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Abstract— We proposea low complexity iterative multi user decoder. We
perform the multiuser a-posteriori probabilit y calculation based on the
marginalization of probabilities over a subsetof the P highestprobable se-
quences.Given a K user symmetric channel this list may be approximated
closely with per-bit computational complexity O

�
K � P � 2K logK � . We fur -

ther show that for any multiuser systempossessinga polynomial complex-
ity optimal detection algorithm it is possibleto obtain the P highest prob-
able sequences with polynomial complexity. We further show that for any
multiuser channel it is possible to obtain P highly probable sequences in
polynomial time and henceutiliz e the list detection procedure for iter ative
decoding.

I . INTRODUCTION

A code-division multiple-access(CDMA) systemwith chan-
nel coding may be viewed as a serially-concatenatedsystem
andmany iterative decodershave beenproposedfor thesesys-
tems[1], [2], [3]. Themaincontribution of this paperis anal-
gorithm thatapproximatesa-posteriori probability (APP)calcu-
lation with low complexity for symmetricCDMA channels(in
which all the cross-correlationsare identical). This algorithm
reduces therequiredcomplexity by finding a list of P sequences
with high a-posteriori probability andmarginalizing only over
this list. Numericalinvestigationshave shown thattypically the
sizeof thelist required is very smallcomparedto thetotal num-
berof sequences.For thesymmetricchannel, we givea polyno-
mial complexity algorithm for finding this list. We additionally
show how thisideamaybeappliedto any systemfor whichthere
existsa polynomialcomplexity optimaldetectionalgorithm and
alsothecaseof any multiuserchannel.
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Fig. 1. CodedCDMA Channel Model

With referenceto Fig. 1, eachuserk � 1 � 2 ��������� K encodes
theirbinary informationsequencebk usingarateR code� . Each
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Fig. 2. Iterative Receiver Structure

userindependently permutestheir encodedsequencec k with an
interleaver πk. We denotethe binary sequenceoutput from the
interleaver of userk asdk � i � , where i is thesymboltime. Trans-
missionis assumedtobesymbol-synchronous.Thereceivedsig-
nal in the i-th symbolduration is given by r � i ��� Ad � i � � n � i � ,
whereA is anN ! K realor complex matrix whoseunit energy
columns arethediscretesignature signalsak of theK users,d � i �
is a lengthK columnvectorwith elementsd j � i �#"%$'& 1 �(� 1 ) (for
binaryphase-shiftkeying) beingthe transmittedbinary symbol
for user j, andn � i � is a sampledcircularly symmetric complex
noisevectorwith covariancematrixE � nn *��+� σ2IK .

Fig. 2 shows an iterative decoder for this system. The mul-
tiuserAPP operateson a per-bit basis(ignoring constraintsim-
posedby thechannel code � ) andwe therefore drop thebit in-
dex. Considerhalf-iterationn. Given thereceived vector r and
priorprobabilitiesp , n -k . d / oneachuser’scodedbitsthemultiuser
APPproducesextrinsic probabilitiesfor eachuseraccording to

p , n 0 1-
k . d /1� 1

p . r / p , n -k . d / ∑
d:dk 2 d

p . r 3 d / K

∏
j 2 1

p , n -j . d j / (1)

wheretheproduct termis thecontribution of thea-priori infor-
mation received from the previous half-iteration (at the com-
mencement of the first iteration the priors are uniformly ini-
tialized) and p . r 3 d / is the probability of receiving r given d
(specifiedby thechannel model). For thesecondhalf of the it-
eration,userk performssingle-usersymbol-wise APPdecoding

of � using p , n 0 1-
k aspriors, andoutputs extrinsic probabilities

p , n 0 2-
k . dk / which serve ascode-symbol priors for thenext half-

iteration.
The number of vectors d with d i � d is 2K 4 1 andhence the

marginalization (1) is, in general,intractablefor large K. We
will approximate(1) usingthekey empirical observation thatthe
vastmajority of thed sequencescontributea negligible amount



to the total probability whenperforming themarginalizationof
eachcoded5 bit.

I I . APPROXIM ATE JOINT APP

We propose to decreasethe complexity of the calculation
of (1) by summing over a high-probability subsetof the se-
quencesd. Supposewe canfind a prior list of theP sequences
d with thelargestprior probabilities, ∏K

k 2 1 pk . dk / (droppingthe
iteration index) andanother channel list of the P sequencesd
with the highestchannel probabilities, p . r 3 d / . Onceboth lists
have beenfound, we maythenmerge theminto a singlelist of
sizeP by taking the P highestprobablesequencesfrom either
list. Note that this proceduredoesnot guaranteethatwe obtain
eventhemostprobablesequence according to p . r � d / . Therea-
soningfor the merging of lists is to obtaina morereliable list
aftereachiterationfor themarginalization. Theactualmerging
processis notunique- wecouldhaveeasilymadetheoverall list
to betheunion of all sequencesin boththechannel list andprior
list but through simulations we have found that thereis little to
nogainin more elaboratemerging methods.

Clearly, thechannel list needsto becalculatedonly once.The
prior list must be updatedevery iteration. For the first itera-
tion wecalculatetheoverall list basedpurelyonthechannel list,
sincethepriors givenoadditional informationat thisstage.

The prior list may be calculatedvery easily. Createa graph
with . K � 1/ nodesandplaceparallel directed edgesfrom the
first node to the secondandso forth to the node . K � 1/ . La-
bel theedgesfrom node k to nodek � 1 with & logp k . � 1/ and& logpk . & 1/ , k � 1 �������6� K. With thisrepresentationwemayfind
theP mostprobable sequencesusingtheP ShortestPathsAlgo-
rithm [4] whichhascomplexity O . K � P � . K � 1/ logK / .

Findingthechannel list is in generalNP-hard[5] (note it in-
ducesthe optimaldetectionproblem). We now describea spe-
cial casenamely theK-symmetric channel for which we give a
polynomially complex algorithm andageneral procedurewhich
givestheP highestprobability sequenceswhenoptimum detec-
tion canbeperformedin polynomial time. We alsogive a pro-
cedurefor obtaining P highly probablesequencesin polynomial
time for any multiuserchannel.

I I I . P MOST PROBABLE SEQUENCES

Considerthecross-correlationmatrixR � A tA suchthat

Ri j � 7
1 i � j �
ρ i 8� j � (2)

for 1 9 i � j 9 K. Thisis whatwemeanby thesymmetricchannel.
SuchR occurswith useof different shiftsof m-sequencesby the
users.It alsooccursin certainmulti-beamnarrowbandsatellite
models[6].

Fig.3 showsthecumulativedistributionof theprobabilitiesof
all sequencesfor thecasesof K � 10� ρ � 0 � 6 � Es : No � 1dB,6dB
andK � 30� ρ � 0 � 5 � Es : No � 1dB,6dB,whereEs : No is thera-
tio of theenergy percodedsymbolto noisespectraldensity. We
seethatthenumberof sequenceswhichcontributeto theoverall
total probability is only a small fraction of the total number of
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Fig. 3. Probability distribution

sequences(thenumberof sequenceprobabilitieswhichcumula-
tively sumto 95%areshown). We alsonotethatastheamount
of interference(eg. noiseor multiaccessinterference,ρ) in the
systemis increasedthe number of sequencesto obtaina high
probability setincreasesproportionally.

A polynomial complexity optimal detectionalgorithm was
presentedin [7], [8] for R of theform (2). Theoptimaldetection
problem for this channel is

d̂ � arg min
d ;=<�4 1 > 0 1? K

ρ
K

∑
i 2 1

K

∑
j 2 1

did j & 2
K

∑
i 2 1

diyi

wherey � At r is thematched filter output. Thepolynomialcom-
plexity algorithm reliesuponthe fact that the first term on the
RHS dependsonly upon thenumberof negative elementsin d,
denotedn . d / .

Part of thedevelopment in [7], [8] shows that themostprob-
abled conditioneduponn . d /@� 0 � 1 �������6� K canbe found easily
(optimaldetectionsimplyinvolvespickingthebestof these).For
fixedn . d / themostprobable d is foundasfollows. Let yπ bey
orderedsuchthat theelements arenon-decreasing. Let d π bed
in the sameorder. Theoptimumdπ is obtained by makingthe
first n . d / elementsin dπ negative.

The key to finding the channel list of size P is that begin-
ning with the optimal dπ with n � n . d / negatives, we may
systematicallyobtain in orderof decreasingprobability, every
otherdπ with n . d / by a seriesof swapsbetweenthe negative
and positive elementsin dπ. This is Algorithm 1 in the Ap-
pendix. Wecanshow thatthisprocessof swappinghascomplex-
ity O . n . K & n /'� P logP / . Thisproof is basedonthefactthatfor
eachnew sequencefound, thereareat most two candidatese-
quences created, andsequencesareselectedonly by choosing
amongthesecandidates.

Giventhatwecandeterminein order thesequencesof highest
probability with fixedn . d / , we now have theproblemof deter-
miningtheoverall highestprobability dπ. Thisproblemis easily
solvedby growing K � 1 subtreesfrom a root nodecorrespond-
ing to n . d /A� 0 � 1 ��������� K. Eachsubtreeis grown according to Al-
gorithm 1 (with n . d / -specificvariables local to eachsub-tree),



with themodification thatweonly extend thebestnodefrom the
entiretreeB at eachstage.

A general procedure is given in [9] which shows that if the
number of computationsto find an optimal solutionto an inte-
geroptimization programmingproblem with n binary variables
is O . c . n /�/ , thenthe amount of computation required to obtain
the P bestsolutionsis at most O . Pnc . n /�/ . As an example, if
we have a multiuser channel of the type in [10], [11] where
all off-diagonal elementsin the cross-correlationmatrix R are
negative, theoptimummultiuserdetectionmaybeperformedin
O . K3 / . Hence,we may form the channel list by finding the P
mostprobablesequencesaccording to the p . r 3 d / in O . PK̇4 / (a
methodfor finding the P bestsequencesfor this type of cross-
correlation matrixis outlinedin [12] whichcanbeeasilyadapted
to themultiple-accesssystemby useof [10], [11]). Wemaythen
utilize theprincipleof merging theprior list andthechannel list
into oneoverall list to perform themarginalization(1). In gen-
eral,we canusetheprocedurein [9] to obtaina methodto find
the P mostlikely sequencesin polynomial time for any system
in which polynomial complexity optimal detectionis possible.
We notethat to thebestof our knowledge,Algorithm 1 is new
andis notbasedontheprocedureof [9].

IV. P HIGHLY PROBABLE SEQUENCES

In theabsenceof apolynomialcomplexity optimumdetection
algorithm wemaystill obtainachannel list of P highly probable
sequences in polynomial time. This method does not however
guarantee that even the mostprobablesequence is found with
respectto p . r 3 d / .

Themetric to beusedfor calculatingtheprobability of a re-
ceivedsequenceover thechannel is basedon a noisewhitened
versionof the matchedfilter output [13]. Let W be an upper
triangular matrix obtainedby thecholesky decompositionsuch
thatR � WtW, we maywrite thedetectionproblem as,

d̂ � arg min
d ;=<�4 1 > 0 1? K C r & Ad C 2

2� arg min
d ;=<�4 1 > 0 1? K C W . ξ & d / C 2

2 � c

� arg min
d ;=<�4 1 > 0 1? K

K

∑
i 2 1 D Wii . ξi & di /

� K

∑
j 2 i 0 1

Wi j . ξ j & d j /FE 2 � c � (3)

whereξ � R 0 y, .FG / 0 denotesthepseudo-inverseoperation, and
c � r t r & ytR 0 y is a constant. W 0 t is a noisewhitening op-
erationperformed on the matchedfilter output and hence the
whitenedobservation is now definedasW 0 ty andthe received
point is now given by W 0 tRd. A methodfor performing the
cholesky decompositionfor asingularpositivedefinitematrix is
outlinedin [14].

From(3) wemaywrite thepartialmetricaccounting for users
i to K in therecursive form,

mi � mi 0 1 � D Wii . ξi & di /+� K

∑
j 2 i 0 1

Wi j . ξ j & d j / E 2

(4)

wheremK 0 1 � c, andwenotethatm1 is thetotalmetricaccount-
ing for all users.

In the form (4) the ith partial metric relies only on bits
dk wherek � i � i � 1 �������6� K. We may now implement the m-
algorithm[15] to obtainP highly probablesequenceswhichwill
form the channel list. The performance of the m-algorithm re-
lies on thenumber of pathsit retainsat eachstageof thecorre-
sponding treestructure.For oursimulationswehave limited the
maximum numberof pathsretainedateachlevel in thetreeto be
P, which givesa complexity of O . PK / . Them-algorithm oper-
ateson a treein reverseuserorder. A root nodeis createdwith
metricmK 0 1 � c andis grown with thepossibletransmittedbits
for userK anda partialmetricis calculatedby (4). We continue
to grow thetreefrom eachof theP leaveswith eachuserin the
orderK & 1 � K & 2 �������6� 1. At eachextension only the P leaves
possessingthe P leastpartial metricsareretained(the restare
discarded).

V. PERFORMANCE RESULTS

We now presentsimulatedperformanceresultsfor the pro-
posedsystems.Thecodesusedwerethemaximalfreedistance
rate 1/2, 4 stateconvolutional codes. We useinformationse-
quencesof length100, resultingin aninterleaversizeof 200.

Fig. 4 shows theperformanceof K � 10 usersacrossthe K-
symmetricchannelusingAlgorithm 1 with ρ � 0 � 6. Weobserve
thatafter4 iterationssingleuserperformanceis almostachieved
for all usersusingtheproposedreceiver with a list sizeof only
P � 80 (comparedto the full marginalization, which would re-
quireP � 1024).

Fig. 5 shows the performanceof the receiver versusthe list
size P for ρ � 0 � 5 and ρ � 0 � 6 at Eb : N0 � 5dB (R of the
form (2)). We seethat the performanceof the full-complexity
(P � 1024) systemis equalto theperformance whenP � 80 for
ρ � 0 � 5 andP � 90 for ρ � 0 � 6.

Fig. 6 shows results for K � 30 and ρ � 0 � 5 (R of the
form (2)). There we seethat if we take only P � 3000 out of
the possible230 sequences, we obtainperformancewithin 0.5
dB from singleuserperformanceat Eb : N0 � 6 dB after4 iter-
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ations. This (andothersimilar numerical resultsthat we have
obtained) indicatesthattherequired P does notneedto increase
exponentiallywith K in order to obtainnearsingle-userperfor-
mance.If we decreasethe valueof ρ (i.e decreasethe amount
of multiuserinterference),therequiredlist sizeP alsodecreases
dramatically andsingleuserperformanceis achieved at lower
valuesof Eb : N0.

Fig. 7 shows resultswherethe N ! K spreading matrix A is
randomly generatedat every time interval. We form the chan-
nel list by takingP highly probable sequencesby useof them-
algorithm asdescribedin SectionIV. The number of usersin
thesimulationof Fig. 7 is K � 30,spreading factorN � 30 and
list sizeP � 1500. Despitethe fact that the channel list is not
asaccuratein thiscasecomparedto thecaseof theK-symmetric
channel, wecanreducetheoverall list sizeP significantlywhile
observing thatthesystemapproachessingleuserperformanceat
a lower value of Eb : N0. This is dueto thereduction in average
MAI.

VI . DISCUSSION AND CONCLUSION

We have proposeda low complexity multiuseriterative de-
coderfor systemswhereit is possibleto perform polynomial
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Fig. 7. Randomchannel (usingm-alg),K I 30J N I 30J P I 1500

complexity optimum multiuserdetectionon the channel code
andalsowhenit is notpossible.Whenwehaveasystemwith the
channel describedby (2), it wasshown that themarginalization
of probabilities in (1) may be approximatedclosely with per-
bit computationalcomplexity O . K � P � 2K logK / . An integral
partof thegoodperformanceof thesystemis dueto Algorithm
1 whichgivestheP highestprobablesequences whenwehavea
symmtericchannelasin (2).

Also proposed is a low complexity multiuser iterative de-
coder for the caseof any multiuser channel (i.e. R is any
symmetriccross-correlation matrix). In this case(1) may be
approximated closely with per-bit computational complexity
O . K � . K � 1/ . P � logK /�/ .
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VI I I . APPENDIX

For convenience, thealgorithm shalloperateusingthemetric

M . d /L� r * r � dtRd & 2dty (5)

ratherthanprobabilities(which maybeeasilycalculatedbased
on the metrics later). Let dopt . n / be the best sequence with
n � n . d / negatives(easilyfoundusingthealgorithm in [7], [8]).
Calculatethecost(changeto (5)) of exchangingthesignsof each
pair of non-equal bits d i � d j in dopt . n / . Notethatbecausewe re-
tainn . d / andwehavechannel symmetry thecostis simplym i j �
4dπ , i - yπ , i - � 4dπ , j - yπ , j - where1 9 i 9 n andn � 1 9 j 9 K. Con-
secutively number theseexchanges(swaps) in non-decreasing
order to get an array ∆ � � δ . 1/M� δ . 2/M�������6� δ . n . K & n /�/(� , where
the i-th best swap δ . i / has members δ � m (cost of the swap)
andδ.swapbits, a pair of numbers identifying which bits were
swapped.

Thealgorithm will operate on a tree.Eachnoden of thetree
(in addition to thechild-parent relationships)hasthe following
members, n � dπ, the permuted d sequence;n � metric according
to (5); n � swapbits, a list of bits which have beenswappedfrom
dopt . n / to obtainn � dπ; n � largestswap, whereδ . n � largestswap / is



themostcostlyswapwhich hasbeenperformedto reachn; and
n.state "N$ ACTIVE, POTENTIAL ) .
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Algorithm 1. P bestsequencesfor given n � n . d /
Create noden with membersn K dπ P dopt

�
n � , n Kmetric P M

�
dopt

�
n �Q� , n K stateP POTENTIAL, n K swapbits P /0, n K largestswap P 0.

sequences found P 0
POTENTIAL LIST P n
PATH LIST P /0
while sequences found RI num sequences desired do

// ChooseBestPotential
if POTENTIAL LIST = /0 then

All pathsfoundfor n
�
d � negatives.Terminate Algorithm.

end if
p P nodepSUT POTENTIAL LIST with smallest p SVKmetric.
Appendp to PATH LIST
Remove p from POTENTIAL LIST
p K state P ACTIVE
sequences found P sequences found � 1
// ExtendActive Nodes
for all n TXW p, p.parent Y suchthatn doesnothaveaPOTENTIAL child do

s P n.largestswap � 1
FIND s:
if there is suchans then

n.largestswap P s
if δ

�
s � .swapbits Z n.swapbits I /0 then

d P n.dπ with thebits δ
�
s � .swapbits swapped

if thereis no nodem T POTENTIAL LIST with m K dπ I d then
Create child nodenS of n with members
n S Kmetric P n.metric + δ

�
s �[Kmetric

n S K dπ P d
n S K swapbits P n.swapbits \ s K swapbits
n SVK largestswap P s
n S K state P POTENTIAL
AppendnS to POTENTIAL LIST

else
Increments
gotoFIND s:

end if
else

Increment s
gotoFIND s:

end if
end if

end for
end while


