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Abstract— We proposea low complexity iterative multi user decode. We
perform the multiuser a-posteriori probability calculation based on the
marginalization of probabilities over a subsetof the P highestprobable se-
quences.Given a K user symmetric channelthis list may be approximated
closdy with per-bit computational complexity O(K + P+ 2K logK). We fur-
ther shaw that for any multiuser systempossessing polynomial complex-
ity optimal detedion algorithm it is possibleto obtain the P highest prob-
able sequence with polynomial complexity. We further shaow that for any
multiuser channel it is possibleto obtain P highly probable sequencs in
polynomial time and henceutiliz e the list detedion procedure for iterative
decoding.

|. INTRODUCTION

A codedivision multiple-accesCDMA) systemwith chan
nel codirg may be viewed as a serially-cancatenatedsystem
andmary iterative decoars have beenproposedfor thesesys-
tems[1], [2], [3]. The maincontrikution of this paperis anal-
gorithm thatappoximatesa-posteriori probaility (APP)calcu-
lation with low compleity for symmetricCDMA channelgin
which all the cross-corelationsareidentical). This algorithm
reducs therequred compleity by finding alist of P sequenes
with high a-posteriori prabability and maginalizing only over
thislist. Numericalinvestigationshave shavn thattypically the
sizeof thelist requredis very smallcompaedto thetotal num
berof sequenes.For thesymmetricchanrel, we give a polyno-
mial compexity algorithm for finding this list. We additiondly
shav how thisideamaybeappliedto ary systenfor whichthere
existsa polynomialcompleity optimaldetectionalgorithm and
alsothe caseof any multiuserchanrel.

by

bk

Fig. 1. CodedCDMA ChannéModel

With referenceto Fig. 1, eachuserk = 1,2,...,K encales
theirbinary informationsequencéy usingarateRcodeC. Each
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Fig. 2. lterative Receiwer Structue

userindependetly permuestheir encaledsequencey with an
interleaver T,. We denotethe binaly sequenceutput from the
interleaver of userk asdy[i], where i is the symboltime. Trans-
missionis assumedb besymbd-synchonous.Therecevedsig-
nal in the i-th symbol duration is given by r[i] = Ad[i] + n[i],

whereA is anN x K realor comgex matrix whoseunit enegy

columrs arethediscretesignatue signalsay of theK usersd]i]

is alengthK columnvectorwith elementsl|[i] € {—1,+1} (for
binary phase-shifkeying) beingthe transmittecbinary symbad

for userj, andn[i] is a sampledcircularly symmetic compex

noisevectorwith covariancematrix E[nn*] = g2l .

Fig. 2 shows aniterative decode for this system. The mul-
tiuser APP opaateson a perbit basis(ignoring constraintsm-
posedby the chamel code C) andwe therefae drop the bit in-
dex. Considerhalf-iterationn. Giventhereceved vecta r and
prior probabilities p(k”)(d) oneachuserscodeditsthemultiuser
APP producesextrinsic probabilitiesfor eachuseraccordim to
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wherethe product termis the contibution of the a-priai infor-
mation receved from the previous half-iteration (at the com-
mencemat of the first iteration the priors are uniformly ini-
tialized) and p(r | d) is the probaility of receving r givend
(specifiedby the chamel mockl). For the secondhalf of theit-
eration,userk perfamssingle-usesymbd-wise APP decodng
of C using pf(nﬂ) as priors, and outpus extrinsic prokabilities

pi((”+2) (dx) which sene ascode-synbol priors for the next half-

iteration.

The nurrber of vectas d with di = d is 2%~1 andhene the
mauginalization (1) is, in general,intractablefor large K. We
will apprximate(1) usingthekey empiical obsenetion thatthe
vastmajority of thed sequenescontritute a negligible amoun



to the total probaility whenperforming the mamginalizationof
eachcodedbit.

Il. APPROXIMATE JOINT APP

We proposeto decreasehe comgexity of the calculation
of (1) by summirg over a highprobability subsetof the se-
guenesd. Suppsewe canfind a prior list of the P sequenes
d with the largestprior probabilities, [15_; pk(dk) (droppingthe
iterationindex) and anotler channel list of the P sequences
with the highestchamel protabilities, p(r|d). Onceboth lists
have beenfound we maythenmeige theminto a singlelist of
size P by taking the P highestprabablesequenesfrom either
list. Notethatthis proceluredoesnot guarateethatwe obtain
eventhe mostprabablesequene accordimy to p(r,d). Therea-
soningfor the meging of lists is to obtaina morereliable list
aftereachiterationfor the mamginalization. The actualmeiging
processs notunigue - we couldhave easilymadetheoverall list
to betheunion of all sequencem boththe channel list andprior
list but through simulatiors we have found thatthereis little to
no gainin more elaboatemerging methals.

Clearly, thechanndl list needso becalculatedbnly once.The
prior list mustbe updatedevery iteration. For the first itera-
tion we calculatetheoverall list basedurelyonthechannel list,
sincethe priors give no additioral informationat this stage.

The prior list may be calculatedvery easily Createa graph
with (K 4+ 1) nodesandplacepardlel directal edgesfrom the
first noce to the secondand so forth to the noce (K + 1). La-
bel the edgesfrom nock k to nodek + 1 with —logpk(+1) and
—logpk(—1), k=1,...,K. With thisrepresentationve mayfind
the P mostprobale sequenesusingthe P ShortesPathsAlgo-
rithm [4] which hascompleity O(K + P+ (K + 1) logK).

Findingthe channd list is in generalNP-hard[5] (nate it in-
ducesthe optimal detectionprodem). We now describea spe-
cial casenanely the K-symmaéric chanrel for which we give a
polynomially compex algoithm anda geneal procedirewhich
givesthe P highestprobaility sequeneswhenoptimum detec-
tion canbe perfamedin polynomialtime. We alsogive a pro-
cedurefor obtairing P highly prabablesequencem polynomial
time for any multiuserchanrel.

I1l. PMOST PROBABLE SEQUENCES

Considerthecross-corelationmatrix R = AtA suchthat
i=],

1
i {p £,
for 1<, j <K. Thisis whatwe mearby thesymmetricchanrel.
SuchR occurswith useof different shiftsof m-seqencesy the
users.It alsooccursin certainmulti-beamnarravbandsatellite
models[6].

Fig. 3 shavsthecumuative distribution of the probabilities of
all sequenesfor thecase®f K = 10,p = 0.6,Es/N, = 1dB,6dB
andK = 30,p = 0.5,Es/N, = 1dB, 6dB, whereEs/N, is thera-
tio of theenegy percodedsymbolto noisespectradersity. We
seethatthe numker of sequencewhich contrikuteto the overall
total prabability is only a small fraction of the total nurber of
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Fig. 3. Probability distribution

sequenceghenunmberof sequene prokabilitieswhich cumula-
tively sumto 95% areshawvn). We alsonotethatastheamoun
of interference(eg. noiseor multiaccesinterferencep) in the
systemis increasedhe nunber of sequence$o obtaina high
prokability setincreasegropationally.

A polynamial comgexity optimal detectionalgoithm was
presentedh [7], [8] for R of theform (2). Theoptimaldetection
prodem for this chanrel is

d=amg min

de{ LK p Z Z didj —2 Zd|Y|

wherey = Alr is thematchel filter output. Thepolynomial com-
plexity algorithm reliesuponthe fact that the first term on the
RHS depemls only upan the number of negative elementsn d,
denotech(d).

Part of the developmert in [7], [8] shaws thatthe mostprob-
abled conditiored uponn(d) = 0,1,...,K canbe found easily
(optimaldetectian simplyinvolvespickingthebestof these) For
fixedn(d) the mostprobale d is foundasfollows. Let y bey
ordeed suchthatthe elemeits arenon-decreasinglLet d; bed
in the sameordea. The optimumdy is obtaired by makingthe
first n(d) elementsn d negaive.

The key to finding the channel list of size P is that begin-
ning with the optimal d with n = n(d) negatives, we may
systematicallyobtainin orderof decreasingrokability, every
otherd; with n(d) by a seriesof swapsbetweenthe negdive
and positive elementsin dn. This is Algorithm 1 in the Ap-
pendix We canshaw thatthis proessof swappinghascompex-
ity O(n(K —n) +PlogP). Thisprod is basednthefactthatfor
eachnew sequencdound, thereare at mosttwo candidatese-
guenes created and sequencesre selectedonly by choosing
amongthesecandidats.

Giventhatwe candeterninein order thesequenesof highest
prokability with fixedn(d), we now have the problemof deter
miningtheoverall highestprabability d ;. This prodemis easily
solvedby growing K + 1 subtreegrom a root nodecorrespond-
ington(d) =0,1,...,K. Eachsubtreds grown accordng to Al-
gorithm 1 (with n(d)-specificvarialles local to eachsub-tree)



with themodification thatwe only exterd thebestnode from the
entiretreeat eachstage.

A gereral procedire is givenin [9] which shaws thatif the
numter of compuationsto find an optimd solutionto aninte-
geroptimizaion progammingprodem with n binary variables
is O(c(n)), thenthe amownt of compuation required to obtain
the P bestsolutionsis at mostO(Pnc(n)). As anexanple, if
we have a multiuser chanml of the type in [10], [11] where
all off-diagoral elementsn the cross-carelation matrix R are
negaive, the optimummultiuserdetectionmay be performedin
O(K?). Hence,we mayform the channel list by finding the P
mostprabablesequenesaccordiny to the p(r|d) in O(PK?) (a
methodfor finding the P bestsequencesor this type of cross-
correlation matrixis outlinedin [12] which canbeeasilyadapted
tothemultiple-accessystenby useof [10], [11]). We maythen
utilize the principle of meging theprior list andthe channel list
into oneoverall list to perfam the maginalization(1). In gen
eral,we canusethe procedurein [9] to obtaina methodto find
the P mostlikely sequencem polynomialtime for arny system
in which polynomial compleity optimal detectionis possible.
We notethatto the bestof our knovledge,Algorithm 1 is new
andis notbasednthe procedureof [9].

IV. PHIGHLY PROBABLE SEQUENCES

In theabsencef a polynomialcompleity optimumdetection
algorithm we maystill obtainachannel list of P highly prabable
sequencgin polynomial time. This methal does not however
guararee that even the most probable sequene is found with
respecto p(r | d).

The metricto be usedfor calculatingthe probability of a re-
ceived sequencever the chanrl is basedon a noisewhitened
versionof the matchedfilter output [13]. Let W be an uppe
triangdar matrix obtainedby the choleslk decompsition such
thatR = W'W, we maywrite thedetectiorprodem as,

d=a min  ||r —Ad||?
rgde{—1,+1}K I II7

=amg min

a0 IWE—D)E+c

K
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where€ = Ry, ()1 denoteghe pseudoinverseoperdion, and
c=rlr —y'R*y is a constant. W*' is a noisewhitening op-
erationperfamed on the matchedfilter outpu and hene the
whitenedobsenration is now definedasW 'y andthe received
point is now givenby W+'Rd. A methodfor perfoming the
cholesly decompsitionfor a singularpositive definitematrixis
outlinedin [14].

From(3) we maywrite the partialmetricaccounting for users
i to K in therecusive form,
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wheremg 11 = ¢, andwe notethatm; is thetotal metricaccoun-
ing for all users.

In the form (4) the ith partial metric relies only on bits
dk« wherek =i,i+1,...,K. We may now implement the m-
algorithm[15] to obtainP highly protablesequeneswhichwill
form the channel list. The performarce of the m-algorithm re-
lies onthe numbe of pathsit retainsat eachstageof the corre-
spondimy treestructure. For our simulationswe have limited the
maximun numter of pathsretainedateachlevel in thetreeto be
P, which givesa compleity of O(PK). The m-algorithm oper
ateson atreein reverseuserorder A root nodeis createdwith
metricmk.+1 = ¢ andis gronvn with the possibletransmittedits
for userK anda partialmetricis calculatedy (4). We continwe
to grow thetreefrom eachof the P leaveswith eachuserin the
orderK —1,K —2,...,1. At eachextersiononly the P leaves
possessinghe P leastpartial metricsare retained(the restare
discardejl

V. PERFORMANCE RESULTS

We now presentsimulatedperfomanceresultsfor the pro-
posedsystems.The codesusedwerethe maximalfree distance
rate 1/2, 4 statecorvolutional codes. We useinformation se-
guenesof length10Q, resultingin aninterleaser sizeof 200.

Fig. 4 shavs the perfamanceof K = 10 usersacrosshe K-
symmetricchamel usingAlgorithm 1 with p = 0.6. We obsenre
thatafter4 iterationssingleuserperfamancds almostachieed
for all usersusingthe proposedrecever with alist sizeof only
P = 80 (conparedto the full maminalization which would re-
quireP = 1024).

Fig. 5 shavs the perfamanceof the recever versusthe list
size P for p = 0.5 and p = 0.6 at E,/Ng = 5dB (R of the
form (2)). We seethat the perfamanceof the full-complexity
(P = 1024 systemis equalto the periormane whenP = 80for
p = 0.5andP =90for p = 0.6.

Fig. 6 shows resultsfor K = 30 and p = 0.5 (R of the
form (2)). There we seethatif we take only P = 3000 out of
the possible23° sequenes, we obtain perfomancewithin 0.5
dB from singleuserperfamanceat Ep /Ny = 6 dB after4 iter-
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Fig.4. K-symm.ch. (usingAlg. 1) K = 10,p = 0.6,P =80
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Fig. 6. K-symm.ch. (usingAlg. 1),K =30,p = 0.5,P = 3000

ations. This (and other similar nunerical resultsthat we have
obtained indicateghattherequred P does notneedto increase
exponentiallywith K in order to obtainnearsingle-wserperfa-
mance. If we decrease¢he valueof p (i.e decreasehe amoun
of multiuserinterference)therequirediist sizeP alsodecreases
dramaticly andsingle userperfamanceis achieved at lower
valuesof Ep/Np.

Fig. 7 shaws resultswherethe N x K spreathg matrix A is
randonly geneatedat every time intenal. We form the chan-
nel list by taking P highly probéle sequenesby useof them-
algorithm asdescribedn SectionlV. The numter of usersin
the simulationof Fig. 7 is K = 30, spreadig factorN = 30 and
list sizeP = 150. Despitethe factthatthe channel list is not
asaccuraten this casecomparedto the caseof theK-symmeéric
chanrel, we canreducethe overall list sizeP significantlywhile
obsening thatthesystemapprachessingleuserperformarce at
alower value of Ep/Np. Thisis dueto thereductio in averag
MAL.

VI. DIscussiON AND CONCLUSION

We have proposeda low compleity multiuseriterative de-
coderfor systemswhereit is possibleto perform polynomial
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Fig. 7. Randomchanné (usingm-alg),K = 30,N = 30,P = 1500

compleity optimum multiuserdetectionon the chamel code
andalsowhenit is notpossible Whenwe have a systenwith the
chanrel describedy (2), it wasshavn thatthe marginalization
of probailities in (1) may be apprximated closely with per
bit computationalcompleity O(K + P+ 2K logK). An integral
partof the goodperfamanceof the systemis dueto Algorithm
1 which givestheP highestprobale sequencewhenwe have a
symmtericchamelasin (2).

Also propesedis a low compgexity multiuser iterative de-
coder for the caseof ary multiuserchanml (i.e. R is ary
symmetriccross-corelation matrix). In this case(1) may be
apprximated closely with perbit computational comgexity
O(K + (K+ 1)(P+logK)).
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VIII. APPENDIX
For corveniencethealgorithm shalloperateusingthe metric

M(d) = r*r + d'Rd — 2d'y (5)

ratherthan prababilities (which may be easily calculatecbased
on the metricslater). Let dope(n) be the bestsequene with
n=n(d) negdives(easilyfoundusingthealgoithmin [7], [8]).
Calculateghecost(changto (5)) of exchargingthesignsof each
pair of non-equa bits d;, d; in dopt(n). Notethatbecauseave re-
tainn(d) andwe have chanrel symmety thecostis simplym;j =
AdriyYrgiy + 40 j)Yrgj) Whee 1 <i <nandn+1< j <K. Con-
secutvely numter theseexchamges (swaps)in nondecreasing
orderto getan array A = [0(1),8(2),...,0(n(K — n))], where
the i-th bestswap 6(i) has memlers 6.m (cost of the swap)
and 6.swapbits, a pair of numtersidentifying which bits were
swapped.

Thealgoithm will operde onatree. Eachnoden of thetree
(in additian to the child-paentrelatiorships)hasthe following
membes, n.dy, the pernuted d sequencen.metric accordng
to (5); n.swapbits, a list of bits which have beenswappedfrom
dopt(N) to obtainn.dy; n.largestswap, whered(n.largestswap) is



the mostcostly swap which hasbeenperfamedto reachn; and
n.state € {ACTIVE, POTENTIAL}.
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Algorithm 1. P bestsequenesfor given n= n(d)

Creae noden with membersh.dr; < dopt(n), n.metric<— M(dope(n)), Nn.state
+POTENTIAL, n.swapbits« 0, n.largestswap+ 0.
sequences_found < 0
POTENTIAL_LIST <—n
PATH_LIST < 0
while sequences_found #num_sequences_desired do
/I ChooseBestPotenial
if POTENTIAL_LIST = 0 then
All pathsfoundfor n(d) negatves. Terminag Algorithm.
endif
p < nodep’ eEPOTENTIAL LIST with smallest p’.metric.
Appendp to PATH_LIST
Remawe p from POTENTIAL_LIST
p.state«—ACTIVE
sequences_found + sequences_found +1
/] ExtendActive Nodes
for all ne {p, p.parent} suchthatn doesnothave aPOTENTIAL child do
S ¢ n.largestswap +1
FIND_s:
if thereis suchansthen
n.largestswap < S
if 3(s).swapbits N n.swapbits = @ then
d + n.dy with the bits &(s).swapbits swapped
if thereis nonodem ePOTENTIAL_LIST with m.d;=d then
Crede child noder’ of n with members
n'.metric + n.metric + 3(s).metric
n.dy«d
n’.swapbits < n.swapbits Us.swapbits
' .largestswap + S
n'.state<—POTENTIAL
Appendrf to POTENTIAL_LIST
else
Increments
gotoFIND_s:
endif
else
Increment s
gotoFIND._s:
endif
endif
endfor
end while




