ran theorem,

whic h giv es a lo w er b ound on the indep endence n um b er, in terms of the n um b ers of
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P oin t n um b er Reference T yp e

1 [45] UDE Blo c k

2 [45] UDE Blo c k

3 [46] UDE Blo c k

4 [47] UDE Con v olutional

5 [48] UDE T rellis

6 [49] UDE Blo c k async h.

T able 2.1: Co ding sc hemes sho wn in Figure 2.7.

C

2

C

1

00 01 10

00 00 01 10

11 11 12 21

T able 2.2: Rate 1 : 29 co de for the 2-BA C

v ertices and edges of the graph. It is in teresting ho w ev er to note that if R

1

> 0 : 5,

the b est co de pairs require b oth co des to b e non-linear [55].

Chang and W eldon [15] construct co des for the K -BA C. They sho w that their iterated

construction is asymptotically go o d, in that as K ! 1 , R ( K ) =C

sum

! 1. Their

construction for the noiseless case (they also presen t a similar construction for the

noisy c hannel) is based on a linearly indep enden t di�erence matrix D 2 f� 1 ; 0 ; 1 g

K � n

.

User k is assigned t w o co dew ords, c

k ; 1

and c

k ; 2

obtained from d

k

, the k th ro w of D

in the follo wing w a y .

�

( c

k ; 1

)

l

; ( c

k ; 2

)

l

�

=

8

>

>

<

>

>

:

(0 ; 0) if ( d

k

)

l

= 0

(1 ; 0) if ( d

k

)

l

= 1

(0 ; 1) if ( d

k

)

l

= � 1

(2.18)
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The iteration is on the matrix D . Let D

0

= [1]. Then

D

j

=

2

6

6

4

D

j � 1

D

j � 1

D

j � 1

� D

j � 1

I

j � 1

0

j � 1

3

7

7

5

(2.19)

de�nes a K = ( j + 2)2

j � 1

user co de of length 2

j

, where I

j � 1

and 0

j � 1

are the 2

j � 1

� 2

j � 1

iden tit y and all-zero matrices resp ectiv ely .

F erguson [56] generalises these co des, b y replacing the iden tit y and all-zero matrices

in the iteration of (2.19) with arbitrary matrices A ; B with en tries from f� 1 ; 0 ; 1 g

suc h that the mo dulo 2 reduction of the sum A + B is an in v ertible matrix. F erguson

also determines the size of the equiv alence classes of the Chang{W eldon co des.

Chang and W olf [16] ha v e constructed co des for a generalisation of the K -BA C, to

larger input alphab ets. In particular they consider a c hannel in whic h eac h user ma y

at eac h sym b ol in terv al, activ ate one of N frequencies, f f

1

; f

2

; : : : ; f

N

g . The receiv er

observ es the output of eac h frequency . Dep ending up on what t yp e of observ ation

is made of eac h frequency , t w o c hannels are de�ned: the c hannel with in tensit y in-

formation, and the c hannel without in tensit y information. F or the former case, the

n um b er of users transmitting on eac h frequency is a v ailable to the receiv er. The lat-

ter case pro vides only a binary output of activ e/not activ e for eac h frequency . The

c hannel without in tensit y information is the mathematical mo del of a c hannel that

w e shall further analyse in Chapter 4, hence it is of in terest to examine their co de

constructions.

Three co de constructions are giv en for the c hannel without in tensit y information. All

of these constructions are c haracterised b y the use of unique frequencies, or frequency

patterns, as mark ers for eac h user. This has the e�ect of transforming the system

in to a frequency division m ultiaccess system.

The �rst construction, for K < N assigns t w o co dew ords of length 1 to eac h user,

C

k

= f f

1

; f

k +1

g . This construction has sum rate N � 1. The remaining constructions

are for the K = 2 c hannel, for whic h the reader is referred to the original w ork. Wil-

helmsson and Zigangiro v construct co des for this c hannel with p olynomial deco ding
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2.1 Net w ork Comm unication Theory

complexit y [57].

The constructions for the c hannel with in tensit y information is a generalisation of the

approac h of Chang and W eldon [15]. They note that the c hannel is equiv alen t to an

N -ary adder c hannel with source alphab et X ( a ) = f 0 ; 1 ; a; a

2

; : : : ; a

N � 2

g , where a is

an y in teger less than K . They describ e t w o constructions. The �rst constructs the

co deb o ok for a K user system from a co de for a K � 1 user system, as follo ws.

Let D

k

b e a di�erence set, whic h is obtained from the K � 1 co deb o oks,

( C

1

; C

2

; : : : ; C

K � 1

) as follo ws.

D

k

= f c

k

� c

0

k

j c

k

6= c

0

k

2 C

k

g : (2.20)

F urther de�ne

E =

(

K � 1

X

k =1

d

k

m

k

j m

k

= � 1 ; 0 ; 1 ; d

k

2 D

k

)

; (2.21)

and let E

�

b e a subset of E with the comp onen ts of ev ery v ector restricted to

n

� a

k

; a

k

1

� a

k

2

j 0 � k ; k

1

; k

2

� N � 2 ; a � K + 1

o

: (2.22)

Then the co deb o ok for user K is obtained b y collecting all the v ectors o v er

f 0 ; 1 ; a; : : : ; a

N � 2

g suc h that no di�erences of C

K

b elong to E

�

.

The second construction assigns t w o co dew ords to eac h user. This construction uses

a K � n di�erence matrix

~

D whic h tak es its en tries from �X ( a ),

�

( c

k ; 1

)

l

; ( c

k ; 2

)

l

�

=

8

>

>

<

>

>

:

( a

i

; 0) if

~

D

k ;l

= a

i

(0 ; a

i

) if

~

D

k ;l

= � a

i

( a

i

1

; a

i

2

) if

~

D

k ;l

= a

i

1

� a

i

2

(2.23)

In this case the iteration is

~

D

j

=

2

6

6

6

6

6

6

6

6

6

4

~

D

j � 1

a

~

D

j � 1

a

2

~

D

j � 1

.

.

.

a

N � 2

~

D

j � 1

3

7

7

7

7

7

7

7

7

7

5

(2.24)
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As for the Chang{W eldon co des, this construction is asymptotically optimal, if one

increases K ! 1 , while �xing N . F or further results concerning co ding for the

K -BA C, the in terested reader is referred to [58]. Math ys considers the case when

random access to the c hannel is allo w ed [59].

Co eb ergh v an den Braak and v an Tilb org ha v e describ ed another construction for the

2-BA C [46]. They construct co de pairs at sum rates ab o v e 1 : 29, but only marginally .

The highest rate co de presen ted has n = 7, R = (0 : 512 ; 0 : 793), giving a sum rate of

1 : 30565. This is sho wn as p oin t 3 in Figure 2.7.

Jevti � c [60] constructs co des based up on in teger sets, whic h ha v e e�cien t deco ding

algorithms.

V anro ose [61] considers co ding for the t w o user binary switc hing MA C, whic h is a

coun terpart to the 2-BA C. Eac h user transmits sym b ols from f 0 ; 1 g , but the output

is Y = x

1

=x

2

. Division b y 0 results in the 1 sym b ol. This is the only other ternary

output, binary input MA C form. The capacit y region is determined, and is found to

touc h the total co op eration line. In addition, the capacit y region is also sho wn to b e

the zero-error capacit y region.

Blo c k co des for the frame-async hronous 2-BA C ha v e b een considered b y Deaett and

W olf [17, 49]. One suc h simple co de assigns t w o co dew ords of length n

1

to user 1: the

all one w ord 11 : : : 1 and the all zero w ord, 00 : : : 0. The co deb o ok for the second user

is all binary n

2

-tuples suc h that the �rst sym b ol is 0, and the w ord do es not con tain n

1

consecutiv e ones. The maxim um rate pair is ac hiev ed for n

1

= 3: R = (0 : 33 ; 0 : 878) .

This is p oin t 6 on the graph. Plotnik [62] considers the co de construction problem

for the frame-async hronous c hannel, with random access to the c hannel.

2.1.6.2 Con v olutional and T rellis Co des

The sub ject of designing trellis co des for m ultiple access c hannels has receiv ed con-

siderably less atten tion than for blo c k co des. Once again, w ork has fo cussed on the

BA C.
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2.1 Net w ork Comm unication Theory

Ohkub o w as the �rst to in v estigate trellis co ding for the 2-BA C [63], but this w ork

w as later found to b e in error b y P eterson and Costello [64]. Previously , P eterson and

Costello had also in v estigated con v olutional co des [47]. They in tro duce the concept

of a com bined t w o user trellis (see Figure 2.8), and de�ne a distance measure, the

L -distance b et w een an y t w o c hannel output sequences. They go on to pro v e sev eral

results. Among these are conditions for unique deco deabilit y and conditions for catas-

trophicit y . In a rather striking theorem, they sho w that no con v olutional co de pair

for the 2-BA C exists at a sum rate greater than 1, whic h could ha v e b een ac hiev ed

an yw a y with no co op eration.

Figure 2.8 sho ws a com bined trellis for a t w o user uniquely deco deable co de. The

branc h lab els on the trellis are of the form u

1

u

2

j v

1

v

2

. If user 1 and user 2 input

u

1

and u

2

resp ectiv ely to their separate con v olutional enco der inputs, the c hannel

output is the sym b ol v

1

follo w ed b y the sym b ol v

2

. The state lab els on the com bined

trellis are of the form s

1

s

2

, where s

k

is the state of user k 's individual co de. Deco ding

tak es place b y simply applying the Viterbi deco ding algorithm [65] to the com bined

trellis, using L -distance as the metric. This co de ac hiev es the upp er b ound set for

con v olutional co des on this c hannel, and is sho wn as p oin t 4 in Figure 2.7.

Chevillat has in v estigated trellis co ding for the K -BA C [48]. He �nds con v olutional

co de pairs with large d

L; free

and giv es a t w o user non-linear trellis co de for the BA C,

found b y computer searc h. This co de is sho wn in Figure 2.9. It p ossesses sum

rate 1.25, and is p oin t 5 on the comparison �gure. P eterson and Costello compute

b ounds on error probabilit y and free distance for arbitrary t w o user m ultiple access

c hannels [66]. Sorace giv es an algebraic random co ding p erformance b ound [67].

2.1.6.3 Sup erp osition Co ding

Sup erp osition co ding for the Gaussian m ultiple access c hannel w as �rst in tro duced b y

Carleial in 1975 [35], and w as in v estigated more recen tly b y Rimoldi and Urbank e [36].

In these pap ers, the sup erp osition co ding tec hnique is used to sho w the ac hiev abilit y
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Figure 2.8: Com bined 2 user trellis for the BA C

of the en tire GMA C capacit y region, without the use of a time-sharing argumen t.

Prior to reviewing their results, it is instructiv e to return to the original ac hiev abilit y

pro ofs of the GMA C capacit y region, due to Wyner [19] and Co v er [18]. The idea is

one of successiv e cancellation, and ma y (after a p ossible re-indexing of users) b e used

to ac hiev e rate v ectors of the form

R : R

k

=

1

2

log

2

 

1 +

P

k

�

2

+

P

K

i = k +1

P

i

!

: (2.25)

Recall that the output Y =

P

K

k =1

X

k

+ Z . W e �rst deco de user 1, treating all users

with higher indices as noise

5

. Standard information theory tells us that this is p ossible

with arbitrarily small error probabilit y if

R

1

�

1

2

log

2

 

1 +

P

1

�

2

+

P

K

i =2

P

i

!

: (2.26)

5

Assuming either large n um b ers of users, or Gaussian distributed co dew ords.
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Figure 2.9: Tw o user nonlinear trellis co de for the BA C

This is precisely the condition w e set in (2.25). Ha ving successfully deco ded user 1,

w e re-enco de this information, and subtract it from the c hannel observ ation, Y . W e

can no w deco de user 2, treating only those users with higher indices as noise, since

the in
uence of user 1 has b een remo v ed. Once again, this ma y b e accomplished,

with recourse to single user information theory . Note that although the statistics of

the cancelled signal are no longer Gaussian, a genie-aided argumen t ma y b e in v ok ed

to see that the o v erall probabilit y of error ma y b e forced to zero, exp onen tially with

the co dew ord length. This argumen t ma y b e found in [68].

This pro cess is con tin ued un til all users are deco ded. This pro cess is also kno wn as

step-b y-step deco ding, or onion p eeling. It is an imp ortan t concept, and also �nds

applications in the ac hiev abilit y of the capacit y region of the degraded broadcast

c hannel [69], the in terference c hannel [70], and the rela y c hannel [1].

W e can no w describ e the sup erp osition co ding sc heme of Carleial. W e shall (as did

Carleial) outline the case for t w o users, but follo w more closely the pro of of Rimoldi

and Urbank e. The pro of for K > 2 ma y b e found in [71].

Assume that R is a p oin t, not already a v ertex (satisfying (2.25)) on the sum-rate
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constrain t line,

R

1

<

1

2

log

�

1 +

P

1

�

2

�

R

2

<

1

2

log

�

1 +

P

2

�

2

�

R

1

+ R

2

=

1

2

log

�

1 +

P

1

+ P

2

�

2

�

(2.27)

De�ne t w o indep enden t pseudo-users, X

( a )

1

and X

( b )

1

, with rates R

( a )

1

+ R

( b )

1

= R

1

and

p o w ers P

( a )

1

+ P

( b )

1

= P

1

. It is alw a ys p ossible to set P

( b )

1

> 0 to b e the unique n um b er

suc h that

R

2

=

1

2

log

 

1 +

P

2

�

2

+ P

( b )

1

!

: (2.28)

No w let X

1

= X

( a )

1

+ X

( b )

1

. Then the rate triple

�

R

( a )

1

; R

2

; R

( b )

1

�

, where

R

( a )

1

=

1

2

0

@

1 +

P
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1

�
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+ P

2

+ P

( b )

1

1

A
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!
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0
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1 +

P

( b )

1

�

2

1

A

(2.29)

satis�es the conditions of (2.25). In fact, it is a step-b y-step deco deable p oin t (v ertex)

of the three user rate region de�ned b y the t w o pseudo-users and user 2. Hence w e

ma y ac hiev e the original p oin t ( R

1

; R

2

) using this sc heme. F or the general case [71], a

maxim um of 2 K � 1 steps are required in the deco ding. In fact, it can b e sho wn that

eac h user need only b e split in to t w o pseudo users, (with one unsplit user). This is in

con trast to the earlier result due to Carath � eo dory's theorem, whic h implied that at

most K co deb o oks p er user w ould b e required. This is a signi�can t result, since not

only is the system complexit y reduced in this manner, but the requiremen t of frame-

sync hronism, imp osed b y time-sharing, is remo v ed. In this w a y , the co ding problem

for the m ultiple access c hannel can b e transformed in to a series of 2 K � 1 single user

(p oin t-to-p oin t) co ding problems, whic h are w ell understo o d in the Gaussian case.
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2.2 Collision Resolution

This tec hnique is therefore also a comp etitor for the somewhat unsatisfying UDE

co de constructions referred to earlier, as it is reasonable to exp ect that single user

c hannels will con tin ue to receiv e more theoretical atten tion than their m ultiaccess

coun terparts.

The extension of sup erp osition co ding to the class of discrete memoryless m ultiple

access c hannels is the sub ject of Chapter 3. This extension w as men tioned b y v an

der Meulen [4] in the t w o user case, but w e shall giv e more complete and elucidating

pro ofs, including the extension to the case of K > 2 users. In addition, w e shall sho w

that a pro cess of unco ordinated time sharing b et w een v ertices of the capacit y region

can also ac hiev e an y p oin t in the capacit y region.

2.2 Collision Resolution

The collision resolution approac h to m ultiple access comm unications has its b egin-

nings only a few y ears earlier than the information theoretic, when Abramson in 1970

in tro duced the ALOHA sc heme [72]. Since then, the collision resolution p oin t of view

has b een fa v oured for random access c hannels, in whic h man y users transmit pac k ets

of information in a burst y fashion.

Collision resolution sc hemes generally ma y b e c haracterised b y the follo wing distinc-

tiv e system assumptions.

Random transmissions.

Eac h user transmits pac k ets at random times according to some random pro cess.

A common assumption is an indep enden t P oisson pro cess.

Collisions.

If t w o or more users' pac k et transmissions o v erlap in time, these pac k ets are

completely lost. Otherwise, pac k ets are assumed to b e receiv ed error free.

F eedbac k.
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2.2 Collision Resolution

F eedbac k to the user exists in the form of the success or failure of the receiv er

in receiving the pac k et with no collisions.

Retransmission.

Collided pac k ets are re-transmitted at a later time.

Collision resolution systems are primarily concerned with the random arriv al of mes-

sages, and ignore the problem of noise. The problem of m ultiple access in terference is

addressed b y the collision resolution algorithms or proto cols whic h attempt to min-

imise the n um b er of pac k ets lost to collisions. In con trast, an information theoretic

approac h w ould use source co ding [1] to remo v e the burst y nature of transmissions,

allo wing eac h user to transmit con tin uously at the a v erage rate. This accomplished,

w e no w use the m ultiple access c hannel mo dels describ ed in the previous sections.

Suc h an approac h ignores problems of the large dela ys that ma y arise in the rate

a v eraging pro cess.

W e do not wish to in tro duce or refer to m uc h of the existing literature, but rather

con trast the basic tec hniques to those that w e shall use. F or an excellen t o v erview

of random m ultiple access, the reader is directed to the b o ok b y Bertsek as and Gal-

lager [23].

W e no w brie
y describ e the ALOHA system, to giv e an example of the collision

resolution approac h. In the standard ALOHA system, users transmit pac k ets of in-

formation at random times determined b y a P oisson pro cess. F eedbac k of the success

or failure of the transmission is immedi ately receiv ed. Up on learning of a failure, the

user retransmits the pac k et, after a random time dela y (to a v oid con tin ued collisions

due to a deterministic temp oral relationship b et w een users' transmissions). The max-

im um throughput (ratio of successful to unsuccessful transmission) of this sc heme is

1

2 e

. Imp osing frame sync hronisation (slotted ALOHA) increases this throughput to

1

e

. Recall from Example 2.4 that the information capacit y of the underlying collision

c hannel (without assuming an y particular transmission sc heme) without fe e db ack is

1

e

.

Hence using suc h an algorithm incurs an inheren t loss, compared to the throughput
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a v ailable in a full co op eration case (throughput=1), whic h need not b e the case for

some t yp es of c hannel (cf. our previous discussion of the Gaussian m ultiple access

c hannel).

In con trast to this t yp e of collision c hannel, in Chapter 4, w e shall in tro duce a system

in whic h collisions do not mean complete information loss. W e shall see that for this

c hannel, that there is no inheren t p enalt y , when compared to the full co op eration

case.

2.3 Spread Sp ectrum T ec hniques

Spread sp ectrum comm unic ations has its origins in military applications, where re-

sistance to jamming w as desired. By (pseudo-randomly) spreading the signal energy

o v er a v ery large bandwidth, certain t yp es of jammer can b e simply treated as broad-

band noise. This tec hnique �nds application in the m ultiple access c hannel, where

instead of hostile jamming, w e are concerned with in terference from other users, whic h

w e are at lib ert y to \design" to b e as manageable as p ossible.

In an en tertaining and insigh tful pap er, Massey de�nes a spread sp ectrum system

as one in whic h the F ourier bandwidth

6

is m uc h greater than the Shannon band-

width

7

[73]. This statemen t renders in precise terms the idea that a spread sp ectrum

system is one whic h spreads its signal energy o v er a bandwidth m uc h greater than

that whic h is really required.

The spread sp ectrum tec hnique of in terest in this dissertation will b e co de division

m ultiple access (CDMA). In con trast to timesharing a c hannel (time division m ultiple

access), or allo cating separate frequency bands (frequency division m ultiple access),

CDMA allo ws eac h user to transmit their information con tin uously using the en tire

a v ailable bandwidth (whic h b y the ab o v e de�nition is m uc h larger than necessitated b y

6

The F ourier bandwidth is the regular notion of bandwidth, i.e. the sp ectral width within whic h

(most of ) the signal is con tained.

7

The Shannon bandwidth is de�ned as one half the minim um n um b er of dimensions p er second

required to represen t the mo dulated signal in signal space.
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information theoretic constrain ts). Bandwidth expansion is p erformed b y mo dulating

eac h user's signal with a signature sequence. W e shall see shortly , that for the unco ded

case, the task of separating users, or reducing MAI, b ecomes that of selecting and

main taining orthogonalit y b et w een the individual user's sequences.

Since w e shall b e adopting an information theoretic approac h, w e restrict our mo del to

b e baseband discrete time and sym b ol sync hronous. The CDMA c hannel mo del that

w e shall use is based on that in [74], and sho wn in Figure 2.10. This mo del considers

the spreading sequences to b e an in tegral part of the c hannel de�nition. User k

enco des its information in to complex v alued sequences, X

k

[ � ]. An a v erage energy

constrain t is placed up on the sequences for eac h sym b ol in terv al, i , E fj X

k

[ i ] j

2

g � w

k

.

User k transmits at sym b ol in terv al i the sym b ol X

k

[ i ] s

k

[ i ], whic h is the m ultipli-

cation of X

k

[ i ] with an L c hip spreading sequence, s

k

[ i ]. The spreading sequences

are p ermitted to c hange from sym b ol in terv al to sym b ol in terv al, and w e denote the

sequences used for spreading in sym b ol in terv al i b y an L � K matrix, S [ i ], whic h

con tains the individual sequences as columns. W e assume that the energy in the

spreading sequences is L , therefore constraining the energy transmitted b y eac h user

to b e Lw

k

.

By dropping the time index from our notation w e can write for an y particular sym b ol

in terv al i ,

Y = S X + Z (2.30)

where X = ( X

1

; X

2

; : : : ; X

K

)

>

, and Z = ( Z

1

; Z

2

; : : : ; Z

L

)

>

, is a zero mean, white

Gaussian noise v ector with co v ariance matrix �

2

I

L

. The capacit y of this c hannel

under partial co op eration is calculated in [33, 74]. V arious receiv ers ha v e b een

prop osed for the unco ded CDMA c hannel. One of the simplest is the matc hed �lter

receiv er. This receiv er forms an estimate of the users' information as follo ws

~

X = S

H

Y

= S

H

S X + S

H

Z : (2.31)
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Figure 2.10: Baseband CDMA mo del

The

H

sup erscript denotes transp osition and complex conjugation. The matrix R =

S

H

S is a K � K cross-correlation matrix, whose elemen ts R

ij

are the result of the

dot pro duct

R

ij

= s

H

i

� s

j

: (2.32)

One can no w see that if the users' sequences are m utually orthogonal, i.e. s

H

i

� s

j

= 0 for

i 6= j , then R = I

K

, and (2.31) giv es the original data, a�ected b y an increased noise

lev el (due to the additional p o w er in R ). Note that loss of sync hronisation c hanges the

cross-correlation prop erties. Suc h an approac h di�ers from the m ultiple access c hannel

co des previously describ ed. Instead of using join t deco ding of sp ecially designed

co deb o oks, w e assign spreading sequences whic h attempt to render the MAI in to a

form manageable b y single user co ding sc hemes (transform the MAI in to broadband

Gaussian noise).

An in teresting question to ask is: \What is the relationship b et w een spreading and

co ding on a CDMA c hannel?" Spreading cannot increase the capacit y of a c hannel

(data pro cessing theorem [75]), but ho w m uc h do es it adv ersely a�ect the rates ob-

tainable? If one considers a spreading sequence to b e simply a rep etition co de, it is

clear that this ma y b e a prohibitiv e constrain t.
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2.4 Summary

Hui [26, 76] has calculated the capacit y of a p oin t-to-p oin t CDMA system using the

matc hed �lter receiv er and randomly selected spreading sequences, and sho w ed that

the capacit y p er c hip is a monotonically decreasing function of

L

K

. This normalised

capacit y is maximised when L = 1 (i.e. all bandwidth expansion is left to co ding).

Th us for single user CDMA systems, bandwidth is b est sp en t on co ding, if information

capacit y is the only design criterion.

In Chapter 6 w e shall consider this question for the case when partial co op eration is

p ermitted.

2.4 Summ ary

Net w ork information theory , collision resolution and spread sp ectrum are three some-

what disasso ciated areas of m ultiple access comm unic ations researc h. Eac h of these

approac hes ha v e the same basic goal: to allo w a n um b er of transmitters to e�cien tly

share a common c hannel resource. W e could p erhaps summarise the main tenets of

eac h �eld as follo ws.

Net w ork information theory

� Emphasis up on information transmission at the ph ysical lev el.

� Use join tly designed co deb o oks and join t deco ding to allo w sim ultaneous

c hannel access.

� A ttempt to ac hiev e rates close to b oundary of capacit y region.

Collision resolution

� F o cus up on burst y message arriv als.

� Ignore ph ysical transmission details.

� Sim ultaneous c hannel access destro ys all information.

� A ttempt to maximi se throughput.
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2.4 Summary

Spread sp ectrum

� Emphasis on system design to reduce m ultiple access in terference .

� Use single user co ding strategies.

� A ttempt to minim ise error probabilit y .

It is b y no acciden t that w e ha v e placed greatest emphasis on the �rst of these

areas, as it is to this philosoph y that w e shall subscrib e to for remainder of this

dissertation.
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Chapter 3

Rate Splitting Multiple Access

3.1 In tro duction

In Section 2.1.6.3 w e discussed ho w sup erp osition co ding ma y b e used to ac hiev e

the en tire capacit y region of the async hronous Gaussian m ultiple access c hannel. In

this c hapter, w e shall extend the tec hnique of sup erp osition co ding to the class of all

discrete memoryle ss m ultiple access c hannels. The signi�cance of this result is that it

allo ws the K user m ultiple access c hannel to b e view ed as a series of at most 2 K � 1

indep enden t single user c hannels, without an y loss in capacit y . This is more than just

an idle c hange of p ersp ectiv e. By decomp osing the m ultiple access c hannel co ding

problem in to a series of indep enden t single user co ding problems, w e free ourselv es

from suc h limited tec hniques as outlined in Section 2.1.6, and arm ourselv es with

the ric h arra y of theory that exists for single user c hannels. In addition, w e limit

the complexit y of the deco der to that of the 2 K � 1 single user deco ders. This is

in con trast to join t enco ding/deco ding with random co des, whic h has complexit y of

the order 2

nR ( K )

. Alternativ ely , w e can con trast sup erp osition co ding to time sharing

b et w een as man y as K v ertices of the capacit y region, eac h requiring K co deb o oks

(one for eac h user), giving a total of K

2

co deb o oks to b e kno wn at the receiv er.

F urthermore, as previously discussed in section 2.1.6.3, the need for a global clo c k is

remo v ed.



3.2 The Rate Splitting Approac h

W e use the term rate splitting m ultiple access (RSMA) to describ e general sup erp osi-

tion co ding sc hemes for the m ultiple access c hannel. This is due to the w a y in whic h

eac h transmitter splits its information stream in to t w o or more streams, eac h enco ded

at a di�eren t rate. It is this rate splitting that enables the deco der to op erate at a

v ertex of a higher dimensional capacit y region, whic h corresp onds to the desired rate

p oin t.

In section 3.2 w e shall pro v e that RSMA can b e used to ac hiev e the en tire capacit y

region of a DMMA C. W e shall initially consider the t w o user c hannel, and induc-

tiv ely extend the result to the general case. In section 3.3 w e prop ose an e�cien t

RSMA sc heme based up on unco ordinated time sharing. Section 3.4 summarises the

results and con trasts the v arious sc hemes that are in tro duced in the c hapter. Section

3.2 represen ts original con tributions made b y the author, in collab oration with Bixio

Rimoldi, W ashington Univ ersit y , St. Louis and R • udiger Urbank e, A T&T Bell Lab o-

ratories, New Jersey . This w ork w as presen ted in part at the 1995 IEEE In ternational

Symp osium on Information Theory , Whistler, Canada [77]. The unco ordinated time

sharing system of Section 3.3 is original w ork b y the author, and w as presen ted in part

as an in vited pap er at the 33rd Allerton Conference on Comm unication, Con trol and

Computing, Allerton, Illinois [78], and at the 1996 IEEE In ternational Symp osium

on Information Theory and Its Applications, Victoria, Canada [79].

3.2 The Rate Splitting Approac h

A general rate splitting m ultiple access systems is sho wn in Figure 3.1. W e ha v e

already describ ed the step-b y-step deco ding pro cedure for sup erp osition co ding, ex-

cept to p oin t out that in the case where a subtraction op eration is not de�ned on

the c hannel, eac h deco der will p erform t ypical sequence deco ding, conditional on the

already deco ded data.
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Figure 3.1: Rate splitting m ultiple access system.

3.2.1 RSMA enco ding pro cedure

W e no w formally describ e an enco ding pro cedure for RSMA. W e shall consider (drop-

ping the user index) a giv en source X , whic h w e wish to enco de at rate R . The in-

formation source X is split in to t w o sources X

( a )

and X

( b )

, enco ded at rates R

( a )

and

R

( b )

resp ectiv ely . These \pseudo-sources" are then com bined in to a single stream, via

some function f ( X

( a )

; X

( b )

), whic h is transmitted o v er the c hannel. W e imp ose the

follo wing conditions on this enco ding sc heme.

1. X is completely determined b y X

( a )

and X

( b )

, i.e. H

�

X j X

( a )

; X

( b )

�

= 0.

2. X

( a )

and X

( b )

are m utually indep enden t, and are indep enden t of all other

sources.

3. The information rate is conserv ed, that is, R

( a )

+ R

( b )

= R .
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3.2 The Rate Splitting Approac h

4. The letter distribution of f ( X

( a )

; X

( b )

) is iden tical to that of X .

Condition 2 ma y b e w eak ened, b y allo wing dep endencies b et w een X

( a )

and X

( b )

,

ho w ev er, it facilitates our discussion to enforce indep endence.

In the follo wing sections, w e shall pro v e that rate splitting ma y b e used to ac hiev e

an y p oin t in the capacit y region of an async hronous DMMA C.

3.2.2 Ac hiev abilit y of Capacit y Region

Consider a K user m ultiple access c hannel. W e wish to ac hiev e a rate-tuple R ,

con tained within the capacit y region C [ p ( y j x

K

)] of the async hronous c hannel. As-

sume that the source distribution � ( x

K

) =

Q

K

k =1

p

k

( x

k

) has b een �xed, suc h that

R 2 R [ � ( x

K

) ; p ( y j x

K

)] . Henceforth, w e shall consider only this ac hiev able rate

region. F urthermore, w e shall restrict our c hoice of R to lie in the con v ex p olytop e

de�ned b y all p oin ts in the ac hiev able rate region whic h ha v e maxim um sum rate.

This p olytop e is de�ned b y the follo wing system of equations.

R ( K ) = I ( X

K

; Y ) (3.1)

I ( X

S

; Y ) � R ( S ) � I ( X

S

; Y j X

S

c

) : (3.2)

This is due to the fact that an y p oin t in the ac hiev able rate region is dominated with

resp ect to the partial order on R

K

, b y at least one suc h p oin t [14].

In our pro of, w e shall use the prop erties of the c hain rule for m utual information [1],

and three additional lemm as.

L emma 3.1 (Chain rule for Mutual Information)

Let X

1

; X

2

; W and Y b e random v ariables, then

I ( X

1

; X

2

; Y j W ) = I ( X

1

; Y j W ) + I ( X

2

; Y j X

1

; W ) : (3.3)

L emma 3.2

In the Mark o v c hain A; B ; W ! X ; W ! Y , if A and B uniquely determine X , then

I ( X ; W ; Y ) = I ( A; B ; W ; Y )
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3.2 The Rate Splitting Approac h

Pr o of: Applying the data pro cessing inequalit y [1], to the Mark o v c hain A; B ; W !

X ; W ! Y , w e ha v e

I ( X ; W ; Y ) � I ( A; B ; W ; Y ) ;

with equalit y if and only if I ( X ; W ; Y j A; B ; W ) = 0, whic h is true since b y as-

sumption, A; B completely determine X and W is completely determined b y itself.

L emma 3.3

Let p b e a probabilit y mass function on the �nite alphab et X . Then for an y � 2 [0 ; 1]

there exists t w o indep enden t random v ariables A ( � ) and B ( � ) taking v alues in X

with probabilit y mass functions con tin uous in � , and a function f indep enden t of � ,

f : X � X ! X , suc h that X

4

= f ( A ( � ) ; B ( � )) has probabilit y mass function p .

F urther,

A (0) = constan t

A (1) = X with probabilit y 1 : (3.4)

Pr o of: Without loss of generalit y , w e ma y assume that X = f 0 ; 1 ; : : : ; jX j � 1 g .

Denote the distributions of A and B b y � and � , resp ectiv ely . Let f : X � X ! X

b e de�ned

1

b y

f ( a; b ) = max f a; b g :

1

Note that this is not the only function whic h can b e used, but all w e require is existence of some

suitable f , and max results in a particularly simple pro of of the lemma. This c hoice of the max

function, and asso ciated pro of is due to Rimoldi and Urbank e.
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3.2 The Rate Splitting Approac h

In order to satisfy X � p with X = f ( A; B ), � and � ha v e to b e related as follo ws:

i

X

k =0

p

k

= Pr f X � i g

= Pr f f ( A; B ) � i g

= Pr f A � i; B � i g

= Pr f A � i g Pr f B � i g

=

 

i

X

k =0

�

k

!  

i

X

k =0

�

k

!

; i 2 X : (3.5)

Solving for �

i

, w e obtain the recursion

�

i

=

P

i

k =0

p

k

P

i

k =0

�

k

�

i � 1

X

k =0

�

k

: (3.6)

Notice that if � = e

0

, where e

0

= (1 ; 0 ; � � � ; 0)

>

, then A is a constan t, with probabilit y

1. On the other hand, if � = p then from (3.6) it follo ws that � = e

0

, and, hence,

X = A , with probabilit y 1. It remains to sho w that w e can c ho ose � and � to b e

con tin uous functions of � v arying b et w een these t w o extremes. This can b e done b y

c ho osing

� ( � ) = � p + (1 � � ) e

0

; � 2 [0 ; 1] ; (3.7)

whic h determines � ( � ) through (3.6). Inserting (3.7) in (3.6) w e obtain

�

i

( � ) =

P

i

k =0

p

k

�

P

i

k =0

p

k

+ (1 � � )

�

i � 1

X

k =0

�

k

( � ) : (3.8)

T o v erify that (3.8) indeed de�nes a probabilit y distribution, w e need to c hec k that

for all � 2 [0 ; 1],

P

�

i

( � ) = 1 and that �

i

( � ) � 0 for all i 2 X . F or i = jX j � 1 equation

(3.8) yields

jX j� 1

X

k =0

�

k

( � ) =

1

� + (1 � � )

= 1 :

In the sp ecial case of � = 1 w e obtain � (1) = e

0

. In general, for a �xed � 2 [0 ; 1)

the function g ( x ) =

x

�x +(1 � � )

has a non-negativ e deriv ativ e on [0 ; 1]. It follo ws that

g ( x ) is a non-decreasing function on [0 ; 1] with g (0) = 0. Therefore, for eac h i 2 X ,

�

i

( � ) � 0.
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3.2 The Rate Splitting Approac h

L emma 3.4

Let X

1

, X

2

= f ( X

( a )

2

; X

( b )

2

) , and Y b e random v ariables suc h that ( X

1

; X

( a )

2

; X

( b )

2

) !

( X

1

; X

2

) ! Y . Then I

�

X

1

; Y j X

( a )

2

( � )

�

is a con tin uous function in � 2 [0 ; 1] , with

I ( X

1

; Y ) = I

�

X

1

; Y j X

( a )

2

(0)

�

� I

�

X

1

; Y j X

( a )

2

( � )

�

�

I

�

X

1

; Y j X

( a )

2

(1)

�

= I ( X

1

; Y j X

2

) : (3.9)

Pr o of: The con tin uit y of I

�

X

1

; Y j X

( a )

2

( � )

�

with resp ect to � is a consequence of

the con tin uit y of the probabilit y mass functions of X

( a )

2

( � ) and X

( b )

2

( � ) as w ell as of

the con tin uit y of the conditional information with resp ect to the underlying prob-

abilit y mass functions. T o pro v e (3.9), note that I ( X

1

; Y ) = I

�

X

1

; Y j X

( a )

2

(0)

�

and I

�

X

1

; Y j X

( a )

2

(1)

�

= I ( X

1

; Y j X

2

) follo w from (3.4). F urther, I ( X

1

; Y ) �

I

�

X

1

; Y ; X

( a )

2

( � )

�

= I

�

X

1

; Y j X

( a )

2

( � )

�

, where the second step follo ws from the in-

dep endence of X

1

and X

( a )

2

( � ). Finally , in order to pro v e that I

�

X

1

; Y j X

( a )

2

( � )

�

�

I ( X

1

; Y j X

2

), note that

I ( X

2

; Y ) + I ( X

1

; Y j X

2

) = I ( X

1

; X

2

; Y ) = I

�

X

1

; X

( a )

2

; X

( b )

2

; Y

�

= I

�

X

1

; X

2

; X

( a )

2

; X

( b )

2

; Y

�

= I ( X

2

; Y ) + I

�

X

( a )

2

; X

( b )

2

; Y j X

2

�

+

I

�

X

1

; Y j X

2

; X

( a )

2

; X

( b )

2

�

� I ( X

2

; Y ) + I

�

X

1

; Y j X

( a )

2

�

:

whic h pro v es the lemma.

W e can no w pro v e our theorem for the t w o user case

The or em 3.1 (Two user RSMA)

An y rate pair R = ( R

1

; R

2

) 2 C [ p ( y j x

1

; x

2

)] in the capacit y region of a t w o user

async hronous discrete memoryless m ultiple access c hannel ma y b e ac hiev ed using rate

splitting m ultiple access.
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3.2 The Rate Splitting Approac h

Pr o of: Let X

2

= f

�

X

( a )

2

; X

( b )

2

�

as de�ned in Lemma 3.3. Using Lemma 3.2 and

Lemma 3.1 w e ha v e

R

1

+ R

2

= I ( X

1

; X

2

; Y )

= I

�

X

1

; X

( a )

2

; X

( b )

2

; Y

�

= I

�

X

( a )

2

; Y

�

+ I

�

X

1

; Y j X

( a )

2

�

+ I

�

X

( b )

2

; Y j X

1

; X

( a )

2

�

(3.10)

Our maximal sum rate assumption ensures that

I ( X

1

; Y ) � R

1

� I ( X

1

; Y j X

2

) ; (3.11)

and from Lemma 3.4 w e kno w that within these b ounds, there exists an � suc h that

I

�

X

1

; Y j X

( a )

2

( � )

�

= R

1

: (3.12)

Let R

( a )

2

= I

�

X

( a )

2

; Y

�

, and R

( b )

2

= I

�

X

( b )

2

; Y j X

1

; X

( a )

2

�

, then the rate tuple

�

R

( a )

2

; R

1

; R

( b )

2

�

is a v ertex of the three user c hannel de�ned b y the rate splitting

system. Hence it ma y b e ac hiev ed via step{b y{step deco ding.

3.2.3 Examples

W e no w giv e examples of the rate splitting tec hnique for some simple c hannels.

Example 3.1 (Binary A dder Channel)

Consider the binary adder c hannel, X

1

; X

2

2 f 0 ; 1 g , and Y = X

1

+ X

2

. Let the

sources b e uniformly distributed. The capacit y region is giv en b y R

1

; R

2

� 1 and

R

1

+ R

2

� 1 : 5 . W e wish to use RSMA to ac hiev e the equal rate p oin t ( R

1

; R

2

) =

(0 : 75 ; 0 : 75) . Figure 3.2 sho ws the system. User 1 is split in to X

( a )

1

; X

( b )

1

2 f 0 ; 1 g .

Let X

( a )

1

� ( �; 1 � � ) and X

( b )

1

� ( �; 1 � � ) . As w as the case in our analysis, let the

com bining function b e the maxim um , X

1

= max f X

( a )

1

; X

( b )

1

g .

W e require X

1

� (0 : 5 ; 0 : 5) , according to condition 4. Note that X

1

= 0 only if b oth

X

( a )

1

and X

( b )

1

are also 0 , hence, from (3.5)

� =

1

2 �

; (3.13)
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Figure 3.2: RSMA on the Binary Adder Channel using max fg .

where w e m ust constrain � �

1

2

for � to b e a probabilit y . F or this example, it is

sup er
uous to in tro duce an � as in Lemma 3.3, rather, w e ma y ac hiev e the required

p oin t b y directly v arying � .

Assume that the deco ding order is X

( a )

1

; X

2

; X

( b )

1

. After some simpli�cation, w e can

obtain

I

�

X

( a )

1

; Y

�

=

1

2

�

1

4 �

h ( � )

I

�

X

2

; Y j X

( a )

1

�

= 1 �

1

4 �

h ( � )

I

�

X

( b )

1

; Y j X

2

; X

( a )

1

�

=

1

2 �

h ( � ) ; (3.14)

where h (() � ) is the binary en trop y function, h ( � ) = � � log � � (1 � � ) log (1 � � ) .

By setting � = 0 : 773 , w e ha v e I

�

X

2

; Y j X

( a )

1

�

=

3

4

= R

2

as required. Hence the

op erating p oin t (v ertex of a three user region) is giv en b y

�

R

( a )

1

; R

2

; R

( b )

1

�

= (0 : 25 ; 0 : 75 ; 0 : 5) ; (3.15)

with asso ciated source letter distributions

X

( a )

1

� (0 : 646 ; 0 : 354)

X

2

� (0 : 5 ; 0 : 5)

X

( b )

1

� (0 : 773 ; : 227) : (3.16)

It is in teresting to calculate the random co ding error exp onen t [75, p. 139] for the

v arious pseudo users in this system, in order to obtain some idea of the single user
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3.2 The Rate Splitting Approac h

deco der complexit y required. F or X

( a )

1

, the random co ding error exp onen t is giv en b y

E

r

�

R

( a )

1

�

= (3.17)

max

0 � � � 1

� ln

8

>

<

>

:

1

2

+

�

2

�

1+ �

+

2

4

�

�

1 � �

2

�

1

1+ �

+ (1 � � )

�

1

2

�

1

1+ �

3

5

1+ �

9

>

=

>

;

� �R

( a )

1

;

where � is a real n um b er, v aried b et w een 0 and 1 to giv e the tigh test b ound. This

function has b een n umerically calculated and is sho wn as the curv e lab elled max in

Figure 3.7 on page 67. The cuto� rate, R

0

[75], is giv en b y

R

0

= � log

2

�

1 � � + �

2

+ �

p

1 � � �

q

� �

1

2

�

= 0 : 18398 bits/c hannel use ; (3.18)

for � = 0 : 646 and � = 0 : 773 , as determined ab o v e. The error exp onen t for X

2

is

giv en b y

E

r

( R

2

) = max

0 � � � 1

� ln

(

1

2

1+ �

"

2 � � +

�

�

� �

1

2

�

1

1+ �

+

�

1

2

�

1

1+ �

�

1+ �

#)

� �R

2

; (3.19)

This error exp onen t is sho wn as the curv e lab elled max in Figure 3.8, on page 68.

The corresp onding cuto� rate is giv en b y

R

0

= � log

2

�

1

2

�

1

4

�

2

�

1

2

�

q

1

2

( � �

1

2

)

�

;

= 0 : 654485 bits/c hannel use : (3.20)

Finally , w e ma y calculate the error exp onen t for X

( b )

1

.

E

r

�

R

( b )

1

�

= max

0 � � � 1

� log

2

�

1 � � + �

�

�

1+ �

+ (1 � � )

1+ �

��

� �R

( b )

1

; (3.21)

whic h is sho wn on Figure 3.9, page 69. The cuto� rate for X

( b )

1

is � log

2

� bits p er

c hannel use. W e shall use these error exp onen ts and cuto� rates to compare v arious

RSMA systems for the 2-BA C.

The next example uses a di�eren t com bining function, namely mo dulo t w o addition,

to ac hiev e the same rate p oin t.
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3.2 The Rate Splitting Approac h

Example 3.2 (Binary A dder Channel)

Consider the binary adder c hannel of the previous example. W e wish to use RSMA

to ac hiev e the equal rate p oin t ( R

1

; R

2

) = (0 : 75 ; 0 : 75) . Figure 3.3 sho ws the system.

User 1 is split in to X

( a )

1

; X

( b )

1

2 f 0 ; 1 g . Let X

( a )

1

� ( �; 1 � � ) and X

( b )

1

� ( �; 1 � � ) .

This time, let the com bining function b e the mo dulo-t w o addition X

1

= X

( a )

1

� X

( b )

1

.

��

��

+

��

��

�

H

Hj

�

�*

�

�

�

�

�

�

�*

-

H

H

H

Hj

X

( a )

1

X

( b )

1

X

2

Y

Figure 3.3: RSMA on the Binary Adder Channel using mo d-2 addition.

W e require X

1

� (0 : 5 ; 0 : 5) , according to condition 4. This results in the follo wing

system of equations,

�� + (1 � � )(1 � � ) =

1

2

(1 � � ) � + � (1 � � ) =

1

2

; (3.22)

whic h is satis�ed, b y � =

1

2

, indep enden t of � . Assume that the deco ding order is

X

( a )

1

; X

2

; X

( b )

1

. Then w e can obtain

I

�

X

( a )

1

; Y

�

=

1

2

�

1

2

h ( � )

I

�

X

2

; Y j X

( a )

1

�

= 1 �

1

2

h ( � )

I

�

X

( b )

1

; Y j X

2

; X

( a )

1

�

= h ( � ) : (3.23)

By setting � = 0 : 110028 , w e satisfy the requiremen t that I

�

X

2

; Y j X

( a )

1

�

=

3

4

. The

rate p oin t ac hiev ed is therefore

�

R

( a )

1

; R

2

; R

( b )

1

�

= (0 : 25 ; 0 : 75 ; 0 : 5) : (3.24)
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With letter distributions

X

( a )

1

�

�

1

2

;

1

2

�

X

2

�

�

1

2

;

1

2

�

X

( b )

1

� (0 : 110028 ; 0 : 8899 72 ) : (3.25)

The random co ding error exp onen t for X

( a )

1

is giv en b y

E

r

�

R

( a )

1

�

= max

0 � � � 1

� ln

8

>

<

>

:

1

2

�

2

4

�

�

2

�

1

1+ �

+

�

1 � �

2

�

1

1+ �

3

5

1+ �

+

1

2

9

>

=

>

;

� �R

( a )

1

: (3.26)

This function has b een n umerically computed, and is sho wn as the curv e lab elled

� in Figure 3.7, page 67. Comparing to the corresp onding curv e from the previous

example using the max function, w e can see that the mo dulo 2 addition of the t w o

pseudo users results in a higher deco der complexit y . This indicates that the selection

of the com bining function is critical in determining the o v erall system complexit y .

The cuto� rate for X

( a )

1

can b e found as

R

0

= � log

2

�

3

4

+

1

2

q

� (1 � � )

�

= 0 : 141681 bits/c hannel use ; (3.27)

for � = 0 : 110028 , as giv en ab o v e. The error exp onen t for X

2

is giv en b y

E

r

( R

2

) = max

0 � � � 1

� ln

8

>

<

>

:

1

2

�

0

B

@

1

2

+

2

4

�

�

2

�

1

1+ �

+

�

1 � �

2

�

1

1+ �

3

5

1+ �

1

C

A

9

>

=

>

;

� �R

2

: (3.28)

This error exp onen t is sho wn as the curv e lab elled � in Figure 3.8 on page 68. Once

again, the error exp onen t for the mo dulo t w o addition function is less than that for

the max function. The cuto� rate for X

2

is giv en b y

R

0

= � ln

�

1

4

+

1

4

q

� (1 � � )

�

= 0 : 607216 bits/c hannel use : (3.29)

Once X

( a )

1

and X

2

ha v e b een deco ded, X

( b )

1

sees a noiseless c hannel, hence no c hannel

co de is required.
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3.2 The Rate Splitting Approac h

It is natural to w onder whether there are an y other com bining functions that ma y

b e used for the binary adder c hannel. Since w e need to com bine only t w o, binary

alphab et pseudo users, there are only 16 suc h functions, whic h are sho wn in T able

3.1. The leftmost column represen ts the p ossible outputs of t w o pseudo users, U and

U V f ( U; V )

00 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

01 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

10 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

11 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

f 0 m
in

(

U
;

V

)

m
in

(

U
;

�

V

)

U m
in

(

�

U

;

V

)

V U

�

V

m
ax

(

U
;

V

)

m
in

(

�

U

;

�

V

)

�

U

�

V

�

U m
ax

(

U
;

�

V

)

�

V m
ax

(

�

U

;

V

)

m
ax

(

�

U

;

�

V

)

1

T able 3.1: All p ossible RSMA letter-wise com bining functions for the 2-BA C.

V . The en tries in the main b o dy of this table are the sets of p ossible outputs, eac h

column represen ting one p ossible function. The o v erbar notation indicates sym b ol

in v ersion (

�

0 = 1). The b ottom ro w tabulates mathematical functions that w ould

pro duce these outputs. Of these sixteen functions, six are trivial. These are functions

that dep end on only one or none of the pseudo users. These are the 0, 1, U , V ,

�

U

and

�

V functions. Of the remaining ten functions, there are only t w o distinct t yp es

of mappings, whic h can b e represen ted b y either the max function or b y mo dulo t w o

addition. F or example min ( U; V ) = max (

�

U ;

�

V ). Suc h simple letter in v ersions do not

c hange the o v erall c hannel c haracteristics. Hence Examples 3.1 and 3.2 represen t

analysis for all p ossible RSMA sc hemes of this t yp e for the 2-BA C.

3.2.4 Generalisation to K Users

The rate splitting result ma y b e extended to K > 2 users, via an inductiv e argumen t.
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3.2 The Rate Splitting Approac h

The or em 3.2 ( K user RSMA)

An y rate-tuple R 2 C [ p ( y j x

K

)] in the capacit y region of a K user async hronous

discrete memoryl ess m ultiple access c hannel ma y b e ac hiev ed using rate splitting

m ultiple access, with at most 2 K � 1 pseudo users.

Pr o of: W e shall use induction on the n um b er of users. Theorem 3.1 pro v es the case

for K = 2. Our inductiv e assumption shall b e that RSMA ma y b e used to ac hiev e

an y p oin t in a K � 1 user c hannel for whic h (3.1) and (3.2) hold.

No w consider the K user case. F rom Lemma 3.3, w e can split user 1, to get X

1

=

f

�

X

( a )

1

; X

( b )

1

�

. Restrict R to lie on the maxim um sum rate p olytop e, via (3.1) and

(3.2). Therefore, b y Lemma 3.4 and the in termediate v alue theorem, there exists for

ev ery S � K n 1, an �

S

suc h that

R ( S ) = I

�

X

S

; Y j X

( a )

1

( �

S

)

�

: (3.30)

By de�nition, let �

S

b e the smallest suc h n um b er

2

. F urther de�ne �

min

to b e the

smallest �

S

o v er all the sets S .

�

min

= min

S �Kn 1

�

S

: (3.31)

De�ne

R

( a )

1

= I

�

X

( a )

1

( �

min

) ; Y

�

; (3.32)

and let R

( b )

1

= R

1

� R

( a )

1

. By (3.2) and our c hoice of �

min

, w e ha v e

R ( S ) � I

�

X

S

; Y j X

( a )

1

( �

min

)

�

; 8S � K n 1 ; (3.33)

and there exists a non-trivial subset T � K n 1 suc h that (3.33) is ful�lled with

equalit y . By sligh t abuse of notation

3

, w e ma y write

T = arg min

S �Kn 1

�

S

: (3.34)

2

I

�

X

S

; Y j X

( a )

1

( �

S

)

�

is not necessarily monotonic in �

S

, hence sev eral v alues ma y satisfy the

equalit y . The minim um is w ell de�ned, since this is a con tin uous function of a compact set.

3

Note that while �

min

is unique, the S that yields it in (3.31) ma y not b e. In suc h a case, select

an arbitrary T from those sets.
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As previously , w e apply Lemma 3.2 and the c hain rule to get

R ( K ) = I ( X

K

; Y )

= I

�

X

Kn 1

; X

( a )

1

; X

( b )

1

; Y

�

= I

�

X

( a )

1

; Y

�

+ I

�

X

T

; Y j X

( a )

1

�

+ I

�

X

KnT n 1

; X

( b )

1

; Y j X

T

; X

( a )

1

�

: (3.35)

It is not immediate that the rate-tuple

�

R

( a )

1

; R

T

; R

KnT n 1

; R

( b )

1

�

is a v ertex of a K + 1

user ac hiev able rate region. Ho w ev er, note that (3.33) implies

R ( S ) � I

�

X

S

; Y j X

( a )

1

( �

min

)

�

; 8S � T ; (3.36)

and, after some manipulations,

R ( S ) � I

�

X

S

; Y j X

( a )

1

( �

min

) ; X

T

�

; 8S � K n T n 1 ; (3.37)

and

R ( S ) + R

( b )

1

� I

�

X

S

; X

( b )

1

( �

min

) ; Y j X

( a )

1

( �

min

) ; X

T

�

; 8S � K n T n 1 : (3.38)

F rom Equation 3.32, w e kno w that X

( a )

1

ma y transmit at rate R

( a )

1

, treating all other

users as noise. Giv en that w e ha v e deco ded X

( a )

1

, Equation (3.36) indicates that X

T

ma y ac hiev e rate R

T

. Equations (3.37) and (3.38) indicate that giv en X

T

and X

( a )

1

,

the rates

�

R

( b )

1

; R

KnT n 1

�

ma y b e ac hiev ed under these conditions.

W e ma y no w apply our inductiv e h yp othesis to the user sets X

T

and X

KnT n 1

; X

( b )

1

,

since eac h of these has cardinalit y less than or equal to K � 1. Careful insp ection

of this inductiv e pro cess rev eals that at most 2 K � 1 pseudo users result. Note that

this do es not mean that eac h user is split only once. F or a pro of that in fact only one

split p er user is required, see [80].

3.3 Unco ordinated Time Sharing

In this section, w e analyse a RSMA system whic h uses a di�eren t t yp e of com bining

function. The source data is split in to t w o streams whic h are enco ded with unequal
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3.3 Unco ordinated Time Sharing

rate co des. Instead of letter-wise com bining the streams, the resulting t w o co dew ord

streams are randomly in terlaced to form a single stream. It is from this pro cess that

w e name this sc heme unco ordinated time sharing (UTS). Eac h user is time sharing

b et w een t w o co deb o oks, but in con trast to the regular notion of time sharing b et w een

v ertices, the v arious users do not need to agree ab out when to use whic h co deb o ok. It

is therefore somewhat surprising that the whole capacit y region ma y b e ac hiev ed b y

this sc heme. In con trast to co ordinated time sharing b et w een v ertices, whic h requires

global frame sync hronism, and the deco der to ha v e kno wledge of K

2

co deb o oks, this

new form of time sharing requires kno wledge of only 2 K � 1 co deb o oks, and do es not

need a global clo c k.

This sc heme has some other in teresting features. W e shall see that eac h co de can

use the same input alphab et and input distribution as originally required to ac hiev e

a v ertex. Sp eci�cally , if equi-probable input sym b ols are used, traditional single user

co de design tec hniques are applicable.

3.3.1 Enco ding

With reference to Figure 3.4, let us consider a particular user, X . The information

stream of X shall b e enco ded as follo ws. Unequal error protection shall b e used, suc h

that co dew ords of length n , consist of � n co ded bits at rate R

1

, and the remaining

(1 � � ) n co ded bits at rate R

2

, where 0 � � � 1. W e shall refer to � as the self

time sharing p ar ameter for user X . The lab els on the paths in Figure 3.4 denote

the size of a frame at eac h p oin t in the enco der. W e th us divide the input stream

in to frames of length � nR

1

, whic h are fed to the rate R

1

enco der, and frames of

length (1 � � ) nR

2

, whic h are fed to the rate R

2

enco der. The t w o resulting co dew ord

frames, of length � n and (1 � � ) n are com bined to form the �nal n bit frame b y a

pro cess of in terlacing, whic h w orks as follo ws. Eac h user has an in terlacing v ector l of

length � n whose elemen ts are distinct random in tegers, l

i

from the range [0 ; n � 1]. The

co dew ord frame is then formed b y placing the bits from the �rst enco der consecutiv ely

at p ositions l

0

; l

1

; : : : ; l

� n � 1

, and �lling the remaining p ositions with the bits from the
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3.3 Unco ordinated Time Sharing

other enco der. Figure 3.5 depicts this pro cess for �nal co dew ord length n = 13, self

time sharing parameter, � =

5

13

and the in terlacing v ector l = (3 ; 5 ; 6 ; 10 ; 11) :

X

-�

�3

/

r

-

X

� nR

1

r

-

X

(1 � � ) nR

2

Enco der

Rate R

1

Enco der

Rate R

2

X

� n

X

(1 � � ) n

@

@

�

�

In terlacer

-

X

X

n

Figure 3.4: Co ding Sc heme.

Q

Qs

�

�3

Figure 3.5: In terlacing pro cess.

3.3.2 Deco ding

The deco ding of the K users shall b e p erformed b y successiv e cancellation

4

, according

to some pre-arranged order of deco ding, treating the rate R

1

and rate R

2

bits from

eac h user as individual pseudo users, whic h w e shall denote X

( a )

and X

( b )

resp ec-

tiv ely . F or example, if the �rst pseudo-user in the deco ding order list is X

( a )

1

, then

the deco ding pro cedure is as follo ws. The X

( a )

1

bits are extracted from Y (the in ter-

lacer parameters are kno wn to the deco der) and deco ded. The corresp onding (error

corrected) data is then subtracted from the appropriate p ositions in Y , creating a

4

Or conditional t ypical sequence deco ding.
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new output stream, Y

0

. This pro cess is con tin ued for the remaining pseudo users,

eac h stage taking the Y

0

output from the previous stage as its input, Y .

If the rates of the pseudo-users are c hosen suc h that they can b e deco ded with arbi-

trarily lo w error probabilit y , while treating users further do wn the deco ding order as

noise, then the en tire system can b e made to op erate with v anishing error probabilit y ,

whic h is what w e shall no w pro v e.

3.3.3 Tw o User Channel

F or the t w o-user c hannel w e ha v e the follo wing theorem

The or em 3.3 (Two-User Case) An y rate p oin t in the capacit y region of a t w o-

user async hronous m ultiple access c hannel ma y b e ac hiev ed b y the unco ordinated

time sharing sc heme.

F or the pro of of this theorem w e shall need the follo wing lemm a.

L emma 3.5

Let X , W and Z b e m utually indep enden t random v ariables, and let Z

�

b e de�ned

as follo ws

Z

�

=

8

<

:

Z with probabilit y � ;

; with probabilit y 1 � �

H ( Z j ; ) = H ( Z ) ;

(The sym b ol ; is used to denote that in this case Z

�

pro vides no information ab out

Z .)

Then the follo wing equalit y holds

I ( X ; Y j W ; Z

�

) = � I ( X ; Y j W ; Z ) + (1 � � ) I ( X ; Y j W ) :

58



3.3 Unco ordinated Time Sharing

Pr o of: F rom the de�nition of conditional m utual information and the indep endence

of X , W and Z

�

it is true that

I ( X ; Y j W ; Z

�

) =

X

z

�

p ( Z

�

= z

�

) I ( X ; Y j W ; Z

�

= z

�

)

= �

X

z

p ( Z = z ) I ( X ; Y j W ; Z = z ) +

(1 � � ) I ( X ; Y j W ; Z

�

= ; )

= � I ( X ; Y j W ; Z ) + (1 � � ) I ( X ; Y j W ) ;

whic h w as what w as to b e pro v ed.

Cor ol lary 3.1

It follo ws that I ( X ; Y j W ; Z

�

) is a con tin uous function of � , and is b ounded,

I ( X ; Y j W ) � I ( X ; Y j W ; Z

�

) � I ( X ; Y j W ; Z ) :

Cor ol lary 3.2

F urthermore, if the distributions of the random v ariables, X , W and Z do not dep end

on � then I ( X ; Y j W ; Z

�

) is in fact a linear function of � .

W e no w ha v e the necessary equipmen t with whic h to pro vide a pro of of Theorem 3.3.

Pr o of: Once again, w e shall restrict our atten tion to ac hieving the o v erall constrain t,

R

1

+ R

2

= I ( X

1

; X

2

; Y ) ; (3.39)

and ensure that w e are not already on a corner p oin t b y imp osing the strict inequalities

I ( X

1

; Y ) < R

1

< I ( X

1

; Y j X

2

)

I ( X

2

; Y ) < R

2

< I ( X

2

; Y j X

1

) :

Let X

1

b e enco ded using the prop osed unco ordinated time sharing metho d. It is not

required to split X

2

. F or the purp oses of the pro of, let the co dew ord lengths for b oth

users b e the same, and equal to n . In addition, w e shall restrict X

1

to use the same

in terlacer, as y et unsp eci�ed, for ev ery co dew ord in terv al.
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3.3 Unco ordinated Time Sharing

Assume that the co deb o oks for X

( a )

1

; X

( b )

1

and X

2

are eac h randomly c hosen inde-

p enden tly from one another. Eac h co dew ord shall b e comp osed of randomly selected

letters dra wn indep enden tly from the corresp onding letter probabilit y distribution.

The t w o pseudo-users, X

( a )

and X

( b )

completely determine X

1

. Hence b y Lemma 3.2

and (3.39),

R

1

+ R

2

= I

�

X

( a )

; X

( b )

; X

2

; Y

�

;

whic h, b y the c hain rule for m utual informations ma y b e written as

I

�

X

( a )

; X

( b )

; X

2

; Y

�

= I

�

X

( a )

; Y

�

+ I

�

X

2

; Y j X

( a )

�

+ I

�

X

( b )

; Y j X

2

; X

( a )

�

:

Set R

( a )

1

= I

�

X

( a )

; Y

�

, R

2

= I

�

X

2

; Y j X

( a )

�

and R

( b )

1

= I

�

X

( b )

; Y j X

2

; X

( a )

�

. The

rate tuple

�

R

( a )

1

; R

2

; R

( b )

1

�

is not necessarily a v ertex of a three user capacit y region

and therefore not immedi ately step{b y{step deco deable, since w e ha v e not sp eci�ed

the in terlacer. W e m ust explicitly sho w the step{b y{step deco deablit y .

1. Since w e ha v e selected eac h sym b ol of eac h co dew ord for X

2

randomly and

indep enden tly , pseudo user X

( a )

1

sees X

2

as memoryless noise, indep enden t of

an y time shift, or c hoice of scram bler. This is true ev en if X

2

transmits the

same co dew ord t wice in succession. This is illustrated in Figure 3.6. In this

�gure, user 1 has transmitted the co dew ord c

11

, whic h, b ecause of a time o�set

� , o v erlaps with t w o co dew ords from user 2, c

21

and c

22

. Since all co dew ords

ha v e the same length n , and the in terlacing parameters do not c hange with

time, it is true that ev en if c

21

= c

22

, the co dew ord for user 1 do es not o v erlap

the same part of the co dew ord for user 2 t wice.

Hence a single user c hannel is w ell de�ned for X

( a )

1

, and w e ma y �nd co des suc h

that the error probabilit y can b e made arbitrarily small if

R

( a )

1

� I

�

X

( a )

1

; Y

�

= � I ( X

1

; Y ) : (3.40)

W e can therefore assume that w e ha v e correctly deco ded X

( a )

1

, and X

( a )

1

can b e

used as error free side information in the next deco ding step.
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3.3 Unco ordinated Time Sharing

2. Since w e use the same scram bling parameter for all time, and ev ery users'

co dew ord length is equal to n , there are alw a ys, indep enden t of time shift or

in terlacer selection, exactly � n bits of ev ery X

2

co dew ord for whic h X

( a )

1

has

b een deco ded (the remaining (1 � � ) n bits are a�ected b y X

( b )

1

, treated as noise.

The in terlacer parameters are kno wn at the receiv er, and hence the lo cations of

these bits are also kno wn. Therefore the c hannel for X

2

is a �nite (t w o) state

c hannel, for whic h the receiv er kno ws the state information. The t w o states

corresp ond to whether or not X

1

is kno wn, and hence there exists co des with

arbitrarily lo w error probabilit y for X

2

at rates

R

2

� I

�

X

2

; Y j X

( a )

�

: (3.41)

Lemma 3.5 ev aluates this expression as

I

�

X

2

; Y j X

( a )

�

= � I ( X

2

; Y j X

1

) + (1 � � ) I ( X

2

; Y ) (3.42)

and sho ws that that it is p ossible to set R

2

= I

�

X

2

; Y j X

( a )

1

�

, with appropriate

c hoice of � . W e therefore deco de X

2

, and remo v e its in
uence from the c hannel

output.

3. X

( b )

1

ma y no w b e trivially deco ded, at a rate I

�

X

( b )

1

; Y j X

2

; X

( a )

1

�

= (1 �

� ) I ( X

1

; Y j X

2

) since all in terference from other users has b een remo v ed.

c

21

c

22

c

11

� -

n

� -

n

� -

�

� -

n

X

2

X

1

Figure 3.6: E�ect of Async hronous Channel Access.

Th us the p oin t ( R

1

; R

2

) ma y b e ac hiev ed b y the prop osed sc heme. Note that for this

t w o user case, the c hoice of in terlacer parameter is arbitrary , and do es not a�ect the

pro of.
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3.3 Unco ordinated Time Sharing

Since b oth pseudo-users asso ciated with a particular user ha v e co deb o oks dra wn

from the same alphab et and with the same distribution as the original user, w e a v oid

the necessit y of re-designing the co deb o oks if the deco ding order c hanges, as seen

in the examples of the previous section. F urthermore, through use of expurgating

or puncturing, eac h user's pseudo-users can use subsets of one \generic" co deb o ok,

whic h con tains enough co dew ords to allo w transmission at the highest exp ected rate.

A t the deco der, w e require only the same n um b er of deco ding steps as required for a

sync hronous system op erating at a v ertex, whic h is due to the in terlacing op eration

used to merge the t w o pseudo-users. F or example, for the sync hronous system to

deco de K users, eac h ha ving an L bit frame, K L bits m ust b e deco ded, whic h is

exactly the same for the prop osed system. This ma y b e con trasted to the previous

section, where (2 K � 1) L bits m ust b e deco ded

5

. In addition, eac h pseudo-user only

considers undeco ded pseudo-users from other sources as noise, whic h, as w e shall see,

reduces the complexit y required for eac h pseudo-user's co de.

An additional adv an tage is that once the deco ding order for the system has b een

decided, the � v alues for eac h user ma y b e simply found as the solution to a set of

linear equations.

3.3.4 Examples

Example 3.3 (Binary A dder Channel)

W e shall once again use the binary adder c hannel as an example. W e wish to

ac hiev e ( R

1

; R

2

) = (

3

4

;

3

4

) , under the assumption of uniform letter distribution for

b oth sources. Split user 1 in to X

( a )

1

; X

( b )

1

, with self time sharing parameter � . Using

5

Naturally , the true deco ding e�ort exp ended dep ends up on the complexit y inheren t in the co de

used, but as w e shall see, there is strong justi�cation that the UTS system has lo w er complexit y

requiremen ts than the previous sc hemes.
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3.3 Unco ordinated Time Sharing

Lemma 3.5 and p erforming some simpli�cations, w e ha v e the follo wing

I

�

X

( a )

1

; Y

�

=

1

2

�

I

�

X

2

; Y j X

( a )

1

�

=

1

2

(1 + � )

I

�

X

( b )

1

; Y j X

2

; X

( a )

1

�

= 1 � � (3.43)

Setting � =

1

2

yields the rate p oin t

�

R

( a )

1

; R

2

; R

( b )

1

�

= (0 : 25 ; 0 : 75 ; 0 : 5) : (3.44)

With all sources main taining their uniform letter distribution.

Once again, w e ma y calculate the random co ding error exp onen t for the v arious users

in this system. F or X

( a )

1

, the exp onen t is giv en b y

E

r

�

R

( a )

1

�

= max

0 � � � 1

� ln

�

1

2

� +1

+

1

2

�

� 2 �R

( a )

1

: (3.45)

F or R

( a )

1

�

ln 2

4

bits p er c hannel use, the maximi sing � is giv en b y

� = log

2

 

ln 2

2 R

( a )

1

� 1

!

: (3.46)

This error exp onen t is plotted on Figure 3.7. F rom this �gure, w e can see that X

( a )

1

b ene�ts greatly from not ha ving to treat X

( b )

1

as noise.

The cuto� rate ma y b e readily calculated as

R

0

=

1

2

log

2

4

3

= 0 : 207519 bits/c hannel use : (3.47)

F or X

2

, w e ma y calculate the error exp onen t as

E

r

( R

2

) = max

0 � � � 1

� ln

�

1

4

+

3

2

2+ �

�

� �R

2

; (3.48)

whic h, for R

2

�

3

4

ln 2 bits p er c hannel use, is maximised b y � = log

2

3(ln 2 � R

2

) .

This error exp onen t is sho wn on Figure 3.8 on page 68. The cuto� rate is giv en b y

R

0

= 3 � log

2

5

= 0 : 67807 bits/c hannel use : (3.49)

The c hannel seen b y X

( b )

1

, after the cancellation of X

( a )

1

and X

2

is noiseless, and no

c hannel co de is needed for this source.
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3.3 Unco ordinated Time Sharing

3.3.5 Extension to K Users

Unco ordinated time sharing ma y b e extended inductiv ely to the K user case, using

a similar argumen t to that in Section 3.2.4. Ho w ev er, in order to mak e suc h an

argumen t, w e need to ensure that indep enden t of the random c hoice of scram bler, and

indep enden t of time shift there exists a single user co ding sc heme for eac h psuedo user

whic h allo ws arbitrarily lo w error probabilit y , at rates b elo w the applicable m utual

information term. F or the t w o user case, indep enden t of scram bler, and time shift, X

2

alw a ys sa w the same n um b er of undeco ded X

1

sym b ols. This allo w ed the application

of the single user co ding result to ac hiev e the rates describ ed b y Lemma 3.5.

F or the K user case, w e require that eac h pseudo user sees the righ t prop ortion of

deco ded and undeco ded sym b ols for eac h other user, indep enden t of scram bler and

time shift. This ho w ev er will not b e true in general, but w e shall see that for large n ,

that eac h pseudo user sees the righ t prop ortion with high probabilit y . W e shall no w

mak e this statemen t more precise.

The or em 3.4

Consider an unco ordinated time sharing RSMA system, in whic h ev ery user has the

same co dew ord length, n . Eac h user ma y b e split in to one or more pseudo users, and

the pseudo user streams for eac h user are in terlaced randomly , and indep enden tly

from other users.

Without loss of generalit y , consider t w o pseudo users, X

( a )

1

, whic h con tributes �

1

n

bits to eac h co dew ord frame for user 1 , and X

( a )

2

whic h con tributes �

2

n bits to eac h

co dew ord frame for user 2 .

Let A b e the random v ariable whic h coun ts the n um b er of sym b ol in terv als, within an

n sym b ol p erio d, in whic h b oth X

( a )

1

and X

( a )

2

are activ e. Then, indep enden t of the

relativ e time shift b et w een co dew ord b oundaries, the follo wing relationship is true.

Pr

�
�

�

�

�

A

n

� �

1

�

2

�

�

�

�

> �

�

< ne

� nC

; (3.50)

for an y � > 0 . C is a function that do es not dep end on n . This probabilit y ma y b e
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3.3 Unco ordinated Time Sharing

made as small as desired, b y increasing n , since the exp onen tial term dominates.

Pr o of: As argued previously , an y one co dew ord for X

1

alw a ys sees exactly �

2

n

sym b ols from X

( a )

2

. The in terlacing is indep enden tly selected for eac h user, and

hence A is h yp er-geometrically distributed with mean

E f A g = �

1

�

2

n: (3.51)

No w consider a particular random scram bling and a particular co dew ord o�set, 0 �

� � n � 1. Let B

i

b e de�ned as the ev en t that giv en � = i , w e ha v e

�

�

�

A

n

� �

1

�

2

�

�

� > � .

It can b e sho wn that the Cherno� b ound ma y b e used to exp onen tially b ound the

probabilit y of this ev en t.

Pr( B

i

) � e

� nC

; (3.52)

where C do es not dep end up on n . W e no w require that w e can force this probabilit y

to b e as small as w e lik e for an y � . W e can use the union b ound to giv e

Pr ( B

0

[ B

1

[ � � � [ B

n � 1

) �

n � 1

X

i =0

Pr( B

i

) : (3.53)

Ho w ev er, note that the b ound on Pr( B

i

) do es not dep end on the v alue of � , and hence

Pr ( B

0

[ B

1

[ � � � [ B

n � 1

) � ne

� nC

; (3.54)

and hence the w orst case shift can b e no w orse than ne

� nC

, whic h is our result.

F or an y non-zero � , w e shall require that the rate of the pseudo user b e dropp ed

in order to accommo date the imprecise nature of the kno wledge of the n um b er of

undeco ded sym b ols for the other pseudo users. Ho w ev er, Theorem 3.4 indicates that

as w e tak e n ! 1 , that this uncertain t y v anishes, and w e ma y approac h the full

rate. This ensures the applicabilit y of the single user co ding theorems required in the

inductiv e pro of. A similar union b ound argumen t ma y b e used to sho w that the w orst

case error probabilit y o v er all time shifts for a randomly selected co deb o ok ensem ble

is exp onen tially b ounded to zero.

The induction of Section 3.2.4 no w follo ws, where � corresp onds to � , and w e use

Theorem 3.3 as the t w o user case, and Lemma 3.5 in place of Lemma 3.3.

65



3.4 Discussion

UTS max �

X

( a )

1

0.207519 0.18398 0.141681

X

( b )

1

0.5 0.370916 0.5

X

2

0.678072 0.654485 0.607216

T otal 1.385591 1.209381 1.248897

T able 3.2: Comparison of cuto� rates for three RSMA sc hemes.

3.4 Discussion

In this c hapter w e ha v e pro v ed a no v el result, namely that for the purp oses of c hannel

co ding, the K user discrete memoryle ss m ultiple access c hannel ma y b e view ed as a

series of 2 K � 1 indep enden t single user c hannels. This w as accomplished b y pro ving

that the rate splitting m ultiple access tec hnique (sup erp osition co ding) can b e used

to ac hiev e an y rate-tuple in the capacit y region. In addition to solving the co ding

problem in terms of single user co ding problems, the need for a global clo c k is remo v ed.

The c hoice of com bining function for RSMA is critical in determining the inheren t

system complexit y . In Examples 3.1, 3.2 and 3.3, w e ha v e used the binary adder

c hannel as a basis for comparison. W e ha v e sho wn that if letter-wise com bination

of the pseudo-user's streams is desired, then there are only t w o distinct com bining

functions: max and mo dulo t w o addition. W e ha v e compared these t w o metho ds, as

w ell as unco ordinated time sharing on the basis of their random blo c k co ding error

exp onen t. Figure 3.7 compares the error exp onen t for the �rst pseudo user X

( a )

1

.

F rom this graph, w e can see that the unco ordinated time sharing sc heme p ossesses

a sup erior error exp onen t than either of the other t w o sc hemes. This is rep eated for

the second user, X

2

in Figure 3.8, although no w the di�erence is minim al. The max

com bining sc heme is the only metho d that yields a noisy c hannel for X

( b )

1

, and its

error exp onen t is sho wn in Figure 3.9.

These results supp ort the claims that unco ordinated time sharing ma y o�er a lo w er
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0 0.05 0.1 0.15 0.2 0.25
0

0.05

0.1

0.15

0.2

0.25

0.3

Rate, bits p er c hannel use

E

r

UTS

max

�

Figure 3.7: Random Co ding Error Exp onen t for X

( a )

1

.

complexit y solution to the problem of co ding for the m ultiple access c hannel. This

system is attractiv e b ecause of its simplicit y (compare Example 3.3 to Example 3.1).

A split user do es not in terfere with itself, since the com bining is done via an in terlacer.

This in turn yields additional adv an tages in that the letter distributions for the pseudo

users are iden tical to that of the original user. This facilitates co deb o ok design. Also,

less deco ding steps are required, whic h ma y reduce deco ding dela y .

It is also of in terest to compare the cuto� rates for the three systems. T able 3.2

sho ws these cuto� rates. Note that the UTS and mo dulo t w o addition sc hemes do

not require a c hannel co de for X

( b )

1

. Also sho wn is the sum of cuto� rates for eac h

system. Using this as a v ery crude measure of inheren t complexit y , UTS p erforms the

b est, follo w ed b y mo dulo t w o addition, and then the maxim um function. The latter

su�ers from the noise in
icted up on the �nal deco ding stage. It is in teresting to note

that the UTS system is the only one of the three whose sum cuto� rate exceeds the
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Figure 3.8: Random Co ding Error Exp onen t for X

2

.

sum rate ac hiev able b y the b est kno wn UDE blo c k co de for the BA C, whic h is 1 : 3

bits p er c hannel use.
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Figure 3.9: Random Co ding Error Exp onen t for X

( b )

1

, using max function.
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Chapter 4

Collision T yp e Multiple Access

4.1 In tro duction

One of the most c hallenging tec hnical problems in cellular mobile comm unication

systems stems from m ultiple users in terfering in the same frequency band. Presen t da y

cellular systems ignore the signals of suc h in terfering users and treat them essen tially

as uncon trollable noise. Muc h researc h and dev elopmen t of practical systems has

tak en place in the area of CDMA systems [81]. Suc h systems are sp eci�cally designed

to transform this in terference in to a Gaussian noise-lik e disturbance. As w e shall see

in Chapter 6, this strategy ma y not necessarily pro vide the b est results.

In this c hapter w e in v estigate a collision-t yp e m ultiple access system whic h is based

on simple frequency-shift k ey ed (FSK) transmission of eac h of the users. The system

is similar to ordinary FSK, except eac h user transmits sym b ols using the same set of

carrier frequencies.

Suc h an approac h has certain adv an tages whic h are discussed in Section 4.2, where

w e also discuss the resulting mathematical c hannel mo del, whic h w e call the union

c hannel and the receiv er implem en tati on, whic h ma y b e ac hiev ed using a discrete

F ourier transform. In Section 4.3 w e ev aluate the information theoretic capacit y of

the system in the noiseless case. One of our main results is that the system in question

ac hiev es the maxim um p ossible c hannel capacit y and w e presen t a closed form limiting



4.2 System Mo del

capacit y form ula. Section 4.4 dev elops tigh t b ounds in the noisy case, and w e sho w

that the p erformance in the presence of noise is lo w er b ounded b y that of a �xed

assignmen t sc heme. In Section 4.5 w e study the in
uence of undetected in terferers,

whic h ha v e an e�ect similar to strong noise. This adv o cates the practice of using a

partial co op eration system for all users whic h are strong enough to b e detected.

This c hapter represen ts original w ork, whic h w as rep orted in part at the 1994 IEEE

Symp osium on Information Theory [82].

4.2 System Mo del

The practical motiv ation for our collision t yp e m ultiple access is a m ultiple access-

ing sc heme where the users use frequency shift k ey ed mo dulation [83] to access the

c hannel. The users indep enden tly mo dulate their data, sharing a common set of fre-

quency carriers, whic h causes sym b ol \collisions" at the receiv er. By a collision w e

mean that t w o or more users transmit using the same frequency during a particular

sym b ol in terv al. W e call suc h a system collision frequency shift k eying (C-FSK).

Figure 4.2 sho ws the basic blo c k diagram of a K -user, N -frequency C-FSK system,

where energy detection is used for the reception of eac h frequency . This has a n um b er

of distinct adv an tages. Firstly , the system is resistan t to the near-far p o w er prob-

lem, that is, di�erences in the receiv ed p o w er among the users ha v e no e�ect on the

system p erformance, as long as the receiv ed p o w er exceeds a certain threshold. This

is due to the fact that the receiv er mak es no attempt to estimate the energy in the

receiv ed frequency c hannel. The near-far sensitivit y of CDMA, on the other hand,

is a serious problem. Secondly , the system uses inheren t frequency div ersit y , whic h

is kno wn to pro vide impro v ed p erformance on frequency-selectiv e fading c hannels. A

further adv an tage is the simple implem en tation of transmitters and receiv ers, where

the latter consist essen tially of a signal sampler, follo w ed b y a discrete F ourier trans-

form. F urthermore, suc h a system requires no �xed hopping patterns as in traditional

frequency-hopp ed m ultiple access systems, and net w ork o v erhead and complexit y can
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Figure 4.1: Collision-t yp e m ultiple user frequency shift k eying.

4.2.1 Mathematical Mo del

The simple mathematical mo del that w e shall use for our analysis of collision fre-

quency shift k eying is the union c hannel, de�ned b elo w.

De�nition 4.1 (Union Channel)

Let K users indep enden tly transmit information o v er a sym b ol-sync hronous m ultiple

access c hannel in the follo wing w a y . Eac h user, X

k

transmits at eac h sym b ol in terv al

a single elemen t from a common set of N orthogonal carrier frequencies, (whic h w e

shall subsequen tly simply refer to as frequencies),

X

k

2 f f

1

; f

2

; : : : ; f

N

g ; (4.1)
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4.2 System Mo del

according to some source letter distribution, p

k

( x

k

) . The c hannel output, Y is giv en

b y the set union of these K singleton sets

1

.

Y =

K

[

k =1

X

k

: (4.2)

It is through this set union op eration that m ultiplic it y information is lost through

the c hannel, that is, a frequency is recognised only as activ e or inactiv e. The n um b er

of users transmitting on that frequency is unkno wn.

W e call this c hannel the noiseless K user union c hannel of order N , or simply the

union c hannel, when the parameters can b e understo o d from the con text.

This c hannel has b een v ariously called the T -user M -frequency m ultiple access c han-

nel without in tensit y information [16] and the T -user q -ary m ultiple access p erm uta-

tion c hannel [57]. Our nomenclature is in tended to represen t more clearly the abstract

mathematical nature of the mo del.

4.2.2 Receiv er Impleme n tation

W e no w consider some ph ysical transmitter and receiv er implem e n tation details.

In particular, w e shall transmit using orthogonal frequency division m ultiple xing

(OFDM), with a discrete F ourier transform receiv er.

As stated in the system mo del, eac h user transmits using N -FSK. W e assume the

transmissions to b e aligned in time (sym b ol sync hronous). Let the time duration of

eac h sym b ol b e T . In order for the orthogonalit y of the frequencies to b e main tained,

the separation of adjacen t frequencies m ust b e at least !

0

=

�

T

rad/sec. The minim um

total bandwidth of suc h a system is appro ximately

N

2 T

[84]. This is what is referred

to as OFDM. After do wn-con v erting, the receiv ed signal (without noise) is giv en b y

s ( t ) =

N

X

n =1

f

n

cos( !

0

nt + � ) ; (4.3)

1

This mathematical mo del is not restricted to frequencies, but is equally applicable to an y orthog-

onal signalling sc heme, in whic h m ultipli cit y information is not preserv ed through the c hannel. F or

example, it could also b e used to mo del a collision system using N orthogonal spreading sequences.
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4.2 System Mo del

where the random phase angle � is in tro duced since w e consider non-coheren t energy

detection. Note that the frequencies f

n

are either on or o� ( f

n

2 f 0 ; 1 g ), according

to our system mo del. W e no w sample the receiv ed signal at the sampling rate

F

s

=

N !

0

�

= 2 N f

0

: (4.4)

This pro duces the sampled signals

s

i

= s (

iT

N

) =

2 N

X

n =1

f

n

cos

�

ni�

N

+ �

�

; (4.5)

where i = 1 ; 2 ; : : : ; 2 N , and f

m

= 0, m > N .

Letting � = cos � , and � = sin � , w e ma y rewrite the ab o v e equation as

s

i

=

2 N

X

n =1

f

n

�

� cos

�

ni�

N

�

� � sin

�

ni�

N

��

: (4.6)

W e no w p erform the discrete F ourier transform (DFT) on the samples in (4.6), or

more precisely the inverse DFT, to obtain

^

f

m

=

1

2 N

2 N

X

i =1

s

i

exp

�

j

� im

N

�

: (4.7)

After some algebraic manipulations w e obtain

^

f

m

=

 

�

2

+

�

2 j

!

f

m

+

 

�

2

�

�

2 j

!

f

2 N � m

; (4.8)

and

^

f

2 N � m

=

 

�

2

�

�

2 j

!

f

m

+

 

�

2

+

�

2 j

!

f

2 N � m

: (4.9)

Since the frequencies f

m

= 0; m > N , w e see that the op eration

�

^

f

m

+

^

f

2 N � m

�

2

�

�

^

f

m

�

^

f

2 N � m

�

2

=

�

2

f

m

+ �

2

f

m

= f

m

(4.10)

on the t w o symmet rical outputs of the I-DFT not only repro duces frequency f

m

(unam biguously in the noiseless case) but also remo v es the phase uncertain t y . This
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4.3 Noiseless Capacit y

incoheren t detection of the N FSK signals requires an o v ersampling of a factor of

t w o, and a 2 N -p oin t I-DFT for the demo dulation.

The 2 N -p oin t I-DFT ma y b e implem en te d using the fast F ourier transform (FFT)

algorithm, whic h has a complexit y of the order of 2 N log

2

2 N m ultiply -add op erations

[85]. In con trast, p erforming the DFT in its normal form (equiv alen t in this case to

N matc hed �lters), requiring 2 N

2

m ultiply add op erations. Since N � 1 + log

2

N for

N � 1, w e can see that the demo dulator for the union c hannel requires less complexit y

than a CDMA system using N -c hip spreading sequences and matc hed �lters.

4.3 Noiseless Capacit y

Chang and W olf [16] sho w ed that the sum capacit y of the union c hannel is giv en b y

the follo wing relationship.

C

sum

= H ( Y )

=

K

X

i =1

 

N

i

!

a

(1)

i;K

N

K

log

N

K

a

(1)

i;K

; (4.11)

where a

(1)

n;k

is the n um b er of w a ys of placing k indistinguishable balls in to n bins (suc h

that no bin is empt y), and eac h user transmits using a uniform distribution o v er the

frequencies. This distribution maximises the m utual information only for K � N ,

[16] to whic h region w e shall accordingly restrict our atten tion.

Chang and W olf [16] giv e the follo wing recursiv e expression for a

(1)

n;k

.

a

(1)

n;k

= n

k

�

n � 1

X

j =1

 

n

j

!

a

(1)

j;k

;

a

(1)

1 ;k

= 1 : (4.12)

W e ha v e found a more con v enien t expression, whic h is giv en in the follo wing lemm a.

L emma 4.1

The n um b er of w a ys of placing k indistinguishable balls in n bins, suc h that no bin
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4.3 Noiseless Capacit y

is empt y , is giv en b y

a

(1)

n;k

=

n

X

� =0

( � 1)

�

 

n

�

!

( n � � )

k

: (4.13)

Pr o of: It is in teresting to note that since the sources activ ate frequencies inde-

p enden tly , and with a uniform distribution, the corresp onding balls-in-bins problem

has a Maxw ell-Boltzm ann distribution, i.e. eac h of the n

k

p ossible arrangemen ts

are equi-lik ely . The pro of is found b y considering the o ccupancy probabilit y of the

Maxw ell-Boltzmann distribution [86, p. 102].

4.3.1 An Asymptotic Appro ximation

Neither of the expressions for a

(1)

n;k

giv en in the previous section are particularly

amenable to further analysis. In this section, w e shall �nd an asymptotically tigh t

appro ximation to the capacit y of the union c hannel in the absence of noise. The

appro ximation shall rely on the concept of limiting distributions [86], whic h w e no w

in tro duce.

De�nition 4.2 (Limiting Distribution)

If a random v ariable, U p ossesses a probabilit y densit y f

U

( u; N ) , b eing a function of

some parameter, N , and there exists a distribution function g ( u ) suc h that follo wing

equation is true:

lim

N !1

f

U

( u; N ) = g ( u ) ; (4.14)

then w e sa y that g ( u ) is the limiting distribution for f

U

( u; N ) .

In particular, w e shall b e in terested in the limiting distribution of the Maxw ell-

Boltzmann o ccupancy problem. F ortuitously , this sub ject has b een studied b y W eiss

in 1958 [87], and subsequen tly b y R � en yi [88] and Gardy [89], who pro vided generali-

sations and simpler pro ofs of the follo wing theorem.
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4.3 Noiseless Capacit y

The or em 4.1 (Weiss 1958)

Let k balls b e randomly placed in to n bins. Let I b e the random v ariable that

en umerates the o ccupied bins, and denote its probabilit y mass function p

I

( i ) . Then

as the n um b er of balls and bins increases, I is normally distributed, that is, for all

1 � i � n ,

lim

n !1

p

I

( i ) =

1

p

2 � �

e

( i � � )

2

= 2 �

2

; (4.15)

where the mean, � and v ariance, �

2

are giv en b y

� = N � N

�

1 �

1

N

�

K

; (4.16)

�

2

= N � � �

�

K

N

+ 1

�

( N � � )

2

N

: (4.17)

Pr o of: The original pro of ma y b e found in [87]. Some simpler pro ofs are giv en in

[88].

In order to �nd our appro ximation, w e shall �rst re-write the expression for noise free

capacit y , (4.11) in terms of the probabilit y that an y i frequencies are activ e,

p

I

( i ) =

 

N

i

!

a

(1)

i;K

N

K

: (4.18)

Using the prop erties of the logarithm, w e ha v e

C

sum

=

K

X

i =1

p

I

( i ) log

 

N

i

!

�

K

X

i =1

p

I

( i ) log p

I

( i ) : (4.19)

Since, in the limit, p

I

( i ) is Gaussian, the second sum can b e tigh tly appro ximated b y

the en trop y of the Gaussian distribution, H ( I ) =

1

2

log 2 � e�

2

.

W e no w consider only the �rst summation term, whic h can b e written as

K

X

i =1

p

I

( i ) log

 

N

i

!

= E

I

(

log

 

N

i

!)

; (4.20)

where E

I

f�g denotes the exp ectation with resp ect to the distribution p

I

( i ).

77



4.3 Noiseless Capacit y

Note that the limiting form of the binomial distribution is also Gaussian [86], and

from this w e can �nd an appro ximation for the binomial co e�cien t, as follo ws

 

N

i

!

�

 

N

N = 2

!

e

�

( i � N= 2)

2

N= 2

: (4.21)

Substituting this appro ximation (4.21) in to (4.20), w e ha v e

E

I

(

log

 

N

i

!)

� log

 

N

N = 2

!

�

2

N

 

(E

I

n

i

2

o

� N E

I

f i g +

N

2

4

!

(4.22)

Using the w ell kno wn relationship, E f x

2

g = v ar f x g + E f x g

2

, and com bining all results,

w e obtain

C

appro x

= log

 

N

N = 2

!

+ 2 � (1 �

�

N

) �

2 �

2

N

�

N

2

+

1

2

log 2 � e�

2

: (4.23)

W e no w ha v e

The or em 4.2 (Limiting Cap acity F unction)

In the limit as the n um b er of frequencies tends to in�nit y , the follo wing expression is

true, for all v alues of K at a �xed ratio K = N .

lim

N !1

C

sum

=C

appro x

= 1 : (4.24)

Pr o of: The appro ximations (4.15) and (4.21), used to �nd (4.23), are tigh t, due to

their deriv ation from limiting distributions.

Figure 4.2 sho ws the exact and appro ximate capacit y for N = 16 ; 32 and 64 fre-

quencies. F or eac h pair, the solid line is the appro ximation, and the dotted p oin ts,

connected with a solid line are exact. F rom this graph w e can see that the appro x-

imation is tigh t ev en for small v alues of N . W e also see that the maxim um of the

exact capacit y is almost N bits/c hannel use, ac hiev ed at ab out K � 2 N = 3. In fact

from the large system appro ximation w e can pro v e

The or em 4.3 (Maximum Cap acity)

In the limit, as the n um b er of frequencies tends to in�nit y , the maxim um capacit y
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Figure 4.2: Exact and Appro ximate Noiseless Capacit y for 16, 32 and 64 frequencies

of the union c hannel (with resp ect to the n um b er of users) is N bits p er c hannel use,

lim

N !1

C

sum

N

= 1

�

�

�

�

K

N

=ln 2

(4.25)

Pr o of: The pro of is found b y noting that

@ C

appro x

@ K

= 0, at K = N ln 2, and then

taking the limit at this p oin t.

W e can imme diatel y state the follo wing corollary , concerning the optim um n um b er

of users in the system.

Cor ol lary 4.1

The optim um n um b er of users for an N -frequency union c hannel is the in teger closest

to N ln 2 .
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4.4 Noisy Capacit y

This theorem giv es t w o imp ortan t pieces of information. Firstly , w e ha v e the opti-

m um n um b er of users, as detailed in the ab o v e corollary . Secondly , and somewhat

surprisingly , in the limit w e can ac hiev e the highest p ossible rate for an y sc heme that

uses N binary sym b ols. In other w ords, w e lose nothing b y incorp orating the m ultiple

accessing strategy in to the individual users co ding, thereb y transferring the m ultiple

access problem from the net w ork to the receiv er.

4.4 Noisy Capacit y

The capacit y theorems of the previous section are of only limited in terest when con-

sidering more realistic c hannel mo dels. W e no w consider the e�ect of thermal noise

up on the sum capacit y of the union c hannel. T o this e�ect, w e shall deriv e b ounds on

the capacit y in the presence of noise. W e �rst ho w ev er need to understand the noise

mo del that w e shall use.

4.4.1 Noise Mo del

When considering the e�ect of noise, w e shall b e in terested in whether eac h of the N

frequencies are activ ated or not. A t this p oin t w e formalise some terminology . W e

shall freely alternate b et w een the frequencies/users and bins/balls mo dels dep ending

up on the curren t emphasis, ph ysical or mathematical. A frequency is activ e, or full, if

one or more users transmits on that frequency . W e shall also refer to the o ccupation

of a frequency , whic h is the n um b er of users transmitting on that frequency . F or

example a frequency with single o ccupation \con tains" one user. A frequency with

zero o ccupation is inactiv e, or empt y .

Since our underlying system uses energy detection to determine whether a certain

frequency is activ e or not, frequency detection is a simple binary h yp othesis test.

Tw o t yp es of detection errors are p ossible.

T yp e 1 An inactiv e frequency is incorrectly detected as b eing activ e, with probabil-
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4.4 Noisy Capacit y

it y Pr(error j inactiv e ).

T yp e 2 An activ e frequency is incorrectly detected as b eing inactiv e, with probabil-

it y Pr(error j activ e ).

Assuming an additiv e white Gaussian noise (A W GN) c hannel, a t yp e 1 error o ccurs

with the follo wing probabilit y [2, p. 521].

Pr(error j inactiv e ) = e

� �

2

=N

0

; (4.26)

where � is the decision threshold, and N

0

is the one-sided noise p o w er sp ectral densit y .

It is di�cult to �nd the probabilit y of a t yp e t w o error, due to the necessit y of

a v eraging o v er the o ccupation n um b er of the frequency . In forming our b ounds, w e

shall use instead the probabilit y that a singly o ccupied frequency is n ulled b y noise,

whic h w e shall denote Pr(error j single).

L emma 4.2

The probabilit y that a singly o ccupied frequency is n ulled b y noise is giv en b y

Pr( error j single ) =

2

N

0

e

� E

s

=N

0

Z

�

0

�e

� �

2

=N

0

I

0

 

2 �

p

E

s

N

0

!

d�; (4.27)

where I

0

is the mo di�ed Bessel function of the �rst kind of order 0.

Pr o of: Consider the receiv ed signal

^

f ( t ) on a particular frequency , ! ,

^

f ( t ) =

q

E

s

cos ( ! t + � ) + z ( t ) ; (4.28)

where E

s

is the sym b ol energy p er transmission, and z ( t ) is white Gaussian noise.

Figure 4.4 sho ws the signal space represen tation. The observ ed signal,

^

f = (

^

f

1

;

^

f

2

), is

the v ector addition of the transmitted signal, f = ( f

1

; f

2

) and the noise, z = ( z

1

; z

2

),

^

f = f + z ; (4.29)

where

f

1

=

q

E

s

cos �

f

2

=

q

E

s

sin � ;
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and the comp onen ts of the noise v ector z are i.i.d.,

z

1

; z

2

� N (0 ; N

0

= 2)

The energy detection threshold, � is represen ted b y a circle of radius � . The proba-

bilit y of an error, giv en single o ccupation is therefore

Pr(error j single) = Pr

�

^

f

2

1

+

^

f

2

2

< �

2

�

: (4.30)

Since there is circular symmetry in the signal space represen tation, w e can arbitrarily

�x � = 0. Hence

^

f

1

and

^

f

2

are distributed as follo ws

^

f

1

� N

�

q

E

s

; N

0

= 2

�

^

f

2

� N (0 ; N

0

= 2) : (4.31)

Let the densit y function for

^

f

1

b e p

1

( � ),

p

1

( � ) =

1

p

� N

0

e

� ( � �

p

E

s

)

2

=N

0

; (4.32)

and that for

^

f

2

b e

p

2

( � ) =

1

p

� N

0

e

� �

2

=N

0

: (4.33)
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Then, from (4.30)

Pr(error j single) =

Z Z

�

2

+ �

2

<�

2

p

1

( � ) p

2

( � ) d� d�

=

1

� N

0
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�

2

+ �

2

<�

2

e

� ( � �
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E

s

)

2

=N

0

e
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2

=N
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e
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� N
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e

� ( �
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0

e

2 �

p

E

s

=N

0

d� d� : (4.34)

Changing to p olar co ordinates, under the transformation of v ariables � = � cos � and

� = � sin � giv es

Pr(error j single) =

e

� E

s

=N

0

p

� N

0

Z

�

� =0

�e

� �

2

=N

0

Z

2 �

� =0

e

2 �

p

E

s

cos � =N

0

d� d�: (4.35)

The mo di�ed Bessel function of the �rst kind of order 0 can b e de�ned as [90]

I

0

( x ) =

1

2 �

Z

2 �

0

e

x cos �

d� ; (4.36)

whic h completes the pro of.

F or our b ound calculations, w e shall assume that � is set suc h that

Pr(error j single ) = Pr(error j inactiv e ) = p: (4.37)

A graph of this error probabilit y , p is sho wn in Figure 4.4.

4.4.2 Lo w er Bound

In order to �nd a lo w er b ound for the sum capacit y of the K {user union c hannel

of order N with noise, whic h w e shall denote as C

n

, w e in tro duce another c hannel

in cascade with the true noisy c hannel, sho wn in Figure 4.5. This extra c hannel is

a \symmetrifyi ng" c hannel, in that it giv es equal probabilit y , p to all t yp es of error

due to noise. F rom the data pro cessing lemma [1] w e conclude that the true noisy

capacit y is greater than that of the augmen ted c hannel. With reference to Figure 4.5,

C

n

= I ( X

K

; V ) � I ( X

K

; W )

= H ( W ) � H ( W j X

K

) : (4.38)
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Figure 4.4: Probabilit y of detection error, p for a frequency with single o ccupancy

The follo wing is a simple lo w er b ound.

The or em 4.4

A lo w er b ound on C

n

is

C

n

� C

sum

� N h ( p ) ; (4.39)

where h ( p ) is the binary en trop y function, h ( p ) = � p log p � (1 � p ) log (1 � p ) .

Pr o of: Consider the m utual information I ( Y ; Z ; W ) , where Z is a random v ariable

whic h determines the action of the noise. Expanding this m utual information yields

I ( Y ; Z ; W ) = H ( W ) � H ( W j Y ; Z )

= H ( W ) ; (4.40)
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-

X

K

Noiseless

Channel

-

Y

Single ! Inactiv e

Inactiv e ! Activ e

-

U

Other errors

-

V

Symmetrifying

Channel

-

W

T rue noisy c hannel

Figure 4.5: In termediate c hannels used for the calculation of the b ounds on the noisy

capacit y .

since, from our de�nition of Z , if w e kno w Y and Z , w e can deterministicall y construct

W . Expanding the other w a y , w e ha v e

I ( Y ; Z ; W ) = H ( Y ; Z ) � H ( Y ; Z j W )

= H ( Y ; Z ) � H ( Z j W ) � H ( Y j Z ; W )

= H ( Y ; Z ) � H ( Z j W ) ; (4.41)

since if w e kno w Z and W , w e can reconstruct Y . Equating (4.40) and (4.41) giv es

H ( W ) = H ( Y ; Z ) � H ( Z j W )

= H ( Y ) + H ( Z j Y ) � H ( Z j W )

= H ( Y ) + H ( Z ) � H ( Z j W ) ; (4.42)

where the last step follo ws from the indep endence of Z and Y . Conditioning can only

reduce a v erage uncertain t y , hence w e can lo w er b ound H ( W ) b y

H ( W ) � H ( Y ) : (4.43)

The calculation of H ( W j X

K

) is more straigh tforw ard. The only uncertain t y is due

to the noise, and the noise is indep enden t and iden tically distributed o v er the N

frequencies. This giv es

H ( W j X

K

) = N h ( p ) ; (4.44)
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4.4 Noisy Capacit y

whic h com bined with (4.43) pro v es the lemma.

W e can �nd a b etter lo w er b ound b y explicitly calculating H ( W ) .

The or em 4.5 The capacit y of the noisy K {user union c hannel of order N is lo w er

b ounded

C

n

�

N

X

j =0

p

J

( j ) log

�

N

j

�

p

J

( j )

� N h ( p ) ; (4.45)

where p

J

( j ) is giv en b y

p

J

( j ) =

K

X

i =1

p

I

( i ) p

J j I

( j j i ) ;

(4.46)

where p

I

( i ) is giv en b y (4.18) and

p

J j I

( j j i ) =

min i;N � j

X

b =max (0 ;i � j )

 

i

b

! 

N � i

j � i + b

!

p

j � i +2 b

(1 � p )

N � j + i � 2 b

(4.47)

Pr o of: Again starting from (4.38), Equation (4.44) giv es H ( W j X

K

). It remains

only to �nd H ( W ). In order to �nd H ( W ), w e need to determine the en trop y

of the output sym b ol distribution. Instead of �nding the individual probabilit y of

eac h output sym b ol, note that ev ery output sym b ol with the same n um b er of activ e

frequencies has the same probabilit y , due to the symmetry of the users' transmissions.

As in the previous section, de�ne I to b e the random v ariable whic h en umerates the

frequencies actually activ ated b y the users, with probabilit y mass function

p

I

( i ) = Pr ( j Y j = i ) : (4.48)

Lik ewise, let J b e the n um b er of frequencies observ ed to b e activ e at the output of

the symmetrif ying c hannel, with

p

J

( j ) = Pr ( j W j = j ) : (4.49)
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4.4 Noisy Capacit y

Hence w e can express H ( W ) as follo ws

H ( W ) =

N

X

j =0

p

J

( j ) log

�

N

j

�

p

J

( j )

(4.50)

Let p

J j I

( j j i ) b e the probabilit y that the symmetrify ing c hannel activ ates j frequen-

cies, giv en that i frequencies w ere actually activ e in the noiseless case,

p

J j I

( j j i ) = Pr ( j W j = j j j Y j = i ) : (4.51)

Then w e can calculate p

J

( j ) b y conditioning on I .

p

J

( j ) =

K

X

i =1

p

I

( i ) p

J j I

( j j i ) : (4.52)

W e no w pro ceed to �nd this conditional probabilit y . Let the random v ariable that

coun ts the n um b er of frequencies n ulled b y noise b e B , with mass function

p

B

( b; i ) = Pr ( b frequencies out of i n ulled b y noise )

=

 

i

b

!

p

b

(1 � p )

i � b

; (4.53)

since eac h of the i activ e frequencies has an indep enden t and equal probabilit y of

b eing n ulled.

By conditioning on B , w e ha v e

p

J j I

( j j i ) =

X

b

p

B

( b; i ) p

J j I ;B

( j j i; b ) ; (4.54)

Note that in order to observ e j W j = j , giv en that b out of the j Y j = i frequencies are

n ulled, w e require that j � i + b empt y frequencies, out of the remaining N � i to b e

activ ated b y noise. Hence

p

J j I ;B

( j j i; b ) = Pr ( j � i + b frequencies out of N � i activ ated b y noise )

=

 

N � i

j � i + b

!

p

j � i + b

(1 � p )

N � j � b

; (4.55)

since the symmetri fying c hannel renders all error t yp es equi-probable. Substituting

(4.55) and (4.53) in to (4.54) giv es p

J j I

( j j i ) as stated in the theorem.
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4.4 Noisy Capacit y

4.4.3 Upp er Bound

In this section w e shall deriv e an upp er b ound on C

n

. Referring once again to Figure

4.5, w e shall �nd the capacit y of the c hannel in whic h only t yp e 1 errors, and errors

in whic h a singly o ccupied frequency is n ulled will b e considered. Once again using

the data pro cessing lemma, this c hannel has a greater capacit y than the true noisy

c hannel.

The or em 4.6 (Upp er Bound)

An upp er b ound on the noisy capacit y of the K {user union c hannel of order N is

N

X

m =0

p

M

( m ) log

�

N

m

�

p

M

( m )

� h ( p )

"

N

�

1 �

1

N

�

K

+

K

X

s =0

s

K

X

i =1

p

I

( i ) p

S j I

( s j i )

#

; (4.56)

where

p

M

( m ) =

K

X

i =1

K

X

s =0

p

I

( i ) p

S j I

( s j i ) p

M j S;I

( m j s; i )

p

S j I

( s j i ) =

 

i

s

! 

K

s

!

s ! a

(2)

i � s;K � s

a

(1)

i;K

p

M j S;I

( i j s; i ) =

min ( s;N � m )

X

max (0 ;i � m )

 

s

b

!  

N � i

m � i + b

!

p

m � i +2 b

(1 � p )

N � i + s � 2 b

: (4.57)

p

I

( i ) is giv en b y (4.18), and a

(2)

n;k

b y Equation (4.63).

Pr o of: Referring to Figure 4.5, w e ha v e from application of the data pro cessing

lemma,

C

n

� I ( X

K

; U )

= H ( U ) � H ( U j X

K

) : (4.58)

In addition to the retaining the previous de�nitions of the random v ariables I and

B , w e no w in tro duce the follo wing random v ariables. Let M b e a random v ariable

whic h coun ts the n um b er of activ e frequencies at the output U ,

p

M

( m ) = Pr ( j U j = m ) : (4.59)
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4.4 Noisy Capacit y

Hence w e can express H ( U ) b y summing o v er the n um b er of activ e frequencies

H ( U ) =

N

X

m =0

p

M

( m ) log

�

N

m

�

p

M

( m )

: (4.60)

Let S b e a random v ariable whic h coun ts the n um b er of singly o ccupied frequencies

at the output of the noiseless c hannel, Y .

p

S

( s ) = Pr ( s frequencies are singly o ccupied in Y ) : (4.61)

W e can �nd p

M

( m ) b y conditioning on I and S .

p

M

( m ) =

K

X

i =1

K

X

s =0

p

I

( i ) p

S j I

( s j i ) p

M j S;I

( m j s; i ) : (4.62)

In order to ev aluate H ( U ) , it remains to �nd p

S j I

( s j i ) , the probabilit y that giv en the

users activ ate i frequencies, that s of them are singly o ccupied, and p

M j S;I

( m j s; i ),

the probabilit y that m frequencies are observ ed, giv en that s out of the i frequencies

really activ ated are singles.

T o b e able to calculate the �rst of these conditional probabilities, w e need to b e able

to calculate the n um b er of w a ys that it is p ossible to arrange k balls in to n bins, suc h

that there is t w o or more balls in eac h bin. Denote this en umeration a

(2)

n;k

. A recursiv e

expression for this n um b er is giv en b y

a

(2)

n;k

= a

(1)

n;k

�

n � 1

X

j =1

 

n

j

! 

k

j

!

j ! a

(2)

n � j;k � j

a

(2)

1 ;k

= 1 ; k � 2 (4.63)

where a

(1)

n;k

coun ts the arrangemen ts with at least one ball in eac h bin, and the remain-

ing term subtracts those arrangemen ts whic h ha v e an y singly o ccupied bins. The

�

n

i

�

and

�

k

i

�

terms coun t ho w man y w a ys w e can pic k whic h bins con tain the singles, and

whic h users they are resp ectiv ely . The i ! arranges the i singles in these bins, while

the a

(2)

n � i;k � i

arranges the remaining k � i balls in to the remaining n � i bins, with t w o

or more in eac h bin.

W e can no w calculate p

S j I

( s j i ) as follo ws

p

S j I

( s j i ) =

 

i

s

! 

K

s

!

s ! a

(2)

i � s;K � s

a

(1)

i;K

(4.64)
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The n umerator is deriv ed follo wing the same approac h as outlined ab o v e for the

deriv ation of Equation (4.63). The division b y a

(1)

i;K

, whic h is the total n um b er of

p ossible arrangemen ts of K balls in i bins, forms the probabilit y .

The �nal probabilit y to b e calculated, p

M j S;I

( m j s; i ) is found b y conditioning on the

n um b er of single user o ccupied frequencies that are n ulled b y noise, whic h o ccurs with

probabilit y p . Recall that w e set p suc h that it is also the probabilit y that a single

o ccupied frequency is activ ated.

Let the n um b er of n ulled frequencies b e b . If b frequencies out of the s singles are

n ulled, w e need to ha v e m � ( i � b ) inactiv e frequencies activ ated in order to observ e

m activ e frequencies at the output.

As in our deriv ation of the lo w er b ound, w e no w sum up the probabilit y of the error

ev en t just describ ed o v er all p ossible v alues of b .

p

M j S;I

( i j s; i ) =

min ( s;N � m )

X

b =max (0 ;i � m )

 

s

b

! 

N � i

m � i + b

!

p

m � i +2 b

(1 � p )

N � i + s � 2 b

(4.65)

In this expression,

�

s

b

�

c ho oses the n um b er of w a ys w e can select b out of s frequencies

to b e n ulled, and

�

N � i

m � i + b

�

c ho oses the n um b er of w a ys to select the remaining errors

from the N � i inactiv e frequencies. W e ha v e m � i + 2 b frequencies with errors, and

N � i + s � 2 b error free frequencies. Note that this is calculated b y considering that

the total set from whic h w e ma y c ho ose errors is not N , but N � i + s . This concludes

the calculation of H ( U ).

W e no w turn our e�orts to w ards �nding H ( U j X

K

). The only uncertain t y is due to

the noise, whic h is i.i.d. in eac h frequency .

H ( U j X

K

) = h ( p ) [ E

I

f N � i g + E

S

f s g ] : (4.66)

F rom (4.16) w e kno w that

E

I

f N � i g = N

�

1 �

1

N

�

K

: (4.67)
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W e can calculate E

S

f s g b y conditioning on I as follo ws

K

X

s =0

s

K

X

i =1

p

I

( i ) p

S j I

( s j i ) (4.68)

4.5 Un w an ted In terferers

Using similar ideas as in the previous section, it is p ossible to calculate the capacit y

of the c hannel in the presence of a �xed n um b er of in terfering users. This ma y also

b e used in determining the precise nature of the en tire capacit y region, since it is

expressions of this form that de�ne the corner p oin ts of the capacit y region p olytop e.

Using suc h a capacit y expression, w e can see the b ene�ts of not treating other users

as in terference.

The or em 4.7 (Undete cte d Interfer ers)

The capacit y of the K {user union c hannel of order N in the presence of L un w an ted

in terferers is giv en b y

C

i

= C

sum

( N ; K + L ) �

N � 1

X

e =0

p

E

( e ) log

�

N

e

�

p

E

( e )

; (4.69)

where

p

E

( e ) =

K

X

i =1

L

X

q = e

p

I

( i )

 

L

q

! 

N � i

e

!

i

( L � q )

N

L

a

(1)

e;q

; (4.70)

and p

I

( i ) is giv en in Equation (4.18).

Pr o of: Consider the case where w e ha v e the K {user union c hannel with L in terferers.

Let the output of this c hannel b e Y

I

. The capacit y is giv en, as b efore, b y

C

i

= H ( Y

I

) � H ( Y

I

j X

K

) : (4.71)
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Clearly , H ( Y

I

) is giv en b y the noiseless capacit y of the K + L {user union c hannel of

order N ,

H ( Y

I

) = C

sum

( N ; K + L ) : (4.72)

W e no w m ust �nd the conditional en trop y term. This is the uncertain t y in the output,

giv en the w an ted input. In this case, the only source of uncertain t y is the uncertain t y

in the n um b er of additionally activ ated frequencies. An in terferer transmitting on a

frequency already activ ated b y a w an ted user has no e�ect. Let E b e the random

v ariable whic h en umerates the n um b er of extra frequencies that are activ ated b y

in terferers.

p

E

( e ) = Pr ( j Y

I

j � j Y j = e ) ; (4.73)

then

H ( Y

I

j X

K

) = H ( E )

=

L

X

e =0

p

E

( e ) log

�

N

e

�

p

E

( e )

: (4.74)

Let Q b e the random v ariable whic h coun ts the n um b er of in terferers whic h do not

transmit on a frequency that is activ ated b y a w an ted user. W e can condition E on

I , the n um b er of frequencies that are activ ated b y users, and Q , and then form the

total probabilit y b y summing o v er the join t probabilit y

p

E

( e ) =

K

X

i =1

L

X

q = e

p

I

( i ) p

Q j I

( q j i ) p

E j Q;I

( e j q ; i ) : (4.75)

p

Q j I

( q j i ) is giv en b y

 

L

q

!

�

i

N

�

L � q

�

N � i

N

�

q

; (4.76)

whic h is the binomially distributed probabilit y that out of L in terferers, q transmit

on a fraction of i= N of the total a v ailable frequencies. The remaining conditional

probabilit y is giv en b y

p

E j Q;I

( e j q ; i ) =

 

N � i

e

!

a

(1)

e;q

( N � i )

q

; (4.77)
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since out of the N � i remaining frequencies, there are

�

N � i

e

�

w a ys to select whic h e fre-

quencies are activ e. F urthermore, since w e ha v e q e�ectiv e in terferers, the probabilit y

that they arrange themselv es in to a particular e frequencies is

a

(1)

e;q

( N � i )

q

.

4.6 Discussion

The b ounds on noisy capacit y for 9 dB and 12 dB signal-to-noise ratios are illustrated

in Figure 4.6 for a K -user union c hannel of order 16. Included in the �gure is the noise

free capacit y . It is apparen t that as the signal-to-noise ratio increases, the b ounds

b ecome tigh ter, whic h is to b e exp ected giv en the nature of the c hannels used to

calculate them. Also note that the b ounds are tigh ter when K is small compared

to N , whic h is due to the fact that m ultiple o ccupancy of frequencies b ecomes less

common, placing p closer to the true error probabilit y .

F or this sp eci�c case the capacit y for the optimal n um b er of users for the noise free

case, K = 11, drops from appro ximately 16 bits/use do wn to ab out 14.5 bits/use at

an SNR of 12 dB and to appro ximately 11 bits/use for 9dB.

Ho w do es the noise resistance of the union c hannel compare to (p oin t-to-p oin t) �xed

assignmen t sc hemes? Consider the follo wing simple sc heme. Let N users access the N

frequency c hannel in an FDMA arrangemen t, using on-o�-k eying on a single unique

frequency . Eac h user sees a binary symmetri c c hannel with error probabilit y p . The

sum capacit y of this c hannel is therefore N (1 � h ( p )).

Recall that for large n um b ers of users, Theorem 4.3 giv es the maxim um sum capacit y

of the union c hannel as N bits p er c hannel use, and Theorem 4.4 lo w er b ounds

the noisy capacit y b y C

sum

� N h ( p ) . Com bining these t w o results indicates that

the maxim um sum capacit y of a noisy N frequency union c hannel is lo w er b ounded

b y that of the simple �xed assignmen t sc heme. This indicates that com bining the

m ultiple access strategy and co ding in this w a y could increase the resistance to noise.

This is due to the fact that when t w o users collide on a frequency , there is less c hance

93



4.6 Discussion

0 2 4 6 8 10 12 14 16
0

2

4

6

8

10

12

14

16

Num b er of users, K

C
ap
ac
it

y

,

bi
ts

p

er

c

ha
nn
el

us
e

9dB

12dB

Noiseless

Figure 4.6: Bounds on capacit y in the presence of noise for 9dB and 12dB signal to

noise ratios.

that that frequency is n ulled. Figure 4.7 sho ws the b ounds of Theorem 4.4 (dashed)

and the b ound of Theorem 4.5 (solid) for 9dB and 12dB signal to noise ratios. F rom

this graph, w e can see that as the n um b er of users increases, the simpler lo w er b ound

b ecomes tigh ter.

The e�ect of in terferers is illustrated in Figure 4.8 for a K -user union c hannel of

order 16. The exact noise free capacit y is sho wn together with the capacit y for 1,

2, and 3 in terferers, resp ectiv ely . A t the optimal op erating p oin t for the noise free,

in terference free case, K = 11, the �gure suggests that the �rst in terferer degrades

the capacit y from 16 bits/use do wn to 12 bits/use and eac h additional in terferer will

diminish the capacit y b y 2 bits/use. Comparing to Figure 4.6 w e can see that the

presence of un w an ted in terferers has an e�ect similar to that of strong noise. A single

in terfering user pro vides an apparen t SNR of appro ximately 9 dB.
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Figure 4.7: Comparison of lo w er b ounds for 9dB and 12dB signal to noise ratios.

In this Chapter, w e ha v e prop osed a collision-t yp e m ultiple access strategy for the

mobile radio c hannel. Our con tributions include a closed form, limiti ng expression for

the noiseless capacit y , whic h yields the optimal op erating p oin t. W e ha v e also sho wn

that the maxim um capacit y of the c hannel is ac hiev ed b y this prop osed system. In ad-

dition, w e ha v e determined b ounds on the c hannel capacit y in the presence of thermal

noise, and ha v e found the c hannel capacit y in the presence of un w an ted in terferers.

In Chapter 5 w e shall presen t sim ulation results for the C-FSK c hannel.
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Figure 4.8: Capacit y of 16 frequency c hannel with 0, 1, 2 and 3 in terferers.
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Chapter 5

The Consensus Deco der

5.1 In tro duction

In Chapter 3, w e analysed sup erp osition co ding tec hniques for the m ultiple access

c hannel. These tec hniques require the users to structure their transmission in a

sp ecial w a y , in order for step{b y{step deco ding to tak e place. In this c hapter, w e

prop ose a no v el reduced complexit y , iterativ e deco der, { the Consensus deco der. In

con trast to RSMA, this deco der do es not require rate splitting of the users.

The consensus deco der consists of a separate deco der for eac h user. Eac h users' soft

information is directly shared with all other users at eac h iteration. It is this pro cess

of decision making through information sharing that yields the name of the Consensus

deco der. In Section 5.2 w e describ e the Consensus deco der in detail, and in Section 5.3

w e presen t sim ulation results for the C-FSK system describ ed in Chapter 4.

This w ork w as p erformed in collab oration with Christian Sc hlegel, Univ ersit y of T exas

at San An tonio, and w as presen ted in part at the 1995 IEEE Symp osium on Infor-

mation Theory , Whistler, Canada [91].



5.2 The Consensus Deco der

5.2 The Consensus Deco der

W e no w describ e the op eration of the Consensus deco der. A system diagram is sho wn

in Figure 5.1.
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Figure 5.1: The Consensus Deco der.

5.2.1 Enco ding

User k in tro duces redundancy in to its information stream, b y enco ding it with a rate

R

k

enco der. The co de is used in the deco ding pro cess in order to separate users, hence

eac h user requires a unique co de. W e shall not restrict the set of all co deb o oks to b e

uniquely deco deable, although the closer to uniquely deco deable that the co deb o oks

are, the b etter the p erformance will b e.

The co ded information is passed through a time in terlea v er b efore b eing transmitted.

This in terlea v er re-orders the co ded sym b ols randomly in time. This op eration reduces
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5.2 The Consensus Deco der

the time correlation of error ev en ts with resp ect to the other users. Hence eac h user

requires a di�eren t random in terlea v er.

5.2.2 Deco ding

The Consensus deco der consists of a separate deco der mo dule for eac h of the K

users. Eac h users' mo dule consists of a list deco der, whic h is used to generate a soft

output, and a sym b ol estimator whic h uses the soft output from all the other users to

pro duce a probabilit y w eigh ted list of c hannel estimates. The follo wing parameters

are fundamen tal to the Consensus deco ding pro cess:

� L , the length of the list output b y the list deco der.

� M , the n um b er of estimates pro duced b y the sym b ol estimator.

� I , the n um b er of iterations to p erform

W e shall restrict our discussion to one deco ding mo dule, sa y for user k , since the

pro cedure is iden tical for all mo dules.

5.2.2.1 List Deco der

F or the �rst iteration, the deco der for user k accepts no input from its sym b ol esti-

mator, since there are no previous estimates to consider. The list deco der outputs a

list of L p ossible co dew ords for eac h co dew ord in terv al, whic h w e shall represen t as a

v ector of estimates,

ŷ

k

= ( ^ y

k 1

; ^y

k 2

; : : : ; ^y

k L

) : (5.1)

Asso ciated with eac h co dew ord estimate in the list is a probabilit y , or con�dence

lev el, giving us for eac h in terv al a probabilit y v ector

p

k

= ( p

k 1

; p

k 2

; : : : ; p

k L

) ; (5.2)

Where p

k i

is the probabilit y that user k transmitted the co dew ord ^y

k i

, giv en the

c hannel observ ation, y .
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5.2 The Consensus Deco der

5.2.2.2 Sym b ol Estimator

F or the second, and subsequen t iterations, the list deco der tak es. as additional input,

information from the sym b ol estimator. The sym b ol estimator for user k tak es as

input the v ectors

ŷ

Kn k

= ^y

k

; 1 � i � K ; i 6= k

p

Kn k

= p

k

; 1 � i � K ; i 6= k ; (5.3)

pro duced b y the K � 1 other users in the previous iteration. The sym b ol estimator

then forms a list of the M most lik ely m ultiple access in terference estimates, ^ e

k

, with

asso ciated probabilities q

k

b y p erforming the c hannel op eration up on the M most

lik ely com binations of the K � 1 other users' co dew ords, taking only one elemen t

from eac h of the ^y

i

, 1 � i � K ; i 6= k whic h ma y b e ac hiev ed using a tree searc h.

5.2.2.3 Metric F orm ulation

The list deco der no w has a v ailable, at eac h iteration, c hannel estimates from the

previous iteration, whic h are used in impro ving the deco ding pro cess. This extra

information is incorp orated through the metric calculation as follo ws. The list deco der

for user k tak es the ^ e

k

and q

k

as a-priori probabilities for the in terference, giving the

conditional maxim um lik eliho o d metric as Pr ( y

i

j y ; ^e ), the probabilit y that y

i

w as

transmitted, giv en the c hannel output y , and the MAI estimate ^e . This metric is

formed b y summing conditionally o v er the v arious MAI estimates.

M

X

l =1

q

k l

Pr ( y

i

j y ; ^e

k l

) ; (5.4)

The list deco der outputs a new list using this deco ding metric, and w e con tin ue this

pro cedure for I iterations.
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5.3 Sim ulation Results

5.3 Sim ul ation Results

In order to test the e�ectiv eness of the Consensus deco der, w e ha v e p erformed com-

puter sim ulations of the C-FSK system. Hence this section also allo ws us to in v es-

tigate the union c hannel in further detail. First, w e m ust sp ecify the nature of the

sim ulations p erformed.

5.3.1 Sim ulation System

Figure 5.2 sho ws a blo c k diagram of the sim ulation, lab elled with all imp ortan t sim-

ulation parameters, whic h app ear as inputs to the corresp onding sim ulation blo c k.

Only one user is sho wn, and hence, the user subscript has b een dropp ed, for clarit y .

W e no w describ e eac h of the sim ulation blo c ks.
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Figure 5.2: C-FSK Consensus deco der sim ulation system.

Binary Source. The binary source generates, for eac h user, a stream of f 0 ; 1 g bits

from a uniform distribution.

Con v olutional Enco der. The binary data are enco ded using a randomly selected

feed-forw ard con v olutional co de of rate 1 = log

2

N . This rate is c hosen to fa-

cilitate mapping the co ded data frames on to the c hannel. In this w a y , one

co dew ord frame can b e represen ted b y a single frequency . F or the sim ulation,

a binary mapping w as used, for example, the co dew ord frame 0110 w ould b e

represen ted b y frequency f

6

in an N = 16 system. Accordingly , the n um b er of

frequencies w as restricted to b e a p o w er of t w o.
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5.3 Sim ulation Results

The taps for the con v olutional co des are randomly selected according to the

follo wing rule. Figure 5.3, illustrates this for a rate 1 = 2 co de. The �rst and last

taps, g

i 0

and g

i�

, for shift register i , are c hosen to b e 1. The remaining taps

are selected to b e zero or one, with equal probabilit y . The parameter � is the

constrain t length of the co de.
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Figure 5.3: F eed-forw ard con v olutional enco der.

In terlea v er. The enco ded data (c hannel sym b ols) are then in terlea v ed in time, as

describ ed in Section 5.2.1.

Mo dulator. The input to the mo dulator is a stream of n um b ers, in the range

1 ; 2 ; : : : ; N , represen ting whic h frequency is to b e activ ated at this sym b ol

in terv al. The mo dulator for user k outputs a signal space (t w o dimensional)
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5.3 Sim ulation Results

represen tation, s

k

for the required frequency , with p o w er P

k

and a phase �

k

,

selected with uniform distribution from [0 ; 2 � ] . Hence for eac h sym b ol in terv al,

the mo dulator output is represen ted b y a v ector,

s

k

= ( s

k 1

; s

k 2

)

=

�

q

P

k

cos �

k

;

q

P

k

sin �

k

�

: (5.5)

Asso ciated with this v ector is a scalar whic h iden ti�es the frequency , i

k

2

f 1 ; 2 ; : : : ; N g .

Channel. The c hannel coheren tly adds the signals for eac h frequency , and in tro-

duces Gaussian noise, of v ariance �

2

= 2 in eac h dimension, z = ( z

1

; z

2

). Energy

detection is then p erformed on eac h frequency . A frequency is output as activ e,

if the length of the resulting v ector is greater than � . That is, for frequency i ,

the c hannel p erforms

f

i

=

8

<

:

0 if

�

P

f k : i

k

= i g

s

k 1

+ z

1

�

2

+

�

P

f k : i

k

= i g

s

k 2

+ z

2

�

2

< �

2

1 otherwise

(5.6)

Deco ding. Consensus deco ding, as previously describ ed is p erformed on the receiv ed

c hannel data. F or the purp oses of sim ulation, an m -algorithm is used to pro vide

the list of L sequences. The maxim um lik eliho o d branc h metric is v ery complex,

hence a reduced complexit y \consistency c hec k" is used. Let m ( b; ^e

k l

) b e the

branc h metric, conditional on a particular MAI estimate, ^ e

k l

, and where b is the

h yp othesised sym b ol (branc h lab el). W e no w consider the follo wing t w o cases:

1. f

b

= 0. In this case, m ( b; ^e

k l

) = p= N , to accoun t for the probabilit y that

the user transmitted on this frequency , but w as n ulled. Recall that p is

the probabilit y that a singly o ccupied frequency is incorrectly detected.

2. f

b

= 1. W e no w m ust tak e in to accoun t the MAI estimate. Let a b e

the n um b er of frequencies that are activ e in ^e

k l

, that is the n um b er of
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frequencies \claimed" b y the other users. Then w e ha v e

m ( b; ^e

k l

) =

8

>

>

<

>

>

:

q

k l

N

if a = N , (no unaccoun ted for frequencies),

q

k l

N � a

if a < N and f

b

is not activ e in ^e

k l

,

1

N

otherwise.

(5.7)

In this w a y , the metric is biased to w ards activ e frequencies that are not

claimed b y ^e

k l

.

5.3.2 Noiseless Sim ulations

In order to in v estigate the e�ectiv eness of the consensus deco der on the union c hannel,

and to examine some of the prop erties of the consensus deco der, w e ha v e sim ulated

a noise-free C-FSK system. This is ac hiev ed b y setting �

2

= 0 and � = 0.

It is of great in terest to determine the system p erformance as a function of the n um b er

of users, and of the n um b er of iterations used in the Consensus deco ding pro cess. The

sim ulation parameters are sho wn in T able 5.1. Figure 5.4 sho ws the results of this

P arameter V alue

Channel Noise free union c hannel

Num b er of users, K 1 ; 2 ; : : : ; 11

Num b er of frequencies, N 16

Constrain t length 5

List size, L 32

Num b er of MAI estimates, M 10

Num b er of iterations, I 1 ; 2 ; 3 ; 4

T able 5.1: P arameters for noiseless union c hannel sim ulation.

sim ulation. F rom this graph, w e can see that most of the gain in p erformance is to

b e found in the second iteration (a single round of information sw apping). F urther

impro v em en t is seen for I = 3, but after this, the gain is marginal. Also, w e note

that increasing the n um b er of iterations has less e�ect when the system is less hea vily

loaded.
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5.3 Sim ulation Results

In order to some w a y quan tify the p erformance, w e see from the �gure that at an error

rate of 10

� 3

, appro ximately 9 users ma y b e supp orted b y this 16 frequency system

1

.

This is a total throughput of 9 bits/c hannel use.
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Figure 5.4: Sim ulated bit error rate v ersus n um b er of users.

5.3.3 Additiv e White Gaussian Noise

T able 5.2 sho ws the sim ulation parameters used for the sim ulation of the C-FSK

system in the presence of additiv e white Gaussian noise. Most notably , the n um b er

of paths k ept in the m -algorithm is increased, in order to pro vide su�cien tly small

probabilit y of path loss, due to the noise. The sim ulation w as p erformed for the equal

p o w er case, whic h creates the w orst case scenario in terms of signal cancellation due

1

Recall that randomly selected con v olutional co des are used. This ra w error rate could b e im-

pro v ed b y using a high rate error correction co de with a single user deco der for eac h user, in

concatenation with the Consensus system.
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P arameter V alue

Channel A W GN

Num b er of users, K 4

Num b er of frequencies, N 8

Constrain t length 12

List size, L 512

Num b er of MAI estimates, M 10

Num b er of iterations, I 1 ; 2 ; 3 ; 4

T able 5.2: P arameters for A W GN C-FSK sim ulation.

to the random phases of eac h user. The signal to noise ratio, 
 has b een sp eci�ed as

total user p o w er p er information bit divided b y the total noise p o w er,


 =

P

K

k =1

P

k

N �

2

(5.8)

T able 5.3 sho ws the energy detection thresholds that w ere used in the A W GN sim u-

lations. Note that c hannel capacit y is at appro ximately 
 = 5dB. Figure 5.5 sho ws

the results of this sim ulation.

5.3.4 Ra yleigh F ading

One of the strong motiv ations for considering the union c hannel mo del w as that w e

susp ect some resistance to fading. In order to test this h yp othesis, W e ha v e sim ulated

the p erformance of the consensus deco der on the C-FSK c hannel, under Ra yleigh

fading conditions.

This sim ulation w as p erformed as follo ws. Eac h user su�ers indep enden t fading,

where eac h of the N frequencies is assumed to fade indep enden tly . The fading a�ects

eac h user m ultiplic ativ e ly .

s

k

= ( s

k 1

; s

k 2

)

=

�

�

q

P

k

cos �

k

; �

q

P

k

sin �

k

�

: (5.9)
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 dB �

2

p

5 .48 .079

6 .433 .056

7 .393 .037

8 .36 .025

9 .33 .018

10 .297 .015

11 .254 .012

12 .208 .011

13 .168 .010

14 .136 .009

15 .11 .008

16 .089 .007

17 .07 .006

T able 5.3: Detection thresholds used for A W GN sim ulations.

The parameter � is dra wn from a Ra yleigh distribution, with parameter �

�

= E f � g .

T able 5.4 sho ws the sim ulation parameters, and T able 5.5 sho ws the energy detection

thresholds that w ere used. Capacit y can b e calculated to b e at appro ximately 10 dB

for this fading c hannel. The sim ulation results are sho wn in Figure 5.6. Also sho wn

is the curv e for the same system parameters, but with no fading (A W GN only).

The fading parameter �

�

corresp onds to a 3dB reduction in the a v erage receiv ed

p o w er, E f �

2

P

k

g = P

k

= 2. F rom the graph, w e see a 4 dB degradation in p erformance,

indicating that the C-FSK consensus deco der system is resistan t to Ra yleigh fading,

since only a 1 dB additional loss is su�ered o v er what w ould b e exp ected b y decreasing

the a v erage signal p o w er b y 3 dB, and main taining an A W GN en vironmen t without

fading.
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Figure 5.5: Sim ulated bit error rate v ersus signal to noise ratio, A W GN c hannel.

5.3.5 Near-F ar Resistance

Figure 5.7 sho ws sim ulation results for a K = 4 user, N = 8 frequency system. The

p o w er, P

w eak

, of one user, termed the we ak user has b een v aried, while the total

p o w er, summed o v er the users has b een k ept constan t, and equal to 4. Hence when

P

w eak

= 1, w e ha v e the equal p o w er case.

The t w o pairs of curv es corresp ond to the 
 = 10dB and 
 = 17dB signal to noise

ratios. F or eac h pair of curv es, the dotted line represen ts the BER of the w eak user,

while the solid line traces the BER a v eraged o v er the three other users.

This graph con�rms that the C-FSK system is near-far resistan t. F or b oth curv es,

as the w eak user loses p o w er, the p erformance remains constan t, un til the w eak user

is no longer p o w erful enough to b e detected o v er the thermal noise. F or the 10 dB

curv e, this tak es place at P

w eak

� 0 : 8, and at P

w eak

� 0 : 2 for the 17 dB case. In fact,
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P arameter V alue

Channel Ra yleigh fading

F ading parameter, �

�

0.5

Num b er of users, K 4

Num b er of frequencies, N 8

Constrain t length 12

List size, L 512

Num b er of MAI estimates, M 10

Num b er of iterations, I 4

T able 5.4: P arameters for Ra yleigh fading C-FSK sim ulation.

SNR dB �

2

p

16 .0921 .078

17 .0771 .0665

18 .0644 .056

19 .0537 .0476

20 .0447 .04

T able 5.5: Detection thresholds used for Ra yleigh fading sim ulations.

as the p o w er of the w eak user is reduced, it is p ossible that the error rate decreases,

since it b ecomes less lik ely that the w eak user su�ers cancellations due to the random

phases of the users.

W e can also see from the �gure, for the 10 dB case, that as the w eak user decreases in

p o w er, and descends in to the noise, the remaining three users' p erformance increases.

This is due to the fact that the w eak user is no longer a�ecting the c hannel output,

an y more than the thermal noise w ould. This ho w ev er is not the case for the 17 dB

curv e, since at the p o w er lev els sim ulated, the incorrect decisions from the w eak user

still a�ect the other users adv ersely .
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Figure 5.6: Sim ulated bit error rate v ersus signal to noise ratio, fading c hannel.

5.4 Discussion

W e ha v e prop osed a new, iterativ e deco der for the partial co op eration m ultiple access

c hannel. The structure is attractiv e, since it consists of separate single user deco ders

for eac h user, whic h share soft information in eac h iteration.

Sim ulation results for the Consensus deco der on the C-FSK c hannel indicate that this

deco der p erforms w ell, and con�rms statemen ts made in Chapter 4, concerning the

near-far and fading resistance of the C-FSK system.

Of particular in terest is the graceful b eha viour in the case where one user's p o w er

is reduced. F or the lo w signal to noise ratio, this reduction in p o w er has no e�ect

up on the other users, and in fact impro v es their p erformance, irresp ectiv e of the bad

decisions passed on b y the w eak user. This w ould indicate that the C-FSK/Consensus

deco der system w ould b e suitable for implem en ti ng a soft hando v er strategy .

110



5.4 Discussion

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

10
-4

10
-3

10
-2

10
-1

W eak est user p o w er.

B
it

er
ro
r

ra
te
.


 = 10dB


 = 17dB

W eak user

W eak user

Av erage

Av erage

Figure 5.7: Sim ulated bit error rate v ersus w eak est user p o w er, A W GN c hannel.

Sim ulation results for the Ra yleigh fading c hannel sho w that only a small (1 dB)

additional loss is su�ered, when compared to a A W GN c hannel of equiv alen t a v erage

signal to total noise ratio.
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Chapter 6

CDMA Capacit y Issues

6.1 In tro duction

There has b een m uc h activit y recen tly in the �eld of co de division m ultiple access sys-

tem design. In particular, there has b een an emphasis on designing high-p erformance,

lo w-complexit y receiv ers. This has b een motiv ated b y the fact that m ultiple user infor-

mation theory promises increased capacit y , while spread sp ectrum tec hniques pro vide

w ell kno wn b ene�ts, suc h as soft capacit y , priv acy , and electro-magnetic compatibil-

it y . Design of go o d, lo w complexit y receiv ers is an imp ortan t task, but this is only

one part of an y comm unications system. What are the fundamen tal limitations of

suc h systems? What sort of p erformance impro v em e n t can b e exp ected through the

use of m ultiuser detection? Ho w complex m ust the systems b e? Ho w m uc h sp ectrum

spreading should b e used?

In this c hapter, w e shall review some results for single-user binary-input CDMA sys-

tems, whic h sho w that the optimal amoun t of spreading is in fact no spreading at

all. W e then discuss existing results concerning the partial co op eration case, with

an in�nite input alphab et. In this case, it is p ossible to design �xed spreading se-

quences with length as large as the n um b er of users, without an y rate p enalt y . The

main original con tribution of this c hapter is ho w ev er the in v estigation of the partial

co op eration c hannel, in whic h the spreading sequences are randomly selected, and



6.2 The Single User Case

are time v arying. W e shall sho w that asymptotically , there is again no rate p enalt y

su�ered if the n um b er of users is equal to, or larger than the sequence length. This

w ork will b e presen ted at the 1996 IEEE F ourth In ternational Symp osium on Spread

Sp ectrum T ec hniques and Applications, in Mainz, German y [92]. Some of the results

in this c hapter w ere also presen ted at the 1994 Symp osium on Information Theory

and its Applications, Sydney , Australia [93], the 2nd Bi{ann ual In ternational Confer-

ence on Mobile and P ersonal Comm unications Systems, Adelaide, Australia [94], and

at the 1995 Sixth IEEE In ternational Symp osium on P ersonal, Indo or and Mobile

Radio Comm unicati ons, in T oron to, Canada [95]. This w ork b ene�ted greatly from

collab oration with P aul Alexander, from the Univ ersit y of South Australia.

6.2 The Single User Case

The co de division m ultiple access c hannel with no co op eration w as studied b y Hui

[26, 76]. W e shall brie
y review and discuss his results, whic h w e shall �nd to b e an

in teresting con trast to our no v el results for the partial co op eration c hannel.

Of in terest throughout the c hapter will b e the spreading factor, de�ned as follo ws.

De�nition 6.1 (Spr e ading F actor)

De�ne the spreading factor,

� =

L

K

(c hips p er user) ;

to b e the ratio of the length of the spreading sequences, L , to the n um b er of users,

K .

Hui considers the binary input, c hip async hronous CDMA c hannel, and uses a Gaus-

sian appro ximation for the in terference su�ered b y eac h user. Eac h user has the same

a v erage input energy constrain t, and a matc hed �lter receiv er is assumed.

The sum capacit y of this c hannel, normalised to bits p er c hip is giv en b y

C

s

( � ) = �

1

2 �

log

2

2 � e �

1

�

Z

1

�1

P ( y ) log

2

P ( y ) dy ; (6.1)
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where

P ( y ) =

1

2

p

2 �

�

exp

�

� ( y �

q

� )

2

= 2

�

+ exp

�

� ( y +

q

� )

2

= 2

��

: (6.2)

This is a monotonically decreasing function of � . As the spreading factor b ecomes

large, (v ery long sequences), the capacit y con v erges to the function 1 =� :

lim

� !1

� C

s

( � ) = 1 :

If w e ho w ev er reduce the relativ e amoun t of spreading, w e �nd a hard upp er limit on

the sum capacit y .

lim

� ! 0

C

s

( � ) =

1

2

log

2

e � 0 : 72 :

F or our curren t purp oses, w e shall no w defy the section heading, and in tro duce t w o

simple upp er b ounds on the capacit y of binary input CDMA with partial co op eration.

L emma 6.1

The sum capacit y, of the partial co op eration CDMA c hannel is b ounded b y

C

p

( � ) �

8

<

:

1

�

; � � 0

1

2

log

2

� e

2 �

; 0 � � � 1 :

(6.3)

Pr o of: The �rst b ound is simply due to the cardinalit y of the input alphab et. F or

the second b ound, w e set L = 1, since spreading cannot increase capacit y , and note

that the resultan t c hannel is equiv alen t to a K -BA C. The result no w follo ws directly

from (2.12).

The single user capacit y , due to Hui, and our upp er b ound on the partial co op eration

capacit y are sho wn in Figure 6.1, for 0 � � � 8.

W e can no w mak e the follo wing observ ations. Firstly , for large spreading factors,

there is no capacit y gain to b e enjo y ed through the use of partial co op eration. In this

region, the spreading sequences are so long that ev en for randomly selected sequences,

there is v ery little correlation b et w een the users. Hence the extra complexit y usually

accompan ying join t deco ding w ould �nd scarce justi�cation. A t the other end of the
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Figure 6.1: Single user CDMA capacit y compared to b ounds on partial co op eration

capacit y .

picture ho w ev er, w e �nd that although the capacit y of the single user system has a

�xed limit, the partial co op eration sum capacit y is prop ortional to log K . W e note

ho w ev er, that in b oth cases, the highest capacit y is to b e found b y minim ising the

spreading sequence length, i.e. use the a v ailable bandwidth for error con trol co ding

instead.

The restriction to a binary input alphab et of course ma y b e considered arti�cial.

In the next section w e consider the partial co op eration case, with an in�nite input

alphab et.
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6.3 Time-In v arian t CDMA

6.3 Time-In v arian t CDMA

What is the relationship b et w een spreading and co ding, for the CDMA c hannel with

partial co op eration, and in�nite input alphab et? This question w as partially ad-

dressed b y Rupf and Massey [74, 96]. They consider the case when the spreading

sequences are �xed for all time. W e shall refer to this as the time-in v arian t c han-

nel. The sync hronous CDMA c hannel mo del that w e shall use w as in tro duced in

Section 2.3. F or the time-in v arian t case, w e do not allo w S to c hange with time.

If one is at lib ert y to design the users' spreading sequences, then it ma y b e of in terest

to use the sequences that result in the highest sum capacit y , when these sequences are

considered part of the c hannel. In this w a y , the use of spreading w ould place minim al

fundamen tal constrain ts on transmission rate. The follo wing theorem [33, 74], yields

the sum capacit y .

The or em 6.1 (Cap acity of Time-Invariant Synchr onous CDMA)

The sum capacit y of the time-in v arian t CDMA c hannel (see Figure 2.10) is giv en b y

K

X

k =1

R

k

< C

sum

( S ) =

1

L

log

�

�

�

�

I +

1

�

2

S W S

>

�

�

�

�

; (6.4)

where W is a diagonal matrix, whose elemen t s are the individual users' energies,

W = diag ( w

1

; w

2

; : : : ; w

K

) and j�j denotes the determinan t.

In our o wn analysis, w e shall need to b e able to express the capacit y of the time-

in v arian t c hannel in terms of the eigen v alues of S W S

>

. The follo wing lemma yields

that whic h w e desire.

L emma 6.2

Let the L eigen v alues of S W S

>

b e �

l

; l = 1 ; 2 ; : : : ; L . Then the time-in v arian t sum

capacit y is giv en b y

C

sum

( S ) =

1

L

L

X

l =1

log

 

1 +

�

l

�

2

!

: (6.5)
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6.3 Time-In v arian t CDMA

Pr o of: This is a generalisation of Lemma 1 in [74], to the case where the w

k

are

di�eren t. The pro of is essen tially similar, but w e shall re-iterate it for completeness.

F or an arbitrary complex L � L matrix A , the determinan t, det A is equal to the

pro duct of its L eigen v alues, �

l

, l = 1 ; 2 ; : : : ; L [97, p. 332].

det A =

L

Y

l =1

�

l

: (6.6)

Also, for a p olynomial p ( A ), the L eigen v alues of p ( A ) are p ( �

l

), l = 1 ; 2 ; : : : ; L [98,

p. 661]

If w e let A = S W S

>

and p ( A ) = I + A =�

2

, and consider (6.4), the pro of is complete

As p oin ted out in [74], a trivial upp er b ound for this capacit y is the capacit y of the

c hannel with L = 1 (no spreading). This is equal to the sum capacit y of the K user

Gaussian m ultiple access c hannel with a v erage energy constrain t w

tot

. W e describ ed

this c hannel in Example 2.3, and the sum capacit y is giv en b y

C

GMA C

= log

�

1 +

w

tot

�

2

�

nats p er c hip : (6.7)

Rupf [96] and Rupf and Massey [74] further pro v ed that this upp er b ound ma y b e

ac hiev ed.

The or em 6.2 (Optimal Se quenc e Multisets for Time Invariant CDMA)

The GMA C upp er b ound on sum capacit y of a sync hronous CDMA c hannel, where

the users ha v e an equal a v erage input energy constrain t, i.e. W = w

c

I , is ac hiev ed

b y the use of sequence m ultisets that satisfy the W elc h lo w er b ound on total squared

correlation [99].

The W elc h lo w er b ound is satis�ed if the r ows of S are orthogonal. Recall that

the spreading sequences form the c olumns of S , hence it is not required that the

sequences themselv es b e orthogonal (a traditional goal of CDMA c hannel design). A
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6.4 Randomly Selected Time V arying Sequences

requiremen t for ro w orthogonalit y ho w ev er is that K � L , otherwise S will b e rank

de�cien t. Hence b y restricting the amoun t of spreading in this w a y , w e see that no

rate p enalt y need b e su�ered. This is in con trast to the single user random co de case,

where w e sa w that a rate p enalt y is su�ered for L � 1.

6.4 Randomly Selected Time V arying Sequences

W e ha v e already discussed the relationship b et w een spreading and co ding for single

user CDMA c hannels, and the Gaussian input, time in v arian t partial co op eration

CDMA c hannel. F or the latter case, w e ha v e seen that for K � L , a design criterion

exists for the sequence m ultisets, in order to ac hiev e the highest rates. What is the

e�ect ho w ev er, if w e allo w the sequences m ultisets to b e randomly selected, and to

b e time-v arying? In order to answ er this in teresting question, w e shall calculate tigh t

b ounds on the sum capacit y of the time-v arying random sequence CDMA c hannel.

W e are rew arded for our curiosit y when w e �nd that in fact there is asymptotically no

information rate p enalt y for K � L . In addition, w e shall gain some insigh t in to the

mathematical nature of randomly selected sequence m ultisets, as they p ertain to the

CDMA c hannel. In particular, w e shall dra w up on some existing results concerning

the sp ectral distributions of random co v ariance matrices.

6.4.1 Sp ectral Distributions of Random Co v ariance Matrices

Before pro ceeding with our capacit y calculations, w e shall in tro duce some p erhaps

unfamiliar concepts concerning the sp ectra of random matrices. First some de�ni-

tions.

De�nition 6.2 (Sp e ctrum of a Matrix)

F or a matrix A , the sp ectrum is de�ned as the set of eigen v alues of A . See for

example [97, p. 332].
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6.4 Randomly Selected Time V arying Sequences

De�nition 6.3 (Sp e ctr al Distribution)

The cum ulativ e distribution function, F

A

( x ) of the eigen v alues of a p � p matrix, A

is de�ned as

F

A

( x ) =

1

p

( n um b er of eigen v alues < x ) :

Let �

A

b e a randomly selected eigen v alue of A , then the follo wing de�nition is equiv-

alen t.

F

A

( x ) = Pr

�

�

A

< x

�

: (6.8)

F

A

( x ) is also called the sp ectral distribution of A . F or man y classes of random

matrices, the sp ectral distribution con v erges to a non-random limit as p ! 1 [100].

A co v ariance matrix of some arbitrary matrix, A , is giv en b y A A

>

. Considerable

literature exists concerning the determination of the sp ectral distribution of suc h

matrices, where A is randomly selected. Applications are mainly in the area of

quan tum ph ysics, and w e giv e here only the theorem whic h emp o w ers us to pro ceed.

The or em 6.3 (Sp e ctr al Distribution of a Covarianc e Matrix)

Let the empirical distribution of a randomly selected eigen v alue of

1

K

S S

>

b e denoted

^

F , and let � =

L

K

. If E

n

j S

ij

j

2+ �

o

< 1 for � > 0 then as L ! 1 , w e ha v e

^

F ( x ) ! F ( x ) ,

for ev ery x 2 R , where

d

dx

F ( x ) = f ( x ) =

8

<

:

p

( x � a ( � )) ( b ( � ) � x )

2 � � x

a ( � ) � x � b ( � )

0 otherwise

a ( � ) = (

q

� � 1)

2

b ( � ) = (

q

� + 1)

2

Pr o of: This result is giv en for v arious conditions and t yp es of matrices S in [100{

103].
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6.4 Randomly Selected Time V arying Sequences

6.4.2 Tigh t Bounds on Capacit y

With the preceding brief in tro duction to sp ectral distributions of large random co-

v ariance matrices, w e can no w push ahead with the calculation of b ounds for the sum

capacit y of a sync hronous CDMA c hannel in whic h the spreading sequence m ultiset,

S [ i ] c hanges randomly with the time index, i , in a fashion kno wn to the receiv er. W e

shall denote this capacit y as C

r

.

The sum capacit y C

r

ma y b e expressed as follo ws, using (2.8) and conditioning ex-

plicitly on S , since it is kno wn at the receiv er.

C

r

= I ( X ; Y j S )

=

X

S

Pr( S = s ) I ( X ; Y j S = s )

= E

S

f C

sum

( S ) g :

This is the exp ected v alue of the sum capacit y (6.4) o v er the ensem ble of randomly

selected spreading sequences. Using Lemma 6.2, w e ha v e our main expression from

whic h w e shall deriv e our b ounds,

C

r

=

1

L

L

X

l =1

E

S

(

log

 

1 +

�

l

�

2

!)

: (6.9)

Sequence m ultisets shall b e randomly selected as follo ws. F or eac h sym b ol in terv al

i , let S [ i ] b e a L � K matrix, whose elemen ts, S

ij

, i = 1 ; 2 ; : : : ; L , j = 1 ; 2 ; : : : ; K

are selected i.i.d. from an arbitrary distribution, whic h tak es as its supp ort the real

n um b ers, R , and p ossesses zero mean and unit v ariance, and �nite higher momen ts.

The b ounds on (6.9) that w e shall deriv e do not come easily , but there is a certain

elegance to rew ard the reader who p ersists. T o p erhaps facilitate understanding, w e

use a series of lemmas, from whic h w e shall b e able to infer our main result.

L emma 6.3

The matrices S W S

>

and

w

tot

K

S S

>

p ossess the same sp ectral distribution. W e denote

this relationship b y

S W S

>

�

�

w

tot

K

S S

>

(6.10)
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This is equiv alen t to the follo wing. Let � b e a randomly selected eigen v alue of S W S

>

and let �

0

b e a randomly selected eigen v alue of

w

tot

K

S S

>

. Then � and �

0

ha v e the same

distribution, i.e. for all v alues of x , w e ha v e Pr( � < x ) = Pr( �

0

< x ) .

Pr o of: Let P b e a ro w p erm utation of I

K � K

, the K b y K iden tit y matrix. Then

P W P

>

will still b e diagonal, with eac h of the w

k

app earing exactly once, i.e. a re-

arrangemen t along the diagonal of W . No w consider the matrix pro duct, S P W P

>

S

>

.

If w e de�ne S

0

= S P , whic h is a column p erm utation of S , then the pro duct can b e

written as

S P W P

>

S

>

= S

0

W S

0

>

: (6.11)

And since S

0

is a random matrix c hosen according to the same rule as S , it is clear

that, indep enden t of P ,

S P W P

>

S

>

�

� S W S

>

: (6.12)

Hence w e can tak e the exp ected v alue o v er all v alues of P , without c hanging the

distribution. Starting from (6.12) w e can therefore write

S W S

>

�

� S P W P

>

S

>

�

� E

P

f S P W P

>

S

>

g ;

and since S is selected indep enden tly from P ,

S W S

>

�

� S E

P

f P W P

>

g S

>

�

�

w

tot

K

S S

>

;

since E

P

f P W P

>

g =

w

tot

K

I . This concludes the pro of.

L emma 6.4

C

r

=

Z

x

log (1 +

w

tot

�

2

x ) dF ( x ) (6.13)

where F ( x ) is the sp ectral distribution of the matrix

1

K

S S

>

.
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Pr o of: Let the marginal probabilit y densit y functions of the L eigen v alues of S W S

>

b e f

l

( x ), l = 1 ; 2 ; : : : ; L . F rom (6.9) w e ha v e

C

r

=

1

L

L

X

l =1

E

S

(

log

 

1 +

�

l

�

2

!)

=

1

L

L

X

l =1

Z

x

log (1 +

x

�

2

) f

l

( x ) dx:

In terc hanging the order of in tegration and summation yields

C

r

=

Z

x

log (1 +

x

�

2

)

L

X

l =1

1

L

f

l

( x ) dx

Note that

1

L

P

L

l =1

f

l

( x ) is simply the de�nition of the probabilit y densit y of a randomly

selected eigen v alue of S W S

>

, b eing an equal mixture of the individual densities. Also

recall that the sp ectral distribution of a matrix can b e de�ned as the distribution of

a randomly selected eigen v alue, and b y Lemma 6.3 w e kno w that S W S

>

�

w

tot

K

S S

>

.

F rom these facts, w e �nally ha v e our result.

L emma 6.5

Let f ( x ) b e a con v ex \ function

1

, then for an y �nite real n um b er � x � 0 , the

follo wing are tigh t b ounds on f ( x + � x ) as x ! 1 .

f ( x ) + � xf

0

( x + � x ) � f ( x + � x ) � f ( x ) + � xf

0

( x )

Pr o of: First w e pro v e the upp er b ound. It is a prop ert y of con v ex \ functions

that f

00

( x ) � 0, hence an y tangen t to the function meets the curv e at only one

p oin t, and is ev erywhere else greater than the function. With reference to Figure 6.2,

the p oin t ( x + � x; f ( x ) + � xf

0

( x )) lies on the tangen t line AB to the curv e at x .

Hence f ( x + � x ) � f ( x ) + � xf

0

( x ). T o obtain the lo w er b ound, construct the line

C D , with slop e f

0

( x + � x ), in tersecting the curv e at the p oin t ( x; f ( x )). Hence the

p oin t ( x + � x; f ( x ) + � xf

0

( x + � x )) , lies on C D , and the b ound follo ws from the

con v exit y of f .

1

A con v ex \ function satis�es, for an y x

1

and x

2

within the region of con v exit y , f ( �x

1

+ (1 �

� ) x

2

) � �f ( x

1

) + (1 � � ) f ( x

2

), for an y 0 � � � 1.

122



6.4 Randomly Selected Time V arying Sequences

�

f ( x )

�

f ( x ) + � xf

0

( x + � x )

�

f ( x ) + � xf

0

( x )

�

f ( x + � x )

A

B

C

D

Figure 6.2: Deriv ation of b ounds to log x .

L emma 6.6

Z

b

a

q

( x � a )( b � x )

x

dx =

�

2

(

p

a �

p

b )

2

Pr o of:

Z

b

a

p

�

x

dx =

p

� j

b

a

� ab

Z

b

a

dx

x

p

�

+

a + b

2

Z

b

a

dx

p

�

(6.14)

= �

p

ab arcsin

( a + b ) x � 2 ab

x ( b � a )

�

�

�

�

�

b

a

�

a + b

2

arcsin

a + b � 2 x

b � a

�

�

�

�

�

b

a

(6.15)

= �

 

a + b

2

�

p

ab

!

; (6.16)

where (6.14) is from [90], (6.15) results from noting that � v anishes for x = a and

x = b , and ev aluating the remaining in tegrals, again from [90]. Finally (6.16) yields

the desired result after simple manipulation.
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L emma 6.7

Z

b

a

q

( x � a )( b � x )

x

2

dx =

�

2

(

p

a +

p

b )

2

p

ab

: (6.17)

Pr o of: Using similar manipulations to those in the pro of of the previous lemm a, w e

�nd

Z

b

a

p

�

x

2

dx = �

p

�

x

�

�

�

�

�

b

a

+

a + b

2

Z

b

a

dx

x

p

�

�

Z

b

a

dx

p

�

=

a + b

2

p

ab

arcsin

( a + b ) x � 2 ab

x ( b � a )

�

�

�

�

�

b

a

� arcsin

a + b � 2 x

b � a

�

�

�

�

�

b

a

= �

a + b

2

p

ab

+ � :

With these lemmas in our rep ertoire, w e are no w w ell p ositioned to �nd the b ound

whic h w e seek. De�ne the com bined signal to noise ratio of the users, 
 as


 =

w

tot

�

2

:

Using Lemma 6.4 and Theorem 6.3, w e can no w pro ceed to calculate the in tegral.

C

r

=

Z

x

log (1 + 
 x ) dF ( x )

=

Z

b ( � )

a ( � )

log (1 + 
 x )

q

( x � a ( � )) ( b ( � ) � x )

2 � � x

dx (6.18)

This ma y b e tigh tly lo w er b ounded using Lemma 6.5,

C

r

�

Z

b ( � )

a ( � )

 

log 
 + log x +

1

1 + 
 x

!

q

( x � a ( � )) ( b ( � ) � x )

2 � � x

dx: (6.19)

The b ound, is tigh t in the limit as 
 x ! 1 . W e no w ev aluate the v arious terms in

the in tegral. Let � = ( x � a ( � )) ( b ( � ) � x ).

Consider the �rst term of (6.19), whic h is equal to

log 


2 � �

Z

b ( � )

a ( � )

p

�

x

dx = log 
 : (6.20)
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since the in tegration is o v er the en tire densit y function. The second term is ev aluated

in [101] as

1

2 � �

Z

b ( � )

a ( � )

log x

x

p

� dx =

1 � �

�

log

1

1 � �

� 1 : (6.21)

Finally w e m ust ev aluate

1

2 � �

Z

b ( � )

a ( � )

1

x (1 + 
 x )

p

� dx;

whic h, b y p erforming a partial fraction expansion of the in tegrand is equiv alen t to

1

2 � �

Z

b ( � )

a ( � )

 

1

x

�




1 + 
 x

!

p

� dx = 1 �

1

2 � �

Z

B ( � )

A ( � )

q

( u � A ( � ))( B ( � ) � u )

u

du;

(6.22)

where w e ha v e made the substitution u = 
 x + 1,

A ( � ) = 1 + 
 a ( � )

B ( � ) = 1 + 
 b ( � ) :

In v oking Lemma 6.6 on (6.22), w e ha v e

1

2 � �

Z

b ( � )

a ( � )

1

x (1 + 
 x )

p

� dx =

1 �

1

2 � 


�

1 + 
 (1 + � ) �

q

1 + 2 
 (1 + � ) + 


2

(1 � � )

2

�

:

Com bining (6.20), (6.21) and(6.23) giv es the lo w er b ound in the follo wing theorem.

The upp er b ound is found in a similar fashion, using the upp er b ound in Lemma 6.5

to b ound (6.18), whic h requires Lemma 6.7 for ev aluation.

The or em 6.4 (Tight Bounds on Cap acity)

The capacit y of the random sequence time-v arying CDMA c hannel is b ounded

C

r

� log 
 +

1 � �

�

log

1
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�

1
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�
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q
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2
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2

�
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� log 
 +

1 � �

�

log

1

1 � �

� 1 +

1


 (1 � � )
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6.4 Randomly Selected Time V arying Sequences

F or large systems ( 
 ! 1 ) ho w ev er, note that for a particular x , Lemma 6.5 giv es

lim


 !1

[ log (1 + 
 x ) � log ( 
 x )] = 0 :

Whic h yields the follo wing limit theorem

The or em 6.5 (Limiting Cap acity)

F or large systems (man y users) or for high signal-to-noise ratios, the capacit y of a

direct-sequence CDMA c hannel is giv en b y .

lim


 !1

C

r

= log

w

tot

�

2

+

K � L

L

log

K

K � L

� 1 ; K � L: (6.23)

Cor ol lary 6.1 F or large systems,

L

K

! 0 , C

r

ac hiev es the upp er b ound of (6.7). This

implies that the use of randomly selected, time v arying sequence m ultisets incurs no

inheren t rate p enalt y .

T o b e more precise, w e ha v e that

lim


 !1

C

GMA C

� C

r

=

8

<

:

0

L

K

! 0 ;

1

L

K

! 1 :

(6.24)

In fact, this di�erence, C

GMA C

� C

r

increases monotonically b et w een 0 and 1 , as

� ! 1 . This giv es the result that the p enalt y for using randomly selected spreading

co des in large systems is at most 1 nat, and v anishes, as the ratio

L

K

decreases. F or

the equal p o w er case, the p enalt y , relativ e to the sum capacit y v anishes with log K .

Pr o of: First note that lim


 !1

log (1 + 
 ) � log 
 = 0, and use L'H^ opital's rule for

indeterminate limits of the form

0

0

to �nd

lim

� ! 0

1 � �

�

log

1

1 � �

= 1 ;

lim

� ! 1

1 � �

�

log

1

1 � �

= 0 :

The monotonicit y of the di�erence ma y b e seen from the fact that

d

d�

1 � �

�

log

1

1 � �

=

� + log (1 � � )

�

2

;

� 0 ;

since � + log (1 � � ) � 0, 0 � � � 1.
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6.5 Discussion

In addition, w e can mak e a statemen t regarding the distribution of the c hannel ca-

pacit y o v er the ensem ble of randomly selected sequence m ultisets.

Cor ol lary 6.2 F or large systems, � ! 0 , a randomly selected sequence m ultiset is

essen tially optimal in terms of a�ording the highest p ossible capacit y . This w as also

sho wn b y the author using a di�eren t tec hnique in [95].

Pr o of: The v ariance of the capacit y v anishes with � ,

lim

� ! 0

v ar f C ( S ) g = 0 ; (6.25)

a fact whic h ma y b e seen as follo ws. The cen tral limit theorem for random determi-

nan ts [104] giv es the result that

Pr

0

@

C ( S ) � C

r

q

v ar f C ( S ) g

< x

1

A

<

1

2 �

Z

x

�1

e

� x

2

= 2

; (6.26)

that is, the standardised capacit y is normally distributed, N (0 ; 1). Since w e are

forcing the mean to the maxim um p ossible capacit y , a su�cien t condition for the

v ariance to v anish is the symmetric nature of the distribution.

6.5 Discussion

Using an information theoretic approac h, w e ha v e assessed the impact on sum capacit y

of using random spreading sequences in a m ultiuser CDMA comm unications system.

W e ha v e found that although there is an inheren t loss due to the spreading, this loss

rapidly v anishes for systems where the n um b er of users is large compared with the

spreading co de length. If for some reason more spreading is desired, then spreading

sequences of length up to K ma y b e used with a maxim um loss of 1 nat in the sum

capacit y . Since this loss is shared o v er K users, it b ecomes negligible as the system

b ecomes large.
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6.5 Discussion

Our result is an extension of the w ork of Rupf and Massey , who found the nature of

sequences whic h maximise capacit y . It is striking that using randomly-selected, time-

v arying sequences, w e ac hiev e the same maxim um as a system in whic h the sequences

ha v e b een optimised. In addition, our result is v alid for the unequal p o w er case. This

is in con trast to the �xed sequence case, where it is in general hard to �nd the optimal

sequences [74].

W e can also con trast with single user CDMA systems, whic h do not emplo y join t

deco ding. In this case it has b een traditionally desirable for the users' sequences to

b e as orthogonal as p ossible. Ho w ev er, if error con trol co ding is used, it is desirable to

use completely correlated sequences of length 1. The partial co op eration systems can

ho w ev er tak e adv an tage of the L = K c hips of spreading that are a v ailable without

capacit y decrease, for either the �xed sequence, or random, time-v arying case. The

use of suc h spreading sequences can b e view ed as a con v enien t \outer co de", with

a simple deco der (matc hed �lter), whic h p erhaps facilitates the design of the join tly

deco ded \inner co de". This w ould certainly b e the case if the RSMA sc hemes of

Chapter 3 are to b e used, since the use of the K c hip spreading sequences ha v e the

e�ect of reducing the MAI, whic h in turn reduces the n um b er of errors required to

b e corrected b y eac h single user co de, th us reducing o v erall complexit y .

128



Chapter 7

Conclusion

Throughout our dissertation, w e ha v e addressed sev eral problems asso ciated with

co ded transmission o v er the m ultiple access c hannel with partial co op eration. As

describ ed in Chapter 2, w e ha v e categorised our w ork according to the divisions of

m ultiple user information theory , collision resolution, and spread sp ectrum. W e shall

no w summarise our main original con tributions.

In Chapter 3 w e addressed the di�cult problem of co ding for the m ultiple access

c hannel, with partial co op eration, in the absence of frame sync hronisation. Using

an information theoretic approac h, w e ha v e sho wn that the particular tec hnique of

sup erp osition co ding ma y b e used to ac hiev e an y rate p oin t in the capacit y region of a

K user m ultiple access c hannel, without requiring time sharing b et w een v ertices, and

with at most 2 K � 1 successiv e cancellation steps. This is in con trast to join t deco ding

of a randomly selected set of K co des, whose complexit y increases exp onen tially with

the n um b er of users.

W e subsequen tly sho w ed that time sharing ma y indeed b e used to the same e�ect,

but, somewhat surprisingly , in an unco ordinated fashion. This tec hnique of unco ordi-

nated time sharing requires eac h transmitter to indep enden tly divide its information

stream randomly , but according to a �xed prop ortion, b et w een only t w o di�eren t rate

co deb o oks. In addition to remo ving the need for temp oral co op eration b et w een the

users, this tec hnique requires the receiv er to p ossess kno wledge of only 2 K � 1 co de-
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b o oks, instead of the K

2

that w ould b e required b y co ordinated time sharing b et w een

K v ertexes. W e also sho w ed via the use of random co ding error exp onen ts, that for

the t w o user binary adder c hannel, that unco ordinated time sharing should require

less deco ding complexit y than an y RSMA sc heme using letter-wise com bining.

The fundamen tal imp ortance of these results is that their application allo ws the prob-

lem of co ding for the K user m ultiple access c hannel to b e decomp osed in to only 2 K � 1

indep enden t single user co ding problems, whic h are, and will alw a ys b e, m uc h b etter

understo o d than their m ultiuser coun terparts. It w ould b e of further researc h in terest

to in v estigate the practicalities of using suc h tec hniques, under more realistic c hannel

assumptions.

Retaining an information theoretic approac h, in Chapter 4 w e considered a collision

t yp e m ultiple access system. Accordingly , the emphasis w as placed on using error con-

trol co ding to resolv e collisions, rather than discarding information that has su�ered

a collision due to sim ultaneous c hannel access. The particular system in v estigated

w as C-FSK, whic h w e mo delled mathematicall y b y the union c hannel. W e found, via

a closed form tigh t appro ximation that com bining the m ultiple accessing and error

con trol co ding results in the highest p ossible capacit y for the c hannel. In addition,

w e found tigh t upp er and lo w er b ounds for the c hannel in the presence of additiv e

white Gaussian noise. F rom these b ounds w e determined that the noisy capacit y

w as lo w er b ounded b y that of an equiv alen t �xed c hannel assignmen t sc heme. W e

also determined the e�ect of undetected in terferers on the c hannel, whic h w ere found

to ha v e an e�ect similar to that of strong noise. Numerical results, in the form of

computer sim ulations formed part of the follo wing c hapter.

In Chapter 5 w e prop osed a new iterativ e m ultiple user deco der structure, the Con-

sensus deco der. This lo w complexit y deco der has the adv an tage of a mo dular con-

struction, in that eac h user is deco ded separately , and the resulting soft information is

subsequen tly shared among all the other users, in order to impro v e their p erformance,

on the next iteration. Sim ulation results for the C-FSK system ha v e sho wn this struc-

ture to b e e�ectiv e in reducing m ultiple access in terference. These sim ulation ha v e
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7. Conclusion

also demonstrated the e�ectiv eness of the C-FSK system in com bating the near-far

problem. W e observ ed that the system b eha v ed gracefully in the case of one user with

ev er decreasing p o w er, indicating that soft hando v er could b e readily incorp orated in

this system. Sim ulations also sho w ed that the system pro vides resistance to fading,

with only a 1 dB loss in p erformance, when compared to the A W GN case with equal

a v erage p o w er.

Co de division m ultiple access formed the basis of our study in Chapter 6. In this

c hapter, w e examined the e�ect of spreading sequence length and selection up on the

capacit y of the c hannel, using the prop erties of large random matrices. Our main re-

sult b eing that the use of randomly selected, time v arying spreading sequences results

asymptotically in no loss in capacit y , when compared to completely co ordinated use

of the c hannel. This result applies only when the length of the spreading sequence,

in c hips is less than or equal to the n um b er of users in the system. This is in con trast

to a result for the CDMA c hannel with no co op eration, where maxim um capacit y is

to b e found when the spreading sequences are restricted to b e of length 1, whic h is

no spreading. This result indicates that the use of short spreading (rep etition) co des,

in conjunction with a more p o w erful error con trol co de system, for example RSMA

w ould b e a promising area of further researc h.
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