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Abstract— Mutual information transfer characteristics have been re-
cently proposed by ten Brink as a quasi-analytical tool for the perfor-
mance analysis of iterative decoding of concatenated codes. Given the
individual transfer characteristics of the component codes in a concate-
nated coding system (obtained by simulation), the convergence region
and average decoding trajectory of the concatenated system may be ac-
curately predicted. In this paper, we extend the techniques of ten Brink to
non-binary codes. In addition to providing a useful tool for the analysis of
non-binary codes, our extension reveals several subtle points concerning
the motivation and interpretation of the technique for binary codes. We
propose a method for practical implementation of our extension, and ap-
ply the technique to the evaluation of non-binary turbo codes and space-
time turbo codes.

I. INTRODUCTION

Iterative decoding of concatenated codes has proved to be
a powerful technique with wide applications. Motivated by
the success of parallel concatenated turbo codes [1], the itera-
tive decoding technique has since been applied to serially con-
catenated codes [2], equalization of frequency selective fad-
ing channels [3], multiuser interference mitigation [4] and re-
cently for space-time or antenna array processing [5-7]. Non-
binary turbo codes have been considered in [8,9], and are
of increasing importance for high spectral efficiency and for
space-time channels.

In general, the measured bit error rate performance of a
turbo coded system can be divided into three main regions: (a)
Below a certain signal-to-noise ratio (SNR), high error rates
(0.5) are obtained and these do not improve with increasing
SNR, until a certain critical SNR (the threshold) is reached;
(b) As the SNR is increased past the threshold, the BER drops
rapidly (e.g. 5 orders of magnitude in a fraction of a dB); (c)
For certain coding schemes however, at some point no further
improvement is obtained, and an error floor is observed. For
parallel turbo codes, the error floor is due to minimum dis-
tance effects, and analytical techniques exist for performance
analysis in this region [10-12].

It is of great practical utility, and of some theoretical inter-
est to be able to predict the SNR threshold at which the BER
drops sharply. One approach is to treat the iterative decod-
ing process as an iterated function system [13] and find the
corresponding fixed points, their stability and the regions of
convergence [14, 15]. In order to provide attack the problem
from this viewpoint, a suitable parameterization of the decod-
ing process must be found (along with a functional description
of the recursion). From a practical point of view, it is useful
to consider scalar parameterizations, which lead to convenient

visualizations.

In [4], the convergence of iterative multiuser decoding was
analyzed treating the decoding as an iteration on the error vari-
ance at the output of the component decoders. Decoder fail-
ure was indeed found to coincide with the appearance of a
fixed point at low SNR. At sufficiently high SNR, this fixed
point vanishes, and the system converges to another stable
fixed point (at high effective SNR), resulting in near single
user performance. Similar SNR based techniques have since
been applied to turbo codes [16].

An alternative non-scalar approach is that of density evolu-
tion [17], which may be simplified using a Gaussian assump-
tion [18, 19] requiring only the evolution of means and vari-
ances (once again similar to SNR evolution).

In this paper we shall consider the technique of ten
Brink [20-22] in which the iteration is parameterized by mu-
tual information. In this quasi-analytical technique, each com-
ponent decoder is described by a mutual information transfor-
mation (measured via simulation). Once the characteristics of
the component codes are known, the performance of the con-
catenated system may be accurately predicted without need
to simulate the whole system. The mutual information pa-
rameterization has been observed to yield more accurate re-
sults than those based on SNR [22]. This technique has also
proved its worth as a valuable design tool, as notably demon-
strated in [23], in which mutual information transformations
were used to design a rate 1/2 serially concatenated code with
a threshold 0.1 dB from capacity.

In this paper, we extend the techniques of ten Brink to non-
binary codes. In addition to providing a useful tool for the
analysis of non-binary codes, our extension reveals several
subtle points concerning the motivation and interpretation of
the technique for binary codes. In Section Il we review the
concept of non-binary concatenated codes and associated it-
erative decoders. In Section 111 we extend the analysis of ten
Brink and propose a method for practical implementation of
our extension. Section 1V presents the results of application
of our method the evaluation of space-time turbo codes.

Il. CONCATENATED CODES

We shall fix our notion of non-binary turbo codes by way of
example for a serially concatenated code. Consider transmis-
sion of a block of L input symbols. With reference to Fig. 1,
the outer encoder C; : BL +— DF takes as input a sequence of
symbols b[i] € B, where B is the input alphabet of the code



with cardinality |B]. In particular we are interested in trellis
codes, in which the trellis branches accordingly labeled with
elements from B. For each input symbol, C; outputs a symbol
d[i] € Dy, where |D;| may be different from |5]. We shall
restrict our attention to this case in which a single symbol is
output for each single input symbol. Longer input or output
frames are modeled simply by appropriate expansion of the
corresponding alphabets.

The sequence of coded symbols d; [i] is then passed through
a symbol interleaver 7, which outputs the sequence d [ (4)].
This interleaver may be a block or convolutional interleaver.
The thus permuted symbols are then input to the inner decoder
Cy : DF — DE, which for each input symbol outputs a coded
symbol ds[i] € Ds.

The final coded sequence d[i] is then mapped onto chan-
nel input symbols z[i] € X for transmission over the chan-
nel. Note that once again, we may consider without loss of
generality consider a single channel symbol per coded sym-
bol. The receiver observes a sequence of channel output sym-
bols, y[i] € ) according to the channel transition probabilities
p(y | @).

Let us now consider turbo decoding of this code. The inner
decoder for C, takes two inputs, the sequence of channel val-
ues y[i], and a-priori information on the transmitted symbols
in the form of a sequence of probability vectors

pli] = [Pr(di[i] = d11), -, Pr(di[i] = din, )],
where D = {di1,d12,...,d1p - It calculates the sequence
of output a-posteriori probability vectors
qfi] = [Pr(di[i] = du1 | y), -, Pr(d[i] = dinr, [ y)], (1)

using a standard implementation of the the forward-backward
a-posteriori probability (APP) algorithm [24,25]. The a-
priori information is removed by element-wise division. The
resulting sequence of extrinsic probability vectors e[i] is given

by
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where « is a normalization constant. The extrinsic probabili-
ties e[i] are de-interleaved in order to coincide with the sym-
bols entering the outer APP decoder. This second decoder
operates on the convolutional code C;. It uses e[i] as a-priori
information, and calculates new a-posteriori probabilities on
the encoded symbols d; [i], according to the APP rule. The
new extrinsic probabilities are calculated using (2). This pro-
cess is iterated until a desired stopping criterion is reached.

I1l. EXTRINSIC INFORMATION TRANSFER

In this section we modify and apply the extrinsic informa-
tion transfer (EXIT) analysis [20-23] to non-binary systems.
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Fig. 2. Symbol-wiséterative decoder

This will give us a tool to predict thresholds and let us de-
sign and choose the component codes required for best per-
formance.

Consider a single APP decoder. It operates on two inputs,
the channel outputs y[i], (which may be absent if we consider
the outer decoder), and a-priori input information p[:]. The
decoder generates extrinsic probabilities e[i] according to (1)
and (2). Under the assumption of long random interleavers,
the corresponding sequence of random vectors pli] are i.i.d,
as are the e[i].

With reference to Fig. 3, consider the following random
experiment. Choose an i.i.d sequence of random variables
X[i] € X,i = 1,..., representing the transmitted symbols.
Let p[é] be a random vector according to w, (X[¢], p[¢]), and
let e[i] be a random vector according to w.(X|i],e[i]) (note
that the joint densities w, and w,. are independent of ¢, due
to our independence assumption). The mutual information
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between two random variables with joint density w(a,b) is
a function of w, namely
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Fig. 1. Seriallyconcatenatedon-binarycode

We can now define mutual informations I(w,) between the
transmitted symbols X and the input a-priori probability vec-
tors, and I (w, ) between X and the output extrinsic probability
vectors. Note that this amounts to treating the prior and extrin-
sic probability vectors themselves as the random vectors of in-
terest (as opposed to considering the random variables taking
these vectors as their distributions). This makes sense, since
it is from these vectors that the final decisions will be made.

For given transmission channel p(y|xz) (which includes
modulation of the abstract symbols z) and “prior channel”
wp(p | x), we characterize the component decoder for C;,
1 = 1,2 by the scalar map

I(we) = fi(I(wp)) ©)

The plot of I(w,) versus I(w.) is known as an extrinsic in-
formation transfer (EXIT) chart. By plotting the EXIT charts
for the inner and outer code on the same axes, the convergence
properties of the concatenated system may be predicted, as de-
scribed in [20-23]. Two problems must however be resolved
before we can proceed.

Firstly, we need to know the probability law w,,. In [22], it
is argued that the prior log-likelihood ratios (for a binary code)
should follow a Gaussian distribution, based on (a) empirical
evidence — the extrinsic probabilities appear as if generated by
a Gaussian distribution and (b) that the transmission channel
itself is Gaussian.

It is clear however that (b) is weak, since although the trans-
mitted symbols are binary, they are certainly not real numbers.
In fact they are simply abstract symbols, elements of a finite
set. Identification of these symbols with channel input values
amounts to assumption of a particular modulation scheme for
the prior channel, which makes little sense (during the itera-
tion, the priors are obtained as the extrinsics from the previous
decoding). This is even more emphasized when we consider
serial concatenation of codes with different output symbol car-
dinalities. We also make the observation that the mapping f;
depends greatly upon the choice of w,, as a simple example
shows. Consider a particular choice of w,, that results in a par-
ticular f;. Now consider concatenating the prior channel w,,
with an invertible permutation that simply re-orders the output
symbols. This reordering does not change I(X;p), but will
certainly change I(X;e).

We shall therefore follow (a) and let p be generated via
observation of X over a multidimensional Gaussian channel.
In order to generate this observation, we antipodaly modulate

the binary vector obtained by natural mapping of D; and add
independent Gaussian noise.

Our second problem is that even if we know w,,, we must
determine the function f; (in principle I(w,) may be deter-
mined analytically or at least numerically). Due to the non-
linear operation of the APP decoder, we estimate 7(w,) using
monte-carlo simulation of the individual code of interest. This
indeed is the approach taken in [20-23] and in earlier work for
the multiuser channel [4]. In order to estimate I (w. ), we may
use monte-carlo simulation to find an empirical M; + 1 di-
mensional joint distribution on z, e. In order to simplify this
task, we may make use of the data processing theorem of in-
formation theory. Let S : RM: — R be an invertible mapping
from the M;-dimensional space in which e resides, to the real
line (such mappings do exist). Then I(X;e) = I(X;S(e)).
One useful approximation to such a scalarizing function is to
consider Q-ary quantization of the elements of e (which are
upper bounded by 1) and to define

Qi1
S(e) = QVQeqy.
q=0

This function is uniquely invertible up to the equivalences im-
posed by the quantization.

IV. NUMERICAL RESULTS

In this section we shall demonstrate the utility of the non-
binary EXIT analysis with two numerical examples.

A. Serial Turbo Code

First, we consider a serially concatenated turbo code con-
structed as follows. The outer code is the maximal free
distance binary rate 1/2 convolutional code with generator
G = [1+ D + D?,1 + D?. The output binary pairs are
however taken as elements of Z, under the natural mapping.
These quaternary symbols are interleaved and input to the in-
ner code. The inner code is the rate 2/3 recursive systematic
code from [2, Table I11], where once again we consider the in-
put binary pair as an element of Z,. The output binary triple
is mapped to the 8-PSK constellation under a gray mapping.
This is similar to the code [2, SCCC3], apart from the fact
that we use symbol interleaving and a higher order (complex)
modulation to achieve 1 bit per transmission rather than 1/3.

Fig. 4 shows the EXIT chart for this code. By convention,
the horizontal axis shall carry I,, = I(X; p) for the inner code
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and I. = I(X;e) for the outer code. Both I, and Ie are in
bits. Curves for the inner code as shown for channel signal-
to-noise ratios (E}/Ny) of 0.6,1.0,1.2,1.4 and 1.8 dB. From
these curves we see that an undesired fixed point occurs at
about E, /Ny = 1.2 dB. Fig. 5 verifies this prediction using
a monte-carlo simulation of the bit error rate. We see that the
BER indeed starts to fall steeply at E,, /Ny = 1.2. We remark
that at 1 bit per channel use, the Shannon limit for a complex
Gaussian channel is E,/Ny = 0 dB. Thus this code has a
threshold only 1.2 dB from capacity. This can be compared
with the original binary bit-interleaved version of the code [2,
SCCC3] which operates at E;, /Ny = 0.75 dB [2]. On a real
Gaussian channel, at 1/3 bits per transmission, capacity is at
E,/Noy = —0.5497 dB, hence the binary version of the code
is about 1.3 dB from capacity.

B. Space-Time Turbo Code

The second code we shall consider is a serially concate-
nated space-time turbo code for two transmit antennas and
two receive antennas. The outer code is the maximal free dis-
tance binary rate 2/3 non-recursive convolutional code (Z,4
input symbols and Zg output symbols). The inner code is the
differentially encoded (and thus recursive) unitary group code
from [26, Example 3], which maps each input Z& symbol to
a 2 x 2 matrix with elements from the QPSK constellation.
Each column of this matrix is transmitted simultaneously, us-
ing two antennas. The code rate is therefore 1 bit per trans-
mission. The space-time channel is a fast flat fading Rayleigh
channel in which the complex path gain between any antenna
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Fig.5. Simulatedbit errorrate: Ratel codewith 8PSKmodulationobtained
by serialconcatenationf rate1/2 andrate2/3 codes.

pair is modeled as an unit variance circularly symmetric Gaus-
sian random variable, chosen independently over antenna and
symbol interval. For the purposes of this paper, these path
gains are assumed known at the receiver.

Fig. 6 shows the EXIT chart for this code. The hori-
zontal axis is I, = I(X;p) (bits) for the inner code and
I. = I(X;e) (bits) for the outer code. Curves for outer
codes with 4, 16 and 64 states are shown. Curves for the inner
code are shown for channel signal-to-noise ratios (E}/Ng) of
—1.4,-1.2,-1.0,—0.8 and —0.6 dB. From these curves we
see that an undesired fixed point occurs at about E;, /Ny = —1
dB, regardless of the choice of outer code. This agrees with
the simulated bit error rate results of Fig. 7. We see that the
different memory outer codes result in different slope BER
curves.

V. CONCLUSIONS

We have extended the EXIT chart analysis for concatenated
codes to deal with non-binary codes. Our extension reveals
that the Gaussianity of the prior information can only be really
argued based on the properties of the extrinsic information
(rather than the actual transmission channel). We have pro-
posed a method for practical calculation of non-binary EXIT
charts, based on a invertible scalarization of the prior and ex-
trinsic distributions. Our non-binary EXIT analysis is able
to predict decoding thresholds, and trajectories. This was
verified using as examples, computer simulations of an 8PSK
serial turbo code and a space-time turbo code.
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